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PREFACE.

~ For more than twenty years the writer taught algebra and,
he has reason to believe, with a fair measure of success.
During most of that time the only text book in the hands of
the class was a set of examples, the nucleus of this book.
Each topic was developed in the class, not always in the same
way, but suited, in his judgment, to the varying needs and
capacities of the different divisions.

To him it was a labor of love, yet it had serious draw-
backs. One of the most serious was the time and labor con-
sumed in dictating to the class or writing upon the board each
succeeding lesson. And when, year after year, every new
book was tried, only to find the same defects, the result was
disheartening.

No book offered a sufficient number and variety of exam-
ples, and, apparently, no attempt was made to grade them.
Perhaps, out of ten examples assigned, the first three would
prove easy, but the fourth so difficult as to consume all the
pupil’s remaining time and discourage him from trying fur-
ther.

The first need of beginners in algebra is drill, drill, drill,
until the fundamental processes become as familiar to him as
in arithmetic. Too much time spent upon problems teaches
him to think rather than to act; too much upon examples
teaches him to act rather than to think. A judicious mixture
is the only wise course. But the make-up of different classes
causes this admixture to be an ever-varying one. How nec-
essary, then, that each teacher should have at command ma-
terial that is ample to supply the diverse needs of his differ-
ent classes | This book is an attempt to supply these needs.

v



vi PREFACE.

It begins each topic with its simplest possible application
to arithmetic ; it furnishes a superabundance of easy examples
before introducing difficult ones ; it proceeds gradually, step
by step, to the most difficult ; this grading is the result of
many years test with many different classes, under different
teachers ; most of the examples are now printed for the first
time.

In practice it has been found possible to use these exam-
ples, at the same time, with several large divisions of between
thirty and forty pupils each, to assign to each division a dif-
ferent set of examples, and to avoid the danger of a set of
answers being handed down from class to class.

An attempt has been made to approach each subject from
as many standpoints and to offer as great a variety as possible.

Some special features are the equations called for, pages
20-28, and, also, 206, and the double set of problems, pages
201-212, and 236-243. ‘

As an example of thoroughness of treatment attention is
called to ‘“The Theory of Exponents,”” which usually pre-
sents so much difficulty to pupils. It is hoped that the sug-
gestions and hints given here and there throughout the text,
and the final chapter on methods of solving equations will
prove helpful to pupils.

The writer believes that those teachers of algebra who put
a copy of this book into the hands of each pupil will be
saved thereby the necessity of dictating or copying examples,
or of consulting other text books for work enough for adequate
practice.

The thanks of the author are due the publishers for their
unsparing efforts to present the work in the most acceptable
form, and especially to Miss Maud G. Leadbetter, of Rox-
bury High School, whose painstaking trial of the examples
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and thorough test with her classes, and whose suggestive and
scholarly criticism have rendered this book possible.

The author will be grateful for criticisms and suggestions
and particularly for information as to any mistakes that may
have escaped his notice.

CHARLES MARrsH CLay.
RoxBURY H1GH ScHOOL,
BOSTON, MASSACHUSETTS,
May, 1905.
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EIGHT THOUSAND
EXAMPLES IN ALGEBRA.

ORAL EXERCISES: PROBLEMS.

NOTE: Solve these problems, first, in the simplest way, that is, with-
out making use of fractions. Afterwards try to solve them by letting z
equal each of the unknown quantities required, in turn.

1. The sum of the ages of a boy and a girl is 27 years,
and the boy is twice as old as the girl. What is the age of
each?

2. A bat and a ball together cost 90 cents, and the ball
costs five times as much as the bat. What is the cost of each?

3. The sum of two numbers is 96, and the greater is seven
times the smaller. What are the numbers?

4. A girl bought a melon and an orange for 10 cents,
paying for the melon four times as much as for the orange.
What was the cost of each?

5. John bought a blank-book and a pencil for 20 cents,
paying three times as much for the book as for the pencil.
What was the cost of each?

6. Divide 77 cents between two boys so as to give one boy
six times as much as the other.

7. If this class numbered forty pupils, nine times as many
boys as girls, how many of each would there be?

1 1
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8. James walked a certain distance, then rode three times
as far on his wheel, and finished the journey on horseback,
riding five times as far as he had walked. The whole jour-
ney was 36 miles. How far did he go each way?

9. If I buy pears at two cents each and the same number
of peaches at five cents each, how many of each can I pur-
chase for 91 cents?

10. A farmer bought an equal number of ducks and hens
for 60 cents each and turkeys for 90 cents each. How many
of each did he buy for $63?

11. I need the same number of two-cent revenue stamps

and five-cent postage stamps. How many of each can I pur-
chase for 63 cents?

12. A, B, and C have $566. A has twice as much as B,
and C twice as much as A. How much has each?

" 13. Joe has twice as much money as Charles, and Sam has
three times as much as they both, while all three together
have $6. How much has each?

14. T have three cows, together worth $150, and their
values are as the numbers 1, 2 and 3. What are their
respective values? '

15. A school numbers 720 pupils. The number of pupils
in the four classes are as the numbers 1, 2, 4, and 5. How
many pupils in each class? '

16. Divide 99 into three parts in the proportion of 2, 3,
and 4.

17. Three times a number added to five times the double
of the number gives the sum of 78. 'What is the number ?

18. A fish weighs 12 lbs. The body weighs as much as
the head and the tail together, and the head weighs twice as
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much as the tail. What is the weight of each part sepa-
rately ?

- 19, Three bins hold 320 bushels of potatoes. The first
holds three times as much as the second and the third holds
as much as the other two. How many bushels does each
contain ?

20. Mary bought cloth at 5 cents a yard and three times
as much ribbon at 8 cents a yard, paying 58 cents. How
much of each did she buy ?

21. William bought apples at 2 cents each and four times
as many oranges at 3 cents each, paying 42 cents. How
many of each did he buy ?

22. If I have to ride the bicycle a certain time at 12 miles
an hour, and walk five times as long at 3 miles an hour, to
accomplish 81 miles, how long do I ride and how long walk ?

23. If, by walking 6 hours and riding 4, at three times the
speed, I accomplish 72 miles, at what rate do I walk and
ride ? 4

24. A and B set out at the same time from towns 63 miles '

apart and walk toward each other, A at the rate of 3 miles
per hour, and B, 4. How long before they meet ?

25. A and B start from the same point and travel in oppo-
site directions. A travels twice as fast as B. How far has
each traveled when they are 54 miles apart ?

26. The sum of the three angles of a triangle always equals
180°. If two angles are equal and the third is four times
their sum, how many degrees in each ?

27. If one angle of a triangle is three times the second, and
the third is twice the first, how many degrees in each?
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28. The sum of the angles of a quadrilateral is always 360°.
If they are to each other as 1, 2,3 and 4, how many degrees
in each? ‘

29. A man earned a certain sum on Monday, twice as
much on Tuesday, three times as much on Wednesday, and
so on until Sunday. His week’s earnings were $84. How
much did he earn Monday ?

30. A hired a man and two boys to do a piece of work.
To the man he paid $3 per day, to one boy $2, and to the
other, $1. They received $108. How many weeks did they
work ?

31. A father is five times as old as his son, and the differ-
ence between their age is 36 years. How old is each?

32. Divide 96 into two parts such that one shall be one
seventh of the other.

33. A horse and a harness are together worth $120, but
the harness is worth only one third as much as the horse.
What is each worth?

34. Divide 70 into two parts such that one shall be 20
larger than the other.

35. Divide 91 into two parts such that one shall be 11
smaller than the other.

36. Divide 81 into three parts such that the first is one
half the second and one sixth the third. .

37. Divide 85 into two such parts that the greater divided
by 3 shall equal the smaller divided by 2.

38. Divide 96 into two such parts that the greater divided
by 7 shall equal the smaller divided by 5.



WRITTEN EXERCISES: PROBLEMS. 6 -

39. What two numbers, whose difference is 7, are to each
other as 4:5?

40. If a certain number be mulﬁplied by 12, and the
product divided by 4, and 7 added to the quotient, the sum
will be 31. 'What is the number?

41, Cut a ribbon, 54 inches long, into three pieces such
that the first shall be three times the second and the third one
half the second. !

42. Divide the number 65 into two such parts that the first
shall equal two thirds the second.

43. A’s age is three halves of B’s, and their united ages
are 70 years. How old is each?

44, Five times the smaller of two numbers is four times
the greater, and their sum is 72. Required, the numbers.

45. Divide $480 among three persons so that A shall have
as much as B and C together, and B $5 as often as C 87.

WRITTEN EXERCISES: PROBLEMS.

To THE STUDENT: Try first to solve each problem mentally.' Avoid
using fractions,
1. There are three brothers whose ages together amount
to 30 years and their birthdays are two years apart. What
is the age of each?

2. A man sold 19 bushels of oats at a certain price, and
afterwards 11 bushels at the same rate. The second time he
received 96 shillings less than the first. 'What was the price
- per bushel ?

3. Four men, A, B, C and D, contributed $8,800 to
found a library. B gives twice as much as A, C as much as
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A and B together, and D as much as B and C together.
How much did each give?
4. If it takes $5,600 to pay a debt, principal and interest,
how much is each, the principal being six times the interest ?
5. A grocer sold tea at 60 cents a pound and coffee at 30

cents, of each the same quantity, getting for the whole $8.10.
How much of each did he sell ?

6. If a certain number be divided by 9, the sum of the
divisor, dividend and quotient will be 8). What is the
number ?

7. What number is as much greater than 89 as its third
part is greater than 25? .

8. What number is that whose fifth part exceeds its sixth
part by 5?

9. The leaning tower of Pisa is 178 feet high, which is 9
feet more than 13 times the distance it leans over. How far
does it lean?

10. The planet Jupiter has two more moons than the planet
Mars is known to have, and Saturn has two more than the
other two together. 1In all they have 14 moons. How many
moons has each ?

11. At a certain electlon 670 persons voted for two candi-
dates, the successful candidate having a majority of 120.
How many votes had each?

12. A, B and C have together $145. A’s share is two
thirds and B’s three fourths as great as C’s. What is the
share of each ?

13. From a cask one third full of oil there leaked out 21
gallons, when there was found to be just half the oil left.
Required the capacity of the cask.
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14. A father is four times as old as his son, but 5 years
hence he will be only three times as old. What are their
, ages now?

15. There are three numbers, the second of which is four
times the first, and the third is twice as much as the first and
second together. The difference between the second and third
is 48. What are the numbers ?

16. What number is that which, being multiplied by 7,
and the product added to the number, the sum, product, and
given number will together equal 80 ?

17. If 83z — 5 stands for 34, for what number will 12 4 =
stand ?

18. For what number will 2z 4 7 stand, if 5z 4 8 stands
for 48?

19. A banker paid $120 in five-dollar, two-dollar, and
one-dollar bills, using the same number of each kind. How
many bills of each kind did he use?

20. A boy has three times as many dimes as quarters and
twice as many nickels as dimes, and in all he has 80 pieces
of money. How many pieces of each kind has he? How
much money has he in all?

21. Find three consecutive odd numbers whose sum is 69.

22. The sum of three consecutive even numbers exceeds
the least by 54. 'What are the numbers?

23. A sum of $6 is made up of 30 coins, which are either
quarters or dimes. How many are there of each?

24. A man is hired for 45 days on condition that for each
day he works he is to receive $2 and his board, but for each
day he is idle he is to pay $1 for board. At the end he re-
ceived $60. How many days did he work?



8 EXAMPLES IN ALGEBRA.

25. Suppose that your teacher assigns you these 50 prob-
lems to solve, giving you 3 marks in your favor for every
problem solved correctly, and one mark against you for each
failure. How many must you solve correctly to get a credit
of 90 marks?

26. A girl was engaged to wash a gross of lamp chimneys
for 2 cents each, but she was to forfeit 20 cents for each one
she broke. She received $2. How many did she break ?

27. A bankrupt owed A four times as much as he owed
B, and C three times as much as he owed A. He owed D
the difference between his debts to C and B. The amount of
his debts to all four was $56,000. How much did he owe
each man ?

28. John has 6 more nuts than James, but John eats 10
while James finds 14 more. They now have together 44 nuts.
How many has each now? How many-had each at first ?

29. Sam is 6 years older than Charles. In five years three
times Sam’s age will equal four times Charles’. How many
years old is each ?

" 30. A man’s boat broke loose and drifted down stream at
the rate of 2 miles an hour. Six hours afterwards he secured

another boat and started after it at the rate of § miles an hour.
In how many hours did he overtake it ?

31. What number is to 20 increased by one fourth the num-
ber as 2:3?

32. A man spent one third of his life in studying, one fifth
in traveling and the rest, which was 28 years, in working.
To what age did he live ?

33. A post is one fifth in the mud, three sevenths in the
water, and 13 feet above the water. How long is the post?
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34. What two numbers are in the ratio 3 : 4, while, if 9 be
added to each, the sums will be to each other as 6:7?

35. Four persons, A, B, C and D, entered into partner-
ship with a capital of $96,000. B put in three times as much
as A, C as much as both A and B, and D as much as A,
B and C. How much did each put in?

36. Twenty-seven times a certain number added to seven
times the double of that number equals 2,993. What is the
number ?

37. The difference between thirty-seven times a number
and nine times the double of that number is 1,007. What is
the number ?

38. I buy apples at 1 cent each, oranges at 3 cents each,
and bananas at 9 cents each, paying for the whole $1.92.
There were three times as many apples as oranges, and half
as many bananas as apples and oranges together. How many
were there of each ?

39. A mixture made of corn worth 80 cents a bushel, oats
worth 45 cents a bushel, and barley worth $1.10 a bushel, is
worth $97.20 in all. There is twice as much corn as barley,
and twice as much oats as corn and barley together. How
much is there of each ?

40. A gains in trade $300. B gains one half as much as
A plus one third as much as C and C gains as much as A and
B. What is the gain of B and C?

41. Two men owning a flock of sheep together agree to
divide its value equally. A takes 72 sheep, and B takes 92
sheep and pays A $35. What is the value of a sheep?

42, The fore and hind wheels of a carriage are 10 feet and
12 feet, respectively, in circumference. How many feet will
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the carriage have passed over when the fore wheel has made
100 more revolutions than the hind wheel ?

43. Find two numbers whose difference is 6, and such that
seven times the greater minus five times the smaller shall equal
156 minus nine times the sum of the numbers ?

44. There are two numbers which are to each other as
4 :3, but if 9 be added to each, they will beas $ to . What
are the numbers?

45. Four towns, A, B, C, and D, are on a straight road.
The distance from A to D is 108 miles. The distance from
B to C is two sevenths the distance from A to B, and the dis-
tance from C to D is three times the distance from A to C.
Find the distance from A to B, B to C, and C to D.

FORCE OF SIGNS.

NoTe: The operations of multiplication and division must be per-
formed before those of addition and subtraction, unless parentheses indi-
cate otherwise,

Find the value of each of the following expressions.

1. (T4+2)x3. 2. 7+2x3.

3. (1T-2)x3. 4. (b+3) x4

5. (64+54+4)x3. 6. 6 +544x3.

7. 1046 —-2) xb. 8. 104+6—2xb5.
9. 8—5+3)x2 10. 8 -5 4+3x 2.
11. 9x (6= 3). 12. 4 x (6 +2 —5).
13. 4 x64+2-5. 14. 6 x 34+ 2+ 4).
15. 6 x 34+ 2 4+ 4. 16. (5 4+2) x (7T-4).

17. 54+2) x7—-4. 18. 542x7—-4.
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28.
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34.
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44,
45.
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47,
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(T+3) =5 20. 743 + 6.
B+4—-2)+545.

(B+4-2) + (5+5).

34+4—-2:-545.

442%x(—649) =6
4+2)x(—6+9) +6.

T4+19-83%x4—-3  27. 74+ (19-8)x4-38.
7T+ (19-3)x (4-3).

(T+19-3)x4-38.

(T4+19) —3x (4-13).

243—-445x6. 82. 2434545
2+8—-4)+545.

2+38—4)+ (540).

24+8—-4+-(54+5). 3. 2545x4—-10=+5.
24 _5x4+10438.

(24 —5) + (4 +10 4+ 3).

18 -2x4+2410. 40. 3(18 —7) (19 — 14).
1-243)(4—-5+6).

9(9 —3) — 8(8 — 3) + 7(7 — 3).
B8-2)(7T-38)—-(6-3)(6-2).
(6:8-5-9)(2-3-4—4.5).
(7-8-2-12)(5-6—4-7).
(2-3-4-20)(4-5-6—17-5-3).
2(2-8—3-1)(4:5—2-7)5.
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48.
50.
52.
54.
55.
56.
57.
58.
59.

6l.
62.

63.
65.

67.

69.
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13_449 o, 1:8:5-7,
Tx2+3 27468
24542 5 DH11—(T—8)
5-3)@B+1) ’ 2.3-4
(6-48 . 14_(l4_4)48
SXgriro=s % Tax3xs
13-13 4 81
2552
44T 404D T4
T+2(d+ 1)
(2-49)4+@B-5)+(-7
(1-3) +(4-6) +(6-8)
3(14 — 8) (16 — 11) .
B G_D (-2 63
B+4-5+4+6)x6
@ 12-3-15)(2:3-4—4-5)
4x5+418 +2 go, O +4—6)+343
2-3.445 " 544-6:343

742-18:342x5
1234410+ (2+93)

(T+2-18+3+2)x5 |
1.2.3-4410+(243)-1

2.84+8-444-5

. .82 .32, @2.
12.-834+8.3-8-8 64. 6-3*; (6-3)*; 6'-3.
(6 - 66. 6! — 4.

10 4+ 5)" 10 4 5*
5 68. — 1.

10 +2-5-10 4 5

2 70. 2°.8°. (2 4+ 3).
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. C+49' 2@ +4)

6 12
2. (142)(2+3)'[(1+2) 2+ )]
73. 756 —2-5% 74. (756 - 2-5)%
75. 76 — 2. 5.
1+2+2’+2‘+2‘+2‘
76. o1
. 1+3+3’+3‘+3‘+3‘
31
2¢. 4' _ 200
A
6(7-1)(8-2)(9—-38) (10— 4)
79. &
80 G+7Y+HU+4Y—O3—%
) (A9-9) +20 -5 -7

NUMERICAL VALUES.

Ifa=l, b=2, 0=3, d=4, 8=5,f=6, ete., find the
values of the following expressions :
1. ab; abe; abed ; abede; abedef.
2. ab 4 abe 4 abed 4 abede 4 abedef.

b . f e+d ¢4 b
"at Lo atay
be
5. 30/ —2). 6 S 5.

T. (a+5) (o 4 d) (e +f).
8. (6=a)(d=b)(e—0)
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14,

16.
17,
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- 21,

23.

25.
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29.

30.

31.
32.
34.
36.
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(a+b4ectdetf

(a4 b+c4d)(e+) od 4 ab

at+bteqdle4f). 1z.m.

(f—e)(e—d)([@d—c) (c+d+e+f)
4bds

ad

(e +d)'; & + 2¢d 4 d*.
(e—¢); € —2ec+c. 18. e —a— (d—b).

8¢ + bed — 15. 4c 4 ¢f + be — 3d.

e—a4d—b 20. (e —a) (d —b).
(e —a)d — b. 22. (¢ — be)e.
d —ab 24, ab 4 d'c 4+ be.

g e+f
(d—a+c—b)e 26 bd 4-ce — b de
P—(b4c)—a " afta ed —bd
3e(b® — a*) 2¢  be
S+ d de 28. 6<3+§)_b°'

5(a’ + b 4 &) — a'b'c’.
ab be a4c
bret2t
@+d+e)+ E’—j;i~
(e—¢)— (b—0a) 33. \2ab; +4bef
V3bef; V2bce. 35. Vdc 4 df; NI+ 4

V36 4 4a*; 12de — 11ab’.




317.

=

39.

©

41.
43.

44,

45.

46.

417,

48,

49,

50.

52.

54.

55.

56.

NUMERICAL VALUES. 15

\/bf 3bde 38 Z(bc-{-de)-
"N pd =
2dé* + 6f’ . 40 de — bef + 3a’b
2(28° + 4bc® — ce*) ’ =224 d
N2bd ;. N2Bdf%. 42. \2b% § 4a*d.

VRd 3¢ + Tae + d. ‘
8a' 4 3b' 424 68 4 d

a6 Yo T e

Vi 45 e—N' 4+ & 4 & —d.

o/ —2bct @

@ — 2ab 4 b

af +2ab+ 8 B4 25f 4 de & 4 2d 4 2ad
a - d T 54

@42b4 b B4t Sy2did
et b bye T c4d

a' — 4a’% + 6a’c’ — dac® 4 ¢
b — 4b% 4 60" — 4b* 4 ¢*

o ee+b¢ 51 ) bc+dc .
b"éf_ 5 "V yd_bd

e —d y— -
m' 53. ‘Jd-{- ﬁ/4ce-|-d— 456.

be 4+ bded + d — (f — d) Ved — d.
57  [Bbd¢  [bdf?
sred—\ pa t\ 8d°

V2d+1_(d+vd> g_ 7

4324
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2 t)
57. (6ab’d® — 4¢*b) (¢ — Ta) . bd(5bd,—3d’)-
. ac b'd

Wio NV
" V%c—ato0  3-2°

Ifp=5;q=8;8=2;t=3.

59. #'; (p —)*; (g —p)"

60. (s4+0)"; (¢q—p)s. 6l (¢g—8)7%; (¢ =10)"
) x5

62. £ ).
(51 < (%

fa=0;y=4;2=6; m=8; n=10.

63. m N7 4 ny 4 Vdaz 4 4n.

2n — 4y ma 2z 4+ 3m \/2m+1n:v
64. = — i it 3,
oty 6. =17 +
66 N8m 4 4y 4 2n n4+y+7—2m
 Nmnpny 4 gz ¥

Ifhk=6;l=5;m=4;n=1;8=0
67. kNI + P 4 I 4 8Im N — (I + k).

204m  5l48Vm4n
8k—m 2k +m

68.

69. 4kn™ 4 Vm? — v2km + m?.

SNm™ 4 2kN2k + 1 —n

7 B4+ m* —2n

Ife=8;t=4;2=2;y=1}
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1. %/s—’+4st'+:—;-
s t
72. (26 — V¥) x%_zy‘.

(F—8) @ —y) 2+ &)
betry oz

8 = '

3 3 — e
t_‘l_; irt"’ g 76. ’8x§x-2t¥~

73.

75. 7 + By~ 7 -
Vo 2

e <7?+'%l2§>'

8. W +y+7+Y+Y+ o
Not -tz -2y \"

- (%/y;tﬁét')

ALGEBRAIC EXPRESSIONS.

Learn the definition of coefficient ; exponent.

In 7z what is the coefficient of z? the exponent? In 8y
what is the coefficient of y? the exponent? In the quantity
bry name the coefficient ; the exponents. In 4az name the
coefficient ; the exponent. In the expression 9a'b’c’z what is
the coefficient of z? of ¢’z? of b*cz? of a'b’c’x?

Translate the following algebraic expressions into words :

4, 4, 4 £ 4 & 44 4 Y4 VL V4 N

vz; :sz '_IJZ” V4 - 25; 44_0” \/717’, z4+Y z—Y
z+ 9, 5, z=y, 2>y &<y 25, V25, Vo, V5, 1§,

2
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5zy, 6V6a'F, o g—)%—:, Vo + ¥5z, Vo +2¢, Vo4 V29,
%/x’_y’, W, Va + b, N — v = (a* — b’)*, a”, b",
al + x” (a + Z)’, @ — 0', (a' - c)'x (a' + b) (a - b’
52 (a + b)', (z+y)+(z—y) =2z, (z4y)—(2—y)=2y,
E+p(E—y)=2"-7, E+9)'— (z—9)' = 4ay,
(a4 1)z + (a— 1)y > 95, 3a* + bc_g, z:% = ab : \,

(c—dy=(e+f)z, Va'—b= V48 Vpg< Vs,

2 b 11
a_jb < (P—‘I) (G+§>, a.-H’ b-—l, 3/", y“, 37'![°,
! 3 === a”\% .
a” — 3/“, yﬁ’ 45;; 'Jz_”’ b”_l’ 3/" h: ( 'b,,—.ﬂ )”1 ‘J‘—'—":

"V;‘y F‘UF, ’V—x‘ = a'J/. ) %/37; = y'/‘} x.ly y_', Vz:l, v‘F’,
3 n

:/E:'=a_;, "\/:—c:=z-'-, <G+%) (b—%):c-’-%,

z4+y m4n  sla4 b

m—n_ z—y Ne—d

a’dzt x Vd'y* + &' = o® — 3a’ 4 3ab® — B,

No b4 V8n— (c—d)"

Put into the form of algebraic expressions the following :
1. How much will 5 knives cost at $2 each?
2. What will 3% lbs. of tea cost at $2 a pound ?

3. If I buy 5 sheep at $4 each and 3 calves at $9 each,
what is the total cost?

4. If I have $25 and spend $11, how much have I left?

5. If I have a cents in one pocket and b cents in another,
how much have I?
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If I have z dollars and pay out y dollars, how much

“have I left?

Express in algebraic form :

7.
8.
9.
10.
11.
12.

and y.

13.
14,
15.
16.
17.

Three times z, added to 4 times y.

Four times z, subtracted from 8 times y.

The sum of z and y, diminished by =.

The sum of ¢ and three times d, diminished by a.

z plus the product of y and z diminished by ¢.

The sum of a and b multiplied by the difference of z

Three times z divided by six times y.

a plus b multiplied by z into y.

z diminished by y, divided by % multiplied by /.
Three times s plus the quotient of z divided by .

Four times z square into y cube, plus seven times »

square into & cube.

18.

z third power minus @ fourth power, divided by ¢

minus e square.

19.

z third power, minus a fifth power divided by ¢ square,

minus e third power.

20.
21.
22,
23,
24,

The addition of a, b and e.
Of z, two times y, and three times z.
The subtraction of a from b.

" Of the square of z from y cube.

Of a times z from ¢ times z.
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26. Express the multiplication of a, b and ¢ in three dif-
ferent ways.

26. Write without the signs X or - the product of 3, =
and y square.

27. Of 12, ab and ¢ cube.

28. Express the division of a by ¢ in two ways.

29. Of ay by 3ab.

30. By how much does 7 exceed 4? a exceed b? z ex-
ceed 9?

Learn the definition of an ¢‘ EQUATION.”’
Express No. 30 in the form of equations.

31. By how much is a less than 12? 5 less than n? ¢ less
than 5? Express each of these in the form of an equation.

32. What must be added to 4 to make 11? to a to make
97 to ¢ to make d? Equations?

33. By what must 29 be multiplied to make 783? 4, to
make a? z, to make y? Equations?

34. What is the quotient when 1426 is divided by 46?
when 15 is divided by a?- when z is divided by 4? by £?
Equations ?

35. By what must 17 be multiplied to obtain 323? to ob-
tain d? ¢, to obtain #? Equations?

36. By how much does 7z exceed 3z? 5¢ exceed 4d? a
square exceed the product of m and n? Equations?

37. If z represent a whole riumber, what represents the
next whole number above it ? below it?

38. Write five consecutive numbers, the middle one be-
ing m.
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39. How fur can a man walk in = hours at the rate of 3
miles an hour? in s hours at the rate of ¢ miles an hour?

40, If he walks a distance of % miles in the previous ques-
tion, write the equations.

41. If o is one factor of 24, what is the other factor?
Equation ?

42. What dividend gives z as a quotient when 4 is the di-
visor? Equation?

43. If 12 be separated into two parts and one part is s,
what is the other? Equation ?

44. The difference of two numbers is 7 and one of the
numbers is b, what is the other? Equation?

. 45, If 64 contains z four times, what is the value of z?
46. If the product is zyz and the multiplier y, what is the
multiplicand? Equation ?
47. What is the sum of z 4 z 4 z 4 etc., written n times?

48. What-is the shortest way of expressing the sum of
eight s’'s? The product? Of z added m times? Used m
times as a factor?

49. In the number 75 how many tens? units? Add 3
tens and 4 units so as to give the right sum. Equation ?

50. What is the number whose ten’s figure is z and unit’s
figure y? If the number equal 89, write the equation.

51. Bought two pounds of tea for y cents. What did it cost
a pound ?

52. If 7 bushels of oats cost a dollars, what is the cost per
bushel in dollars ? in cents?
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53. Bought & dollars worth of flour at ¢ dollars per barrel.
How many did I buy?

54. What is the value of % books at z dollars each?

55. How many cents are there in z dollars? How many
dollars are there in « cents?

656. Four men rode at the cost of p dollars. What did
each pay? :

67. If I buy 5 cows at 65 dollars each, and 4 horses at
125 dollars each, express the total cost. Equation?

68. Bold a sheep at k dollars each and lost z dollars. How
much had I originally? Equation, if I have $50 left?
Equation, if they cost me $50 ?

59. One boy has = cents and another a cents. If they di-
vide equally, how much will each have? Equation, if they
both together had 50 cents?

60. If I have m dollary and pay out n cents, how much
have I left?

61. What will m 4 n horses cost at z dollars each? Equa-
tion ?

62. If I have y dollars in one purse and y cents in an-
other, how many dollars have I? How many cents?

63. What will @ + b houses cost at z + y dollars each? If
the total cost is $57,000, write the equation.

64. How many dollars will @ pounds of tea cost at m cents
a pound? Equation ?

66. If 5m represents a man’s age, what represents it three
times z years ago? Equation, if he was fifteen then ?

66. If I have z dollars and lose one fifth of it, how much
have I left? Equation ?
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67. If I have z sheep and sell two thirds of them, repre-
sent what is left. Equation?

68. If I have §(z — 10) dollars, and spend one third of
it, how much have I left? Equation?

69. If 8 people hire a boat for 3z dollars, represent the
share of each. Equation?

70. If z people hire a horse for n dollars, represent the
share of each. Equation?

71. If the difference in the two preceding cases is $2, what
equation results ?

72. Bought m pounds of sugar at n cents a pound, a pounds
of rice at b cents a pound, and z pounds of soap at y cents a
pound. How many cents was the bill? How many dollars?
Equation ?

73. Bought n pounds of coffee at z cents a pound and
handed the grocer a y dollar bill in payment. How many
cents and how many dollars in change? Equations ?

74. There are 5 baskets, each with ¢ mackerel, and 7 bas-
kets, each with p mackerel. Divide the mackerel equally
among the baskets.

76. A man left = bonds worth y dollars each, and m acres
of land worth n dollars each, but he owed a¢ dollars to each
of b creditors. What was the value of the estate ?

76. If a man can do a piece of work in 5 days, what part
can he do in one day? In 3 days?

77. If he can do it in m days, what part can he do in one
day? Inseven days? In z days?

78. If I can do a piece of work in z days and work 12,
what part of the work do I accomplish ?

. T
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79. If you can do a piéce of work in p days and work 4,
and I in g days and work 6, what part will each do? Both
together ?

80. If you perform the z/y part of a piece of work, and
I the a/n part, what will the sum of z/y and a/n represent ?

81. Two numbers, o and b are to be added, their sum mul-
tiplied by z and the product divided by p 4 ¢. Express the
quotient. Equation ?

82. In the preceding question express the product result-
ing from multiplying the quotient by p + g¢.

83. The quotient of a divided by & is to be subtracted from
the quotient of m divided by =, and the remainder multiplied
by the sum of p and ¢ divided by the difference between x
and y.

84. The number « is to be increased by %, the sum to be
multiplied by ¢ 4 d, and s to be added to the product, and
this sum divided by the product of  and y.

85. Express in three different ways, using signs only, the
quotient of m divided by =, divided by the quotient of p di-
vided by s.

86. The quotient of ¢ divided by d is to be added to the
quotient of z divided by z and the sum divided by the sum of
a and u. ’

87. If r 4 s houses each had u 4 v rooms and each room
had % 4 ! pieces of furniture, how many pieces were there ?

88. Express four times the cube root of the sum of z, y
square and z fourth power.

89. The difference of the squares of a and b, divided by
the square of their difference.
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90. Three times a, into the cube root of the difference of
the squares of m and n, minus half their sum.

91. The product of the sum and difference of z and y.

92. The half sum plus the half difference of a and b, di-
vided by the sum of their squares.

93. The ratio of six z divided by y, tom square divided by
n, equals the ratio of 4 into the cube root of a, to y square 2
cube.

94. The square of the sum of any two quantities equals the
sum of their squares plus twice their product.

95. The square of the difference of any two quantities
equals the sum of their squares minus twice their product.

96. The product of the sum and difference of any two
quantities equals the difference of their squares.

97. If p denote the principal, » the rate per cent., ¢ the
time in years, ¢ the interest and o the amount, how would
you express the interest? the time? the rate? the principal?
the amount ?

98. What are such expressions called? Translate each
into words. 'What do these translations become ?

99. A man works v days out of 24 and is idle the remainder.
At seventy-five cents a day, what represents the board he
must pay while idle ?

100. If a man has ¢ — d horses and buys five times as
many more, represent how many he will then have.

101. If a rectangular piece of land is m rods wide and 6
rods longer than wide, represent its length and the equation
for its contents.
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102. A rectangular lot is m rods long and n rods wide.
What will it cost at 2 dollars per square foot? Equation?

103. How many rolls of paper a feet long by b feet wide
will be required to paper a room z feet long, by y feet wide,
by z feet high, if no allowance be made for windows? Equa-
tion ?

104. What will be the cost at 30 cents per square yard ?

105. If apples are sold z for a dime how many can be
bought for y cents ?

106. If lemons are sold m for a nickel, what will be the
cost in cents of n lemons?

107. How many days must I work to earn $8 at the rate
of z dimes a day ?

108. If it costs z persons y quarters for a dinner, how
many dollars does each pay?

109. How many dimes must I pay out of ¢ dollars so as to
have left 10z cents ?

110. Write a number which, when divided by z, gives a
quotient of 4 and a remainder of 2. Equation ?

111. What is the remainder, if m divided by n gives a
quotient of ¢? Equation ?

112. What is the quotient, if a divided by b gives a re-
mainder of »r? Equation ?

113. What is the divisor, if you have a remainder of =, a
dividend of s, and a quotient of t? Equation?

114. A product is p and the multiplier z 4 a. What is
the multiplicand? Equation ?

115. A locomotive passes over k yards a second. How
long will it be in traveling a mile? Equation?
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116. A man has oats enough for z horses for y days. How
long will they last z horses ?

117. Into how many parts will a line be divided, if it be
first divided into o parts, and afterwards each of these a parts
be divided into a new parts, and so on n times?

118. A house cost a dollars and rents for n dollars per
month. What per cent. does it pay ?

119. If z represents a certain number of dollars, express
half its value diminished by 50 cents.

120. The number of dimes in one third of it.

121. The number of quarters left after paying out 50
cents,

122. One man’s share, if twice the amount diminished by
$7 be divided among 12 men.

123. A boy’s share, if the amount increased by five nickels
be divided among four boys.

124. The number of hats, if n hats cost $3.

125. The charge per mile, if the amount buys a railway
ticket for 24 miles.

126. If z represents the number of years in a man’s age,
express the age of his wife, whose age was three fifths of his
twelve years ago.

127. The age of his wife 8 years hence.

128. If z represents the number of yards in the length of
a line, express its fourth increased by an inch.

129. 129 feet diminished by twice its length.

130. The result obtained by taking from the length one
half of it, one inch, and one fifth of the remainder.
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131. The time required to traverse it at the rate of » rods
a minute.

132. The time required to traverse it by a man walking
8 yards in ¢ hours.

133, The time that a man who walks p -miles per hour
takes to walk it ?

134. Express d per cent. of 8.

135. What must I charge for a house which cost me » dol-
lars in order to make fifteen per cent. on it?

136. If z per cent. of p is ¢, what is z per cent. of £?
137. If m gallons of wine be drawn from a cask holding n

gallons, and the cask be then filled with water, how many -

gallons of wine will there be in = gallons of the mixture ?
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ADDITION.
There may be four cases in the addition of MoNoMIALS
and a fifth case, the addition of POLYNOMIALS.
Case L.

The addition of like quantities with the same sign.
_ Add the following :

1. 7,538 2. 4,6,9.

3. 17, 21, 35. 4. —3, —4, —b.

5. —9, —8, —4 6. — 15, — 25, — 24.

7. 6z, 9z, =z, 2z. 8. —4y, —y, — by, — 3y.
9. 32%, 42, b2*, 22" 10. 6ad, 7ab, 5ab, 3ab.

11. — 428, — 3%, — 92, —2*

12. — 1llaz, — 5az, — 4az, —Taz.

13. — 3yz, — byz, — 8yz, — 62

14. Tm*n’, 4m’n’, m'n?, 2m*n’,

15. — 4pg2®, — 3pgr’, — 8pga’, — 12pga’.

16. 4ab’c, Tach’, 12b%ec, cabd?®, 10ach®, 2b%ca.

17. — Ted?’, —9ed’, — 6ed’, — 8cd’, — 10ed®, — Hed.

18. — 8z%, — 9%y, — 4a'y, — 112%, — 2%y, — ba¥y.

19. — 4a’¢7, — 9a’c’s", — a’"7", — 2a’c’z", 8a’c’z’.

20. 3(¢ — 2), b(c — ), 12(¢c — 2), (¢ — 2).

21. 3(a4+b—c), 5(atb—c), 2(a+b—c), (atb—c).
22, —da", _T2", 52", —2" 23. 3y, 62"y, 8y, 9z
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24,

25.
26.
217.
28.
29.
30.
31.
32.
33.
34.
35.

36.

37,
38.

39.

40.

41.

EXAMPLES IN ALGEBRA.
—2#F -y — ), —10(P—y—7), —21(P—y*—7"),
— (@ -y —2).
— 3a’b¢!, — 9a*b’¢!, — ba’b’c, — 17a’b’c'.-
7z, 19z, 3z, +a.
—bay, —4ay, —avy, —6ay.
4, oph, 8ph, gt
— 8%, —bd%, — 8ct, — 166t
—835VNa—b, —4zVa— b, —9zVa— b, —15z+va — b.
5, 11¢™™, 10¢~™, "™
— 827, _ 102", — 1827, — 362"
3(a — 2) VP, T(a — 2) Vi, 12V (a — 2), (a —2) Vo,
10'F, §a'7, Ja'D, 42
3@ —d), — (¢ =), — §( - ), —J(¢-dY),

2@, J@_nrn, l@-2i),

-(1;(9:’_2x+1).

— Tatbler, — 9atbder, — albler, —204%03cn.

3dd — d’e, d — d’, 4cd — d’e, Td'd — a’¢, ¢d — d’c,
16¢'d — a’e.

— 2 4 8, — 2438, — 2P 48, — Y45,
— 2y 4 480, — 2™ 4 158,

— 4" —a’b, — p'¢*—a’h, —6p'*—a®h, —11p'¢"—d®b,
— 1p’¢ — a®b, — 2p*¢® — a%b.

5+vz(a — ) (e + d)°, 8z (a* — ) (¢ 4 d)?,
TNe(o+ dY' ( — B),  3(a* — ) V(e + d),
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Case II.

The addition of like quantities with unlike signs.
Add the following :

42. 6, —b. 43. — 6, + 6.

44. 4+ 9, — 5. 45. — 9, 4+ 6.

46. — 19, 4 30. 47. + 8, —T7, —6.

48. 48, — 17, 4+ 6. 49. — 8, 4+ 7, 4+ 6.

50. —8, —7, —6. 51. —8, —7, +86.

52. 5, — 10, + 4, + 7. 63. —6, —8, —9, 4 25.
54. — 25, 4 24, — 23, 4 21.

66. 3z, — 8z. 66. — 92°, 4 42

57. 7d*, — 2d". 58. — 6a’c, — Ta’e.

59. — 11 +z, 8 Vz. 60. 3a™%, 5a7".

61. — 4a™2*, — Ha™z", 13a™2".

62. 5zbyt, 8ahyd, _ 15zht. 63, — &, — 3dr, 200

64.
66.
617.

8w, — 4w, — 3w, 65. 8k — Tk, — 6k, 3k.
4wz, + 4wz, — 2wz, — Twz.
6b%, — bb'e, — 4b'c, — 2b%.

68. u?, 4u’, — 3u, H5u’,

69. 7ac, — 3ac, — bac, 8ac, — ac.

70. — 2pg, —pg, — 3pg, — 9pg, pg, 12pg.

71. — 7abe, — 4abe, — 3abe, — Sabe, 20abe, — abe.

72. 4(z+y), —T(z+y), —11(z+y), 8(z+y), 9(z+y),

(z + ).
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73.
74.

75.
76.

71.
' 78.

79.
80.

81.
82.

83.
84.
85.
86.
87.
88.
89.
90.
91.

EXAMPLES IN ALGEBRA.

OB, NF, — TNP, — 8NP, — 1347, — v&,

8¢ Vab, 9c Vab, 4¢ Vab, — 11¢Vab, — 5cvab, ¢ vab.

acNT — u, — 3ch/:—v_——_u, bacVx — u, — 1lacVz — u.

fab, — §ab, jab, Jab, ab, — fab.

— 37, 23, 33, 3N, £, — A

SN, — 28 VoK, — 58K, — 78’4'_1&* & N,
48 o'l

a‘a:*, — ba'ad, 9a'ad, 11a°x}, — 19a°2}, Bacat. ~

—opi e, SN, — 11, 16p' Ve, — PN,
21p* V7.

—38a™z?, —Ta™27% 8a "z, Ba "z, —4a™™?, a "zt

8«™A, — b3, — 11z™A, 6™, —1327™3, 12273,

Find the algebraic sum of

8u — 11u 4 13u — 15u + 10u.

N4 (=8 -+ +(+8)+(=D.

—12-(+8)+ (=5 +(+6)+(=7.

— 52 4 (+ 82) — (4 82") + (— 42 —

Tab + (— 5ab) — (+2ab) + (+ 4ad) + ab.

— 30" 4 (— 202) — (4 Ta'?®) 4 (4 &) — a2

azx 4 3ax — Tazx 4 azx — azx.

Ted — bed 4 6ed — ed — Ted.

13pgn’ — pgn’ + bpqn® — 8pgn’ + 3pgn’.

8(a — b) — 4(a — b) + 3(a —b)—(a—b)— 13(a—b).

92.
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93. — o’¢ 4 Ta'¢ — ba’d® — 9a’c® 4 10a°C.
94, TVr —9Vz — Vo 4+ 44z + 124z
95. Add z—y, —22—-Ty, ~Tx—2y, —3z4 3y,
— 8z 4y
96. Add 2ab + 3be, 3ab — 2be, 4ab — be, — 5ab + 4be.
97. Add 3m’ — 4mn®, — 4m* — 3mn’, m' 4 mn’,
—m? — ma,
98. Add 5as®} Td'y, — a2’ —ba'y,  9az’ — 10a%,
— 4ax’ 4 ay.
99. Tabed — 9abed — 13abed + 18abed.
100. o — 2+ 2+ 3o+ 42 101 fo— de + o + Jo—o.
102. —8z4+iz—fo+2—}a
103. — §a’ — o’ — Ja' — $a’ — Ja.
104. 3(a —2) — 12(a — 2) 4 5(a — 2) + 10(a — 2).
105. — 4(z + 29)" + 5(z42y)"—12(z42y)*+ 20(z 4 29)".
106. 12act — 5act — 4act 4 3act — 5ack.
107. — bld® — 263 4 8cid? 4 3cid* — 4cid.
Case III.
The addition of unlike numbers, i. e., no two alike.
Add the following :
108. 2a, 4 3b, — 4e. 109. o?, — 2ab, + b

110. 42, 4c%y, — 2P, — 2¢". 111, az, — bz,  cw.
112, 4 _ 3 P A )

8
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EXAMPLES IN ALGEBRA.

Case IV.

The addition of .quantities, some like and others unlike.
Add the following :

113.
114.
115.
116.

117.
118.
119.

120.

121.
122,

123.

4ac, 3a’c, — Td’c, — a’c, bac, 2ac’.

— 4pg, — 5p¢’, 6pg, — 3pg, 9p¢’, — P’
10zy, — 6yz, — 4oy, 12y2, — bay, 3xyz.
&, —8cd, — ed?, 4¢'d, bed?, A

6 Vs, — 85, — 9+st, 3st, 118}, —s*.
buva?, — v, — bua?, Tuva?, 4v'2%, 19us’.

bgr — 7fg 4+ 3n — 2qr 4 4an 4 5fg — 13 4 Tn—3 —qr
— ban + fg.

3a'b® — Tab* 4+ bazy — Ta’6® — 2ab* — azy 4 ab'— Tazy
+ 8a%6® — 10ab* 4 a*b® + 3azy — 5ab® 4+ 18abt.
Ta — 59 + 8z 4+ 20 + 5 — Nz — 9a + T z.

8ct 4 dyz — w110 — b2t 4 6yz — 15 + 2u™* — 9z
— 4zb _ 10u~ 4 21,

42 — ba® — baz® 4 6a’z 4 604 32* 40’ 4 2a’x— 1727
— 39 4 19a2® — 150’z 4 13a2® — 27a%z 4 18¢* 4 30’z
— 200 4 122 4 3la’z — 22° — 3lad® — 72

ADDITION OF POLYNOMIALS.

Add the following :

124,

a—bb—cec—d d—ec

125. p—q—8,q—8—p,8—p—q.

126.
127.

241,241, 241,1—2,1_2.
T(z—y) — 6(z —y) +2(z —y) — 5(z + ).



128.
129,
130.

131.
132.
133.
134.

135.
136.
1317.
138.
139.

140.

141.

142.

143,

ADDITIONS. 35

8Vu—z—-9Vu —24+8Vu 22— Vu—a2

3(2*—a) 4 2(2*—a) — (a—2") 4 6(2'—a) + (2" —a).

Ty—4(a+b), 6y+2a+b), —2+ (a+bd)
¥y — 3(a 4 b).

28 3245y 4 -6y, 8y — 27,
— 72 4 by* — 62

4abe — 292" 4+ 39, babe — 24 4 632, yz*— 4abe — 9y,
— Tabe — 3y2* + 1, — 9y + Babe + y2'

2laz 4 13abe + 2ay — abe, 13abe 4 14ax — az — bay,
3ay — 27abe + 3ax.

5a*b* — 8a’b* 4 2y 4 ay’, 4a’D® — 3zy* — Ta’b* 4 627y,
bzy’+ 3a’d* — 32’y 4 3a’b’, —3r'y—a’b*+ 200" — 3y’

o—dy dr—y -4y 24,

30"+ oo — 3¢, — @' — oo+ 26, §o’ — a0 — 4o

3600 — $RP 4 20, IR — 2870 — §P, —§K 4 KD 4 3D,

3¢ —Fst — 4, — 38 4 2et — 38, — 35 — st 4 £

a+b4e 8b—z+4+y, bla4bd)+ 3z, Te—3m'n,
bab 4 6b — 3y, 3(x 4+ y) — 8e.

10a’d — 12a°bc — 15b°c* 4 10, — 4a’b 4 8a’be — 9
— 108, — 3a*be — 3a’d — 3 + 2067, 4 2 4 b
+ 12a*be + 2ab.

4Nz 4+ 202 — 3 — Nz — 'z + 10y — 18 4 4Vz —a'z
—8Vz—by+4+16 —by 45— 4+

3(z4+y)—4c4+6_3ax—52—84b6(x+y)+5d .
—8y+4az 4+ 2

5(p+q) —3st — 4k 4 24 — 8st + 3(p + ¢) + 154
~ 49 + 2(st — k) — 3p,
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144,

145.

146.

147,

148.

149,

150.

151.

152.

153.

154,

155.

156.

EXAMPLES IN ALGEBRA.

20 4+ 91 — 6in 4 8 4 21* — 4 4 160°m — 10* 4+ Tin
4+ 40 4+ 81 —20 4 6(0 —m) — 81 — 200°m — T

+ Tm 4 8 4+ 20%m — 90 4 41 4 (I — m).

4w + 2 vu — 14+ 8w —2Vu -1 —12wu—6w+T7 Vu—1
+2w 4 3Vu — 1 —9vu — 1 4 8wu — 84u? — 1.

o' — 2ab 4 0 — 2be 4 2ca 4 ¢, b — 2¢b + ¢ — 2ac
+ 2ba + &, ¢ — 2ac 4 o' — 2ba 4 2be 4 b’

18a‘bed 4 21a* — 3¢ — 3a® 4 2¢ 4 19a*bed — 3a* 4 24¢
— 2a'bed 4 ba'edb — 3a® — 2e + 12a'deb.

9a*b¢* 4 8a*bc* — Ta'b’e® 4 21a*b%* — ba’dc* —11a’b’¢*
+ 2a’b%* 4 21a*b’¢® 4 ba’be* — 2a°b¢t.

Tdy _ 24y, Ve 4 3mb 42 ByvE— im— 6,
9y vz — dyde — 8, 1 4 Tayt — 2yad.

Show that, if a =84 2t —38r, b =1t4 2r—3s, and
c=r42s—3t thenwilla + b4+ ¢c=0.
Show that, if z = bm — 3n — 2p, y_5n—-3p-2m,
and z = 5p — 3m — 2n, then willz 4+ y 42 = 0.
Yme 4 ma — fmy — fmu + my + §mu—ma 4 Jmz 4 ma
+ 2my + mu + Ime 4 ma 4 my 4 mz 4 mu.

tog — %k + 309 — Jeg’, P9+ 2ck—cg, heg—g g’
26’9 — }cg* — k.

(#+9) +22(2+9), 2 —9) +2(z+9) — (2 +9),
E+9) —(—y)—2(z+y), 4Gz —y)+ (= +9)-

T20°0* 4 a’b* 4 Jac — 3ab 4 ab — a*b* — ac 4 §ac — }ab
— 3a’6* 4 ab + 3a°b'4 §a’PC

17¢de* — 8ed'e® 4 4c'd’e® — 3cd'e® 4 4ded’e® — 3c'd’e
+ 14 dP*  bd'e® — c*d’e® - 19c°d e — 26°d*e’ 4- 4ed’e?
+ 9¢de 4 2¢°d'e® - Bedle® — Te'dPe® - 4ctd®e® —12¢d’e®
— Cd'¢— 156d°¢* — Pd'e’ 4 Ted e + 413 dPe* 4 3c'd’e’,
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157. 24 Vw — 10 4 2Vzw, 22 — 8 Vw 4 20 4 Vew, — 52°
— 3w —5vew + 15 V4, 2vw 4 V14 12 Vow — 47,
— 252" — 25 Vw — 25 V2w — 5 V25.

158. a™—2b"43c?—4ds, 23a™—13c?412d°4 165", —14a™
+ 15674 19d*— 17¢?, — b" 4 18a™ 4 ¢P— df, — 3¢
+ 11d* — 13a™ 4 50"

Gr(;uping similar terms into single terms with compound
(polynomial) coefficients.

Group the following :
159. az, bz. 160. ez, . 161, ex, — dx.
162. 3z, — 3y. 163. — w, cw. 164. -5z, ar, —x.
165. 3st, — 4rs, 2st. 166. mn, 8m, — 9m.

167. 8a’b’z, 4b%¢'r, — 9b'%'x.

168. 4(k— 1), —2(k—10). 169. 3(p —q), (p — 9).
170. z(a — 1), —(a—1). 171, —8(1 — ), a(1 — z).
172. 4(a 4+ 1), o(a + 1), — 3(a + 1), —3¢(a + 1).

173. 8(m 4 n), — Ta(m 4 n), — 11(m 4 n), 5(m 4 n).
174, mnz 4 2by + pgz — 4by.

175. Te(2* — 47), (2 — o), B(2* — 4), — de(2* — o).

176. ax 4 bz 4 cx. 177. 2* — 3az 4 4ez.

178. ay® — ac + ad”. 179. 4azy 4 cxy — axy.

180. f2* 4 3¢ + 2. 181. 3z, bz, (a 4 b)=.

182. (a 4 b)z, (a — ¢)=. 183. a\z, —avy, +a+
184. 2* — 32"y 4 ba™y. 185, 32y — ba'y® — 2.
186. az 4 by — ez — dy. 187. bery + adzy — acry —zy.

188. 72* — 12y 4 bz 4 144’
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189.
190.
191.
193.
195.
196.
197.
198,

199.

EXAMPLES IN ALGEBRA.

3az* — 3aa’ — 3azy® — 6ay'.

bz — 4dz 4 60z 4 dz + 4bz — 2qz.
2pq—apq+6pg—4apq. 192, aw 4 8 — bw 4 L.

o’ 4 dz 4 ex’ — fz. 194. cu + dv + su — to.
bazx 4 bbx, by 4 3z — 4y, x — by.

az’ 4 by + exy, ma' — ny® — pay.

a® 4 ba? 4 e, ' — b — 'z

6a—6(z—y)+7, 3a4+9(z—y) -8, 2(z—y) —ba—15.
(@a—b4c)VNz, (a4 b—c)Vr, (b+c¢—anz



SUBTRACTION.

SUBTRACTION OF MONOMIALS.
i

Subtract the following :

1. From 7 take4. 2. 7, —4. 3. —-7,4

4. 7, — 4. 5. 4, 7. 6. 4, —17.

7. —4, 7. 8. —4, —-1T. 9. 9a, 3a.
10. 9a, — 3a. 11. — 9a, 3a. 12. — 9a, — 3a.
13. 2z, Tz. 14, 2z, — Tz. 16. — 22z, Tx.
16. — 22, — 7= 17. 522, 92 18. 11, — 8¢
19. 52%, — T2 20. d’c, 6a'e. 21. 247z, 8+z.
22. p°, —p% 23. o, 2~ 24. q, k.
25, —3, —t. 26. —7¢, +7¢. 27. — 8z, 2.
28. z, V. 29, 224, _ 3zt 30. 8af, 244
31, 31k, 9. 32. a", 3a" 33. 7d', —4a.
34, 3277, 42, 35, 2, o 36. 20", o™,
317. 56, 8¢ 38. 7c¢™, 3c™. 39. ¢, 4¢7%,
40. 4™, — 4 41. 9y 542, 42, 32, —5° Vo'
43. 329, z*, 44, 8¢+ 5ot 45, 42, 254
46. 4’ Ysa, — PV —a.  4T. 2%, 3"
48. 724, 543 49. 32y, — VAR,

39
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50.
52.
54.

56.
59.
61.
63.
65.
66.
67.
68.

70.
71,
73.
76.
78.
80.
82.

84.
86.
88.

90.
91.

EXAMPLES IN ALGEBRA.

8arzd, — Tarad. 51. bz, y %", 127y,
143z, baby. 83—, _ 3ot

8ct Nd?, 2 \'dv», 55. 42°%, _ 324,

— &, — V2. 5T o, 34 58. o, _ bu¥e,
3™, b, 60. 7c, (—3c).

— 2z, (+ 3ay). 62. 2a'7, (4 8a'z).
—bef, (— 8¢f). 64. 17\, (— 20 +z).

3y, (4 z'y'2?).

Ta’c — (— 13d’c) 4 (— 10d%).

15p'¢ — (— p'¢") — (+P'¢).

11ad0} _ (4 5albY). 69. — baz + (— a* o).
— TV — 4 —[—b5¥z—4].

627% 2 —(=T72%") = T2 g™y —(4TTY™).
a, a. 74. 4z, 3. 75. 3y, —%y.
1z, — 3. 77. }a’z, 4a’z.

ed, 1id. 79. — }ede, — %cde.

— 82 — Sty 81. a(c — d), — 2a(¢—d).
927(s—t)%, —3a*(s—t)%. 83. — 3a 7, 3a V2.
3od, — 3ab. 85. §zy, —3 Vay.

§x’, _4s 87. ZJE', §V§‘.

n n a a

gavmd, _ 3z . 89. — crdr, — 3erdr.
30~ (3z — 2y), §a"'(3z— 2y).

Ta(8 — ), — 11la(s* — ).



92,
93.
94,
95.

96.

SUBTRACTION. 41
%a'”( J‘; - W)’ a’”( V; - W)'
abb Ve fu, — 3Va- VB(u +0).
(e — dY, e —d. -
1z — ), 3V Nz -y
2dade— fym 2Nz W= T+ o

Express the answers to the following in two different ways :

97. ac, be. 98. ez, 2. 99. d, — ad,
100. —e, —ds 101 az, — Tz 102, — 4s, — rs.
103. s, 7s. 104. mn, n. 105. mn, — m.
106. —ar, — 32. 107. — 4y, —zy. 108. T4, rst.
109. 5a, 6ab. 110. 3z, —a+r.
111. a6, — a'b'd". 112. — Ta'?, — 9%z
113. 7az \y, 5az Vy. 114, — o, — b’y
115. 2™y, 52y 116. 3z va, —3y Va.
117. 78, #s'. 118. a'b’c, — a'b’e.
119. 6u'uP, Subv'w®. 120. 78d%', — 9c'd>e.
121. 3™, 322 122. 4%} _ Tt b
123. 722130, — 5zt aa'. 124, 120712, — 5a™ 2.
125. 3oz, _ 1ad. 126. $z™y%2, 3™y

SUBTRACTION OF PoLYNOMIALS.
Subtract the following :

(Solve examples 127-141 both arithmetically and algebraically and com-
pare the results.)

127,

From 9 4 5 take 6 4 4.
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128.
130.
132.
134.
136.
138.
140.
142.
144,
146.
148.
151,
153.
156.
159.
161.
163.
165.
167.
169.
171.
173.
175.
1717.

EXAMPLES IN ALGEBRA.

945 6—4. 129. 9 4+ 5, 6 4 6.
94+56—5 131. 9 4+ 5, 6 — 6.

18 —4,54 3. 133. 18 — 4,5 — 3.

18 —-4,5+4. 135. 18 — 4,5 — 4.

18 — 4,54 5. 137. 18 — 4, 5 — 5.

27 + 5,13 - 8. 139. 19 4+ 12, 15 4 14.
249,13 —11. 141. 28 — 6, 16 4 3.

a+ b, a 143. a + b, — b.
a4ba—-b . 145. a 4+ b, —a 4 b.

a4 b —a—b. 147. 2 —y, v

z—y, —z. 149. z—y, —y. 160. z—y, x4 4.
T—Y —T+Y. 162. 2 —y, —z —y.

e, ¢ —d. 154. ¢, d. 165. d -7, d - 9.
c4+4,d_7. 157. p—q, g—p. 158. €, ¢f* 4+ 1.
8z —vy, 3z49. 160. 3Nz + 1, 5vz — 5.
a-b—3,b-a4 3. 162. 7-42", 4-T2* — 9.
—9_—6y, —104y. 164 —f'¢, 8VF — fi¢".
5a’z’z, 25a’2"z. 166. 25abz, 100abcz.

bz — 4, 8y — 3. 168. o' — b, o’ — 2ab 4 b
—a* a® — b 170. — o5, 22 — 9~

¢ —d", —c. 172, 2%, —w" — 2"
fo—ty W—fe. 174 Jo— 4§t fo— At

gm — In, — Eym. 176. §a — §e, fe.
z 49, 159 178. o — b, 3}b.



179.

- 180.
181.
182,
183.
184.
185.
186.
187.
189.
191.
192,
193.
194,
195.
196.
197.
198.
199.
200.
201.
202.
203.
204.

SUBTRACTION. 43

Tt — g, — g+ Teh

—1 4 4aVz, — 6 — 3b+z.

a0 4z, @' 2. '

24z — 84y, — 33y +41a

— 3a™* _ 207, — b2V™ — 2078,

From 2* — 2zy 4 y* take 2* 4 22y 4 o
From &’ + 2ab + b* take o' — 2ab 4 b°.

@ —ab4 b, b — 3ab 4 & ,

abz, ¢z + dz — zw. 188. abz, 3ex 4 dz 4 ex.
8zy, abry — cdzy— efry. 190. Ted 4 efd, 4ed — pq.
20 —6u 4 1, Tu' —4u 4+ 4.

T2 —~ 3y — 2, 2z — 3y — 3a.

— 1427 — 4z 4 4, 92

bhk 4 3k' — 36, 3hk + 21.

26ad, a* — bab — b

160m*n — ¢'d 4 T2y, 1156m’n 4 8zy — d.
2+ gz —pv, 7 + pv 4 go.

167 — Tzy 4 2, 12° 4 32y 4 4e.

— 4cn — 4en® — £¢*n, — Tc*n 4 8en® — 9e’n’.
6abz 4 12 — 3zy, 8abz — 7.

bz 4 ez — 12d, az* — b2 4 ex.

8a 4+ b — 18z, b — 3a — 16 .

Tm* — 4ab — ¢, 2m* — 3¢ + 3.

b2’y — 3bz 4 ¢, 32’y 4 2bx 4 €.
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205.
206.
207.
208.
209.

210.
211.
212.
213.
214.
215.
216.
217.
218.
219.
220.
221.
222.

EXAMPLES IN ALGEBRA.

300z* — 70y* — 307", 1182" — 48y — 82

6 Vmn 4 2p — 7q, 3 Vmn — p + 3q.

32 4 b2y 4 4y, 42’y 4 62y’ 4 Ty

2028 —y 42" — 2oy, & — 20y — Y — 2%,

— p'mn — prin 4 pmn’ — pmn, Pt pm'n— pmn’
+ pmn.

4o 32 — 20— T2 49, 2* — 28 — 27 4 Tz — 9.

9(m+n) —6(p+q), 5(m+n)—8(p+9) +3(z+y).

ba(a — ) + 4ez 4 @', 2a(a — z) — Tez 4 4a’.

From z — y takez 4+ yand — z 4 4.

From 5a—3b, take 9a—b, and —T7a4 b, and 64 3b.

Fromz —y —ztakez 4+ y4zand — 2 —y —2.

6(m* + ') + 4(p'— ¢, 2(m' 4+ ") — 5(p* — ¢).

8NT + o + V& — 7 + 57, Wy — 1.

$m' 4 3mn — §n?, 2m’ — mn — 30’

fo— 14— 35 + 4y, Je— 4 + 19 — 3.

1y —fo—4o+ b 3y + fo — o

ay’ + by — ey + d, ey’ — fyf + gy — 6.

‘What must be added to 4m — bn in order that the

sum may be 2m — 3n? Subtracted from 4m — 5n in order
that the difference may be 2m — 3n ?

223.

224.
+ 3ts?

225.

From 22 — zy, that the difference may be 2* 4 y*?
Added to 7pq + 2st, that the sum may be 5pg — 2¢t

From 3a — 4b take the sum of 2a 4 75, — 4a — 6b,

6a — bb.

-
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226. From 2a’42ab4 28, take the sum of a'—4ab—35*,
ab — 4b* — 3%, and b* — 44' — 3ab.

227. From 19** 4 23%% _ 18¥" 4 k take 19v* — 23
+2/y — k.

228. If 5a® — 4a® + 3" be subtracted from zero, what will
be the remainder ?

229. If 6a® — 4a® 4 3" be subtracted from 4, what will be
the remainder ?

230. To what must 32" — 4xy* 4 27> be added in order
to produce zero?

231. From the sum of a2’ — b’z + o’b’z and 3a*b’z — as’
+ b’z take the sum of 202’ — 20’2 — 20’0z and 3a’b’z
— 207" 4 2b%z.

232. From the sum of —4a — 35 — 2¢ and 5a 4 2b — ¢
take the difference between 8¢ — 2b + ¢ and 8a 4 5b — 3ec.

233. From the sum of 4a — §b 4 ¢ and 3a 4+ §b — 3¢
take the sum of §a — 46 — §c and §a¢ — 3b — 3.

234. From m — }n 4 §q take 3m — }n 4 3¢ and to the
remainder add the difference between m — 2n 4 5q and

—3m — $n 4 43q.

235. Verify the results in number 232 and 233, if a = 12,
b =18 and ¢ = 24.

Ifz=a + 2ab 4 ¥, y = ’'—2ab4- b, 2=30" 4ab 450,
u = 4a* — 3ab — 28, find the value of
236. z4+y+424u 237. 2 —y4 24w
238. z—y—z4u 239. x —y—2z—~u.

240. From 2% + 22% 4+ 4¥ take o8 — 20%% 4 43
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241. From 6 Va + b + 5¢'d™° take 3(z 4 y)} — 4e¥d™
242. From 7r 4 s — 4t — 1 take 3r — s 3¢ —'2.

243. From 8z — 5+zy 4 19(a + b)* take bz 4 8+zy
+ 14(a + b)™

244. From 4a’2t — 4w 4 10y} take 8clyt 1 40 vz — 3w.

245. From 943~ _ 3zy 4 12 — 22y take 11 4 102y
— BIA § 2ahyd,

246. From az™ — b2 4 cx — d take aa® — bz — ex — d.

247. From the sum of 5ev — 90 4 4v}, 5v* 4 3cv 4 8,
and 60 — 2cv — 12+v take the sum of 2cv — 75 4 64,
40t _ 8ev — 50, and 20 — 3v¥ — 2% 4 9.

-248. To baz* — The 4 8m¥ — 2¢™, add 3¢b — 46™ 4 2027,
then subtract 10m} — bay 4 8bc — 12¢™, add 6m? — 11cb
+ 3n — 4az?, subtract — 16az® — 2m} 4 4be, add 5m¥ 4 6¢,
and subtract 4zy — 4n.

249. To 7oy ! 4 8av — 5b, add 4b — 2¢y% 4 m, then
subtract 50z —m 4+ 8 and — Saz 4 5y — 6, add 10az
— 2b 4 8m — 3, and subtract 3m — 10¢y~% — 2m.

PARENTHESES.

Free from parentheses and combine :
1. 19 4 (8 — 14 4 11).
2.84_8_(—5+9_2486).
.z—1—y_z_witu
L (P+D+ @+ = (p+n.
5. 2m —n —p) — (m — 2n 4 p).
8. (20 — b) — (2b - ¢) — (2 — a).




SUBTRACTION. 47

T.a—(b+ec—dt+e—f+9).
8 (e—y—2)—(f—y+2)+ (9+22).
9.1 Qo)+ (A —=v4+7) -1 —v4v ).

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.

24.

25.
26.
27.
28.
29,

4a — b 4 3¢ 4+ (— 3a 4 85 — 4¢) + 9a.

36m 4+ p — q + (24m — 5q) — (42m — 8p).
z—8y— (2y—5z) + (2+3z—y) — (z—2).
6k 4+ 90— (k=10)+ (I1—Fk) — (2k 4 20).
z2—(—z24+yY) —(—242) - (—2z4u).
t+y—224+(2—-2y+2)—(22—y—2)
48— 2t—(t.—2s+r)—(8—2r+t). .
(87 — y + Tz) — (22 + 3y) — (By — 48) + (32 —2).
s+y+z—(—y+2—2)—(y—2—2).
m—n—(a—8)—(c+d) — (e +f).

3pz — qy — (— qy — 2) — (72 + 2p2).

32 — 22 41— (2" +224+4) — (228 —62—T).
a—(b—¢c)—(a—¢c)4+c— (a—0b).

z [ 20‘22
y~at\‘a—y)

a ¢ c e a e
z-a+(z-f‘)-(z-f)'
a—(2b—c¢) — (—2d43¢—f).
Prove that 32 + 4y — (32 — ¥y) = ¥.
1 — 3 — jod — (od — & — 4.
'~ 2~ fu— (—§— o +u).
o —to+§-Got+a-1).
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30. 30’ — ¢pg — (3 — 1" — §p0)-
Free from parentheses and add
8l.z—(y—z4w),y—z—w4a,2— [w—z47].
82.¢—(f—9) f—(9—e) g—(e—1).
33. From a—¢— (¢ —2a) + 2a — ¢ take a — 2¢
—(2¢ —c¢) 4+ (— 2a 4 ). :
34, From the sum of 2 — (p — g) and p — (q — %) take
¢—(p—2).
35. Subtract @ — (b — ¢) from ¢ — (a — b) and to the re-
mainder add b — (a — ¢), subtracted from a’4 (b + ).

36. Add = — (24 4 32) and 2y — (82 — 42) and from the
sum subtract the sum of 82 — (4« + 5y) and 6z 4 7z — 8y.

37. From the sum of 1 — (3« 4 3y) and —3—(3z—%y)
take — 5 — (3z — §y). |

38. To the diﬂ'el_'ence between z — y — z, minuend, and
z2—z—yadd thesumof —y —z —zand y — (# 4 2) and
from that sum subtract §z 4 4y — (3y — %2).

BrACKETS WITHIN BRACKETS.

(NOTE: To free from nests of brackets, begin with the inner one. With
care, one may free in the order in which they occur by observing the fol-
lowing rule: If the number of minus parentheses within which the num-
bers are included be odd, change all the signs, otherwise make no change;
this method, however, should be used by advanced studentsonly. Thusin

1 T 8 3 2 s 3 8 .
: z—[by— {z— (32— 3y) + 22— (z—2y—2)}],
the numbers over the quantities show within how many brackets preceded
by the sign minus each quantity is included and we can free by inspection
asfollows: s —5y+2—32+3y+22—z+2y+2=2.)

Free from brackets and combine :
39. 82 -5-[8-{3-(9+4)-2}+45].



40.
41.
42.
43.
44,
45.
46.
47.
48.
50.
52.
53.
54.
§5.
56.
57.
58.
59.
60.
61.
62.
63.
64.
65.

SUBTRACTION. 49

20— {9—-(7T-4)}.

9—{9-[9-09-5)]).

2_-[4- (6-28)—-10].
1-{1—-1-[1-2]-1)-1).
2—{8—[4-(56-6)]}.
9—[B-{4—-(-5-2)}].
T+(1—-3)—{(B=2)+1} +5—(4-3).
52 -5 —-[8—-{3-(9+4)—-2})46].
z—[y—(4+w)] 49. ¢ — [d— (e —-f)].
22 — {z — (z — 22)}. 51. e—{2f —(39+2f)—e}.
3m — [n 4 (2m —n) — (m — n)].
c—(d—c)—[d—(c—-d)].

z— {y— [29+m] + [y — (m — 29)]}.
e—le—f=(f= ) = (h—o)].

3a — {3b — [4a — (65 — 2a)]}.

5z — {3z — [42 — (bz — 22)]}.

10y — {5u — [4v 4 2w — (6v — bw 4+ 22)]}.

5= {o—[s— (s + O]}

9¢ — [8¢ — {4¢ — (be — 2¢)}]-
e—{—(=f—9) + 4}

2a — [Tz — {4a— (5z — 6a)}].

L [1— (1= o)] + [2e— (3—e)].

@+ (b—3d) — {(3a — 2b) + d} + 2a — (4b — 3d).

T2 — [z 4+ 52— {2z —2— 8z — 2:}].
4



- 80

66.

617.
68.
69.
70.
71.

72.

73.
74.

75.
76.
71.
78.
79.
80.

EXAMPLES IN ALGEBRA.

68 — (2 —3k+ ¥) 4+ [— 7+ (5k— 8k —3) —

(3 =2 4k)].
z—~{y—z+u} + [y—u—2y]:
{6a — [3b 4+ (82 — 3 + by — z) + 4a] — 3b).
4—[3—(2 -]+ 5y —(8—69)]+[7T—(—5+8y)].
12 — q— [7q9 — {89 — (9¢ — 3¢ — 69)}].
120 —{z — [z — (2 —8) +8] -8} —{—-2z2—[—-2—

(—z+3)+3] -38}).

{(ba — 3z) + (60 —a)} — {a — (2z — 8a) — b}
+ {a — (z — 5b —a)}.

h —[2h4(8h — 4h) — 5h — {6h—[(Th48k)—9K]}].

140 — (8b 4+ 2¢) — [6b — (6¢c — 6b) + be — {20 —
(14¢ + 2b)}].

bp — [3¢ + (29 — 2) — 4z + {5p — (8¢ — = — 29)}].

4u —[5v —{4u — (Bw — 3v) 4+ 2v — (4u — 2v —w)}].

2—[2y+ {8k -3z — (z+ 9} + {22 — (y+ N}].

—[-{-(—2+9y-29)} = 2]+ [ {—(y+2—-52)}].

—[- (= {=4D] = (- (= (=T)).

82— (224+1) +[z—(2-2)] —{-1-(-=
—{-2-2z+ (-1} -29)}.

INTRODUCTION OF PARENTHESES.

Prove your work in the first twelve examples by solving
each result. '

24_544_6_-74+3_241_8

Use those numbers in the order given and without changing
the value of the expression.
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81. Bracket as trinomials.

82. Bracket as binomials.

83. Bracket as trinomials, each preceded by the sign 4-.
84. Bracket as trinomials, each preceded by the sign —.
85. Bracket as binomials, each preceded by the sign 4.
86. Bracket as binomials, each preceded by the sign —.
87. Begin with 5 to bracket as trinomials.

88. Begin with 5 to bracket as binomials,

89. Bracket as trinomials, beginning with each following

number, in turn.

90. Bracket as binomials, beginning with each following

number, in turn.

91. Bracket as trinomials, placing the last two numbers of
each trinomial within parentheses. .

92. Bracket as polynomials of four terms each, and in-
close the second and third terms of each polynomial within
parentheses.

Without changing the value of the following expressions
write within brackets :

93. The last three terms of z 4y — 2 4 u.

94, The last two terms of a — b 4 ¢.

95. The last three terms of ¢ — f — g 4 h.

96. The second and third terms of 3p — k 4 g — 4r.
97. The third and fourth terms of * 4 22y — * 4 2*.

98. The second and third, also the fifth and mxth terms
of 3¢ — 4¢*d 4 5¢d® — 6¢*d* 4 Ted® — 8.
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Express as binomials, also as trinomials :
99. 6z — by — 42 + a 4+ 2b — 8e.
100. p — 29 4 48 — 6{ — 8m 4 n.
101, 2* 4 42* — 3d® — 20’ + 2z — 1.
102. — 4k —5m —6n — 3p 4 2¢9 + s.
103. 6a® — ba‘c 4 4d*¢ — 3a’c® 4 2ac* — ¢

In the following examples obtain two results, first with the
sign 4 before each bracket, and second with the sign —:

abz — acx — bex — aby — acy + bey.
104. Bracket terms containing ab.
105. Bracket terms containing ae.
106. Bracket terms containing be.
107. Bracket terms containing = and y, separately.

In the following, bracket the like powers of = twice, the
first time so that each bracket shall be preceded by the sign 4,
and the second time by the sign —:

108. 42° 4 @’ 4 8 4 3ex — 72" 4 a2’ — 2z.
109, 6dz’ — 9 — 4z 4 bd 4+ Tb2® 4 ex — 62" — d2*.

In the following examples inclose the last three terms
within parentheses preceded by the sign —, and the second

and third terms of each trinomial within brackets preceded by
the sign —:

110. o' — 3a’ — 6a 4 4. 111. p* 4+ p’¢ 4+ p¢* + ¢
1122. m —n —p4 g+t 113. o' — ¢ — 2¢d — d.
114, & — o — 29z — 2. 115. & 4+ d® 4 ¢ — 3ede.

116, 2 4 72* + 2 — 5z 4+ 8. 117. —5—6a—T7b—8c—9d.
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118. 9abed 4 Ta’be — Hab’e 4 3abe® — 21.

Collect within parentheses the coefficients of z, y and 2z in
the following examples :

119. 4az — Tay + 3bz — 5bz — ez — Zey.

120. ez — dz 4 3y + 4y + bez — 6dz — 2.

121. ex — 3fr 4 99z — 4fx — Tgy + ez — 29z — ey 4 5fz.
122. 9Imz 4 10my 4 8ny — 12nz — 15pz 4 9py + 4pz.
123. 6dz — dey — bfz — 2dz + fr + 8fz — 3fx — fy — f.

Simplify the following and regroup them according to the
powers of y and z :

124. e® — 3gy — (fy* — [9y — hy — { ¥ + 499}])
— [9" — -
125. 6ma® — (bnz — 4pa*) — [8na® — {2ma’ 4 3mz) —Tpa*].



MULTIPLICATION.

1. MoNOMIALS.

F3X(+D = (+ D+ (+ D+ (+4) = +12.
+3X (=D = (=D + (=D + (-4 =12

—IX(+ ) == (+4) = (+4) — (+4) = —12.
X () == (=) = (=) — (-4 = +12

Multiply the following :

1. 4+ 6by +4. 2. 46by —4. 3. —6by+4.
4. —6by — 4. 6. —9byb. 6. z by 6.

7. aby — 5. 8. 2b by 7. 9. 3cby — 4.
10. — z* by 8. 11. —y*by —2. 12. 6by — =

13. — 9 by 3a". 14. — 13 by — 2c.

16. 4+ zby 4+ ¥. 16. 4+ zby —y. 17. —zby 4 2.
18. —zby —=. 19. 5a by 7b. 20. — 3p by 6q.
21. 9¢ by — 2e. 22. —baby —3a. 23. —8mby —3m.

24. — n by n. 25. — bed by d.  26. 3e¢f by 4ef.
27. 5ab by — n. . 28. — 3m'n by — Tay.
29, bmn by 9m. 30. 2¢d by — bef.

31. — Tabz by cy. 32. — 4pq by — 2pz.

33. 3c%2® by 4c'd. 34. _ 9mn’p® by — 3mnp.
35. 20abedef by 2ghi. 36. bm'2* by —ba'y’

37. —112°2' by — 11w’ 38. 9aaa by 4aa.
54
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39. 12aabb by —3ab. 40. —14zzyy by 2yyyze.
41. 5a’’¢ by — 6a’c’f*. 42, _32%7 by 122%'2.
43. 17a'2°y" by 3a’z’y. 44, 40”3 by 3def™.

45, — 12ap®’rs by 3a’pgre’.  46. 02'y'#* by 262°%".
47. — 6a*0°"* by Oabc™.
48. a(z + y) by 3. 49. ¢(u — w) by d.
50. . (e — z) by — 64 61. — 7(c+2) by — b=
52. — 2e(p — q) by — 3¢f. 53. — b2*(a’ 4 a) by 62y
54. 44z + 1 by — 32
55. — ba*va® — 2* by — 8a%b'c’.
56. — bz(c — d) by 4z(c — d).
57. —az(p + 8) by — 3az(p + 8).
58. 9a Vo' + 1 by o* Va® + 1.
59. a(a 4 b) by a(a 4 5)*. 60. ¢(c—d) by — 3e(e—d)*.
61. — 2a%'(e — f)* by — ba%*(e — f)*
62. — 20(2® 4 2* 4+ z) by —d*(2® + 2" 4 2).
63. — 5a 2’ + 2z 4+ 1 by 3¢°V2* + 2z 4 1.
Multiply together the following :

64. ab, ac, ad. 66, zy, 2z, 2z. 66. mn?, np’, pm’.
67. a, ab, abe, abed. 68. 4a, 5b, — 6e.

69. 6zy™”, 242, — Ha’e. 70. — 2pq, 4p%, 8p°¢.

71. 3m?, — 3mn, 3n’. 72. — 2y, yz, — zw, we.

73. abe, bed, cde, — dea. T74. — hk, — Ik, — Rl

5. (=2, (=2, (—2). T6. (—2), (—2), (—2).
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71.
79.
8l.

EXAMPLES IN ALGEBRA.

39, —4p% —bpt. 8. (4mn),(—em),(—5bn).
— 27abz, 39mp, 18ap.  80. 10a'7’, — 2a%2, 6a’z.
bm*n’p*e®, — 3m’n?, — Tp°¢t.

82. — 12a°b%2Yy, — ba'bs'y’, 2a°b°z%yt.
83. 9a'c*d’, 3", —2a"%cd®. 84. 12a°b'cd’e’, — 9a’bice.
85. — 12m’n’z, — 4m°na®, — Smn'2’".
86. — 8p’¢'r, — 12p°¢ria"ys;
87. —a, —a, —a, —a, —a, —a.
88, —2, —2, —7, —z, —2.
89. — dw, dw, — dw, dw, — duw.
90. — 2a, — 3d’, — 44°, — 5a*, — 6a®.
91. — ', — 3p’, — Op, — 8p*, — 1Tp*.
92. 2" by =. 93. 2" by — 2. 94. —3c¢"by —5¢.
95. d* by d~. 96. — 3a™b" by 4ab.
97. 2¢™ by — 8¢™. 98. — by" by — 4y™.
99. — 7a° by 4¢*. 100. 2" by 2™ 101. 3z™ by 22*.
102. — 4a™ by — 6a™. 103. — 627 by — 2"
104. o by @’ 105. (a 4 b)" bv (a 4 b).
106. (¢ + d)™ by (c + d)*.
107. 5a(e — z)™' by — 3a(e — z)™"
108. (6zy)®. 109. (4a*b)".
110. (— 2a%*)* 111. (— 3a™®)".
112. (— 2zy)t. 113. (— 2zy)*, (— 3zy)*™
114, (— 229)%, (= 2am)’. 115, (— am®)’, (22%)"



116.
117.
118.
121.
124.
126.
129.
132.
135.
138.
140.
142.
144,
146.
148.
150.
152.
153.
154.
155.
156.

MULTIPLICATION.

(= m)", (—2m)?, (— 3m).
(ab)’, (— ab)*, — (ab)"

(a™b)*. 119. (—a%*)®.  120. — 5(a"?)"
(— ba™c*)*. 122. o™, a. 123. =7, 2.
2%, — 3V, b, — abe. 125. 8%, 81,

5%, 5%, 127. 473 4% 128. 7 74,
43 43 130. 6%, 61, 131, 9% 9%,
32}, 241, 133. 29% 291 134, 25 3%
Ta, —b5a~%.  136. — bc, 4c%.  137. 104, 3a*.
3atp}, _ 748}, 139. 427 _ 471

6a‘§, 8a72 141. 243%, 6alb e,
9a¥%, — 4a%~. 143. _bz'y ™, 32PN,
3alb8, 9albd, 145. 8aldiers, _ Hatbived,
— 32yt _ 14l 147, odblels,  abbtedt.

—4a*bTedle, 11a¥cdiel. 149, 3*a7T67, 2%
a7, _ 4070, 151. 5% %7, 3'z'y %\

— 12y, — 1%

— 4ma7 b8, 2mathicE,
Sta-$pict 33 8p 0t

— 2oyt gyt
7ra 3838, 7030 Rebd 3,

57
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MuLTIPLICATION OF POLYNOMIALS.

The number 74 may be read in three different ways, each
equally correct, as follows : (1) Seventy-four; (2) seventy
units plus four units ; (3) seven tens plus four units. The
first is rather the method of arithmetic, the last, that of
algebra, the second is occasionally used in both.

To illustrate this, let us multiply 2112 by 321. This is
the regular method of arithmetical multiplication, 92112
familiar to everyone, and calls for no explanation. 391

For convenience we will abbreviate the names 9112
of the places occupied by the different figures as 4994
follows : th for thousands, % for hundreds, ¢ for g33¢
tens, and « for units, and write the example thus, 677952
and multiply as in algebra.

2th 4 1h 4 1t 4 2u
3h 4+ 2t 4 1u
6hth 4 3hh 4 3th 4 6uh
+ 4tth 4 2th 4 2t 4 4ut
+ 2uth 4+ luh 4 1ut 4 2uu

In examining these partial products we should remember
that, when no sign is expressed between letters in algebra,
multiplication is always understood.

Bearing in mind that any quantity multiplied by unity, or
1, remains unchanged and that tens times tens, or ten tens,
is the same as hundreds, and hundreds times hundreds, or
hundred hundreds, is the same as ten thousands, we may re-
write the partial products thus :

2th + 1h 4 1t 4 2u
8h + 2t 4+ 1u
6hth + 3tth 4+ 3th +6h
+ 4tth + 2th 4 2h 4 4t
+ 2th 4 1h 4 1t 4 2u

6hth 4 Ttth + Tth + 9h 4 bt 4 2u
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Which of the two products is correct? What is the dif-
ference between them ? Carefully examine and compare the
two results and we find this difference ; the denominations and
the relations of the several figures in arithmetic are shown by
their positions, while in algebra they are shown by letters
(which stand for words) and signs. Each method has its
peculiar advantages. Arithmetic obtains the product by the
shortest, most concise method, without showing of what the
product is composed. Algebra goes into details and allows
us to analyze every step of the work. For example, 25
squared arithmetically gives 625, and that is all we know
about it, and so with any number. But, if we wish to square
any number algebraically, consisting of tens and units, we
proceed as follows :

: Let ¢ represent any number of tens and u
¢ '_:: Z any number of units, and from this result learn
CE” that the square of any number consisting of
tu + 2 tens and units is always made up of the same
three parts, namely, the square of the tens,

Pt 20w 4o plus twice the product of the tens and units,
plus the square of the units.
Multiply
157. 5 +3by2.  158. 7 _2by4. 159. —34+9 by 8.
160. 6 4 5 by — 3. 161. —3 —-Tbhy —b.
162. — 29 4 305 by 23. 163. z + 4 by 2.
164. z — 3 by 7. 165. —a — 4by12.
166. b4 7 by — 2. 167. a 4 b by 3.
168. a —c by 7. 169. ¢ — d by — 15.
170. ¢ — 4 by a. 171. 7 —11 by d.

172. 15 —8 by — 4. 173. 2 — 3a by 3z.
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174. _bec—4d by 3e. 175. — 8y — 9z by — 2a.
176. — 4cd + ¢f by 3de. 177. o’s* — b%* by ay.
178. — 3 4 42’z by 2azz.  179. 3p’q + 2pq* by — abpg.
180. — abe + def by 9ghk.  181. 32’y — 4y’ by — bz.
182. 52% 4 3ab® by 22" 183. 3z — 7y by y.
184. 25a'b%* — 302y’ by 3acat.
185. — 6y Va — 82D by 9c. 186. a* — b= by — 14.
187. 2™ — o by 47" 188. p" — ¢ by — 5pq.
189. 3¢t 4 8y by Ty 190. 4a 4 3z — 2y by =z.
191. 4d*b — 24°b* 4 Had® by — 2ab.
192. 6c'd’e 4 4c'de® — 26 by — Td’é’.
193. — 19mng — 14dq 4 16¢* by 0a™b"2%2".
194. 4¢d2 — 4d°¢2" — 46f*2" by efe.
195. — 62"y" 4 1327y%2" by 6a"y"s".
196. — 16 — 9a°¢® + 12¢dy by — acdy.
197. 12p'¢® — Ta’p’c*2*d"q™ by 3a"'pTexy.
198. — 6p' + 2pg® — 8¢ by }p'¢"
199. 3e¢ — }d* — e by fey.
200. —$a'z by — §a* + az — §a*.

Multiply together
201. }a’h — }ab?®, 64%, and 3y’
202. a2’y — $2y’ + 1, — 2%, and fay.
203. zy + ¥yz —zu, 4z, and —}aw.
204. }a’2 + o'z — }ad’, $az, and — Ja'’,

-



205.
206.
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mn' — m'n® 4 §m'nt, — ym’n, and gmn’.
1okl — gkl — }, — 15k!*, and — 6im.

Simplify

207.
208.
209.
210.
211.
212.
- 213.
214.
215.
216.

3z(z —y) + 4y(y — 2).

p(h + k) — k(— 2k — 3k).

Te(z — 2y) — 22(3c — 3y).

3z — %) — $(p — 22).

PP(F — ) + P — ¢ + P — ).

3[4cd — be(e — 6d)].

4m — 2{n — (k—6m — 3[n — 2k]) — 2(n — 3k)}.
T2 — [(3y — 42") — 6yz(y + 2) + 32(2" + 291)].

6rt — 4[2t(r — 3s) — 3(4t — 2s)7].

2 — 2a(a — b)2' + (a'+ b))z — [2 — (a — b)z 4 V7).

Multiply

217.
219.
220.
221.
222.
223.
224.
225.
226.

9z 1 2 4 6 ¥ byt 218, 3m_ 2mt _ 1 bym.
¢t — 2c4dt by — 243,

4af 4 2410 _ ot by. — 90745,

12p°¢* — 29 + p'qt by p7ig"

Thi'$ — 4k 4 657 by 12430

bz~ 4 427y 4+ y* by — 32y

el patpatvy — ot

A _2¢ 4 3¢ctby — 7k

— 6zt 4y 2y by Baty e,

Multiply

- 2217,

4 4 bz by 2a 4 3.
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228. ' — 2+ 22—z by 4 1.

229. f 4+ +1byed —1.

230. 2+ 2Py + a2y’ +ybyz—y.

231. 8 — 3a 4a*by 3 4 a.

232. 2* 4 2¢2* 4 4c* by 2* + 2¢2® — 4t

233. a 4 2b — 3c by a — 2b 4 8.

234. p'—pr+ e+ CbyP+9+2

235. 2+ Yy 47— —22—aybyz+y+4ea
236. ¢ — 2¢d 4 & 4 f* by & 4 2¢d + € — f*.
237. ¥ — 4y + 11y — 24 by " 4+ 4y 4+ 5.

238. 7’ 4 4n’ 4 bn — 24 by n* — 4n 4 11.

239. ¥’ 4 6u’ 4 24u 4 60 by v’ — 6u + 12u 4 12.
240. o® — 20’ + 3a — 4 by 4a® 4 8a* + 22 4 1.
241. 2m’ 4 3mn 4 4n’ by 3m® 4 dmn 4 n’.

242. 2’ 4 4az 4 40’y by 2* — daz 4 4o’y

243. B 4 4k 4 51 by I — 3B — 2K 4 30°.
244. 4z 4 6y 4 10z by 2z — 3y 4 bz.

245. o’ — 3 420" —a by 3 — a 4 a® — 24"

246. 6z 4 42 — 8 by — 4 — 3z 4 22°.

247. w* — 2w 4+ w — 2 by w* 4 2w 4 3.

248. 2 — 3% + 8oy' — o by 2 — 20y + o

249. 162* — 242° 4 362" — 54z + 81 by 22 4 3.
250. ¢* — 6¢® + 129 — 8 by ¢* + 6¢° 4+ 129 4 8.
251, a®0® 4 a'd* 4 ab 4 1 by — a*® 4 a*b* — ab 4 1.
252. ¢ 4 2¢'d 4 2¢d® 4 & by ¢ — 2¢'d 4 2¢d* — d°.
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253. 1 — 3m 4 3m* —m* by 1 — 2m 4+ m*.

254, 252° 4 62'y 4 T2y by 2z — 3y.

2656, 3¢ — 4ez 4 52' by 7¢* — 2¢2 — 32,

256. 81m* 4 2Tm’n 4 9m'n* 4 3mn® 4 n* by 3m — n.

257. 32p° + 16p*q + 8p°¢* + 4p°¢ + 2p¢* + ¢ by 2p — ¢.

258. 1024¢°—2566a'z+64a’2* — 16a’s® 4 4az'—2* by 4a4-2.

259. 8la' 4 54a’b 4 36a’D' 4 24ab® 4 165* by 3a — 25.

260. 3¢' — 126% 4 2¢f* — bf* by Te — 2f.

261. 3¢* + 5¢°h + h* by 3¢* — 5g*h 4 A%,

262. Tm*n — 2pq 4 kn by 5m* 4 3p* — ¢

263. 16¢'d® — by 4 w* by ¢ — u + 3¢

264. 11b% — ba’y* 4 22 by 14a°m 4 y2.

265. 13u’v — buv’ 4 3uv by 6u’ + 2uv® — v,

266. 32’ + 3z + 1 by 3= — 3.

267. §' —2c+§ by fe 4+ §.

268. ga’ 4+ am 4 §m’ by {a 4 im.

269. §p' —pg — 44’ by $p' — dpg + 44"

270. &' — 3k — § by 3K 4 3k — §.

271§+ 42 + I¢ by 4 + §F — §ot.

272. j+§z+2 by —fx 4+ 2

273. $a’ — fac 4 ¢ by o’ — Jac — .

274. }a' — faz 4 122° by 124 4 $az — 32

275. 3jay + 2y’ — 44y’ by 242 — 24e’y + 2y
Expand

276. (1 —22°)%.  QT7. (4ab*47)%. 278. (22 —})"
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279.
281.
283.
285.
288.
290.
292.
293.
294.
295.
296.
297.
298.
299.
300.
301.
302.
303.
304.
305.
306.
307.
308.

EXAMPLES IN ALGEBRA.

(2 + bay)*. 280. (3a — 42%y*)™

(@ 4 22 — 3)~. 282. (28 — 6z + 7).

(2 — 24 — 32°)". 284. (2z — 3y)*.

(2¢ —3d)*.  286. (3c—2z)°. 287. (z4+y+2)°
(f—9+9)* 289. (e —n —3)"

(8a™ 4 66 — a*)*. 291. (a 4 z)*(a — z)*.
(c—d)(c+d) + (c+d)(c—d).

(a 4+ b4¢)* — a(b4c—a)—b(atec—b)—c(atb—c).
(a+c+2)'+(ate—2)'+ (a—c+2)'+ (—atc42)"
(m—n—p)+ (n—p—m) 4 (p—m—n

(a +2)(a — z)(a’ + 2%).

(2 + ) (= + ) (& — ).

(¢ — &)(¢ + od + &) (& — od 4 &),

(z —a)(z— b)(z —c).

(¥ —m®)(k 4+ m)(F — F'm + FP'm* — km® 4 m*).
(c+1D(—-1)(@+ec41)(¢ —c+1).
(@+a+4+1)(@—a41)(a* —a* 4 1).

(z 4+ 2)(z — 2) (22 — 32) (27 4 82).

@+ 1)(5—2)(z+3)(z—4).

(3¢ — bn)* — b(e — n) (e — 5n).
(a+1)(a+2)(a+3) — (a—1)(a—2)(a—3).
(a=b)(b—c)—(a—e)(b—¢) — (a—D)(a—¢6).
(4y — 3)(y + 1) 2y + 5)+(y — 1)(2y — 5)(4y+3).

Show that

309.

(a—1)+ Qo+ 1) =4a'+ (a4 1)+ 1.



310.
311,
312.
313.
314.
315.

316.

317.
318.

319.
320.
321.
322.
323.

MULTIPLICATION., 65

(e4+2) 4+ (2e+1)" = (¢ —2)"+ 4e(c + 3) + 1.

M 4+m41) 4 (m—m4 1)’=2(m‘+3m’+1).
P?+yY+2+3H+2)(@+y)(z+2)=(z+y+2)
y—2)"+(2—2)’+(2—y)*-3(y—2) (2—2) (z—y) =0.
(e+)(f+9)(g+e)+efg=(e +f+ 9)(¢f +fg+e9).

(@+b)(@a+¢) 4 (b+e)(a+8)+ (a+e)(b+o)
—(@a4b4c¢)=ab4 be+ac.

P—P=GE@-NE@+y+y)=(2-y)°
+3y(z—y) = (2 +9)" - 3zy(z +y) — 29"

If z = 2a 4 be, that 2 = 8a® + 125¢* + 30acz.
Hz=l4+m—2n y=m4n—2, and 2=14n
— 2m, that 2* 4 y* 4 2* 4 22y 4 222 4 292 = 0.

Substitute @ 4+ 1 for z in 2* — 3.

n — 1 for y in 3y* — 5y.

P+ 2 for a in a® — 3a? 4 2a.

q—1forz, and 1 — g for y, in 2* 4 22y 4 4"
In 32* — 42y + 3y

Free from parentheses and combine :

324.
325.
326.
327.
328.
329.
830.

[+ -1 - (= -n].

[(a+2) + (-] [(@+2) - (b-9]
[(a+e)(e+2)] — [e{ e — (a —2)}].

(@ + )" — [(a + b) (a — b)] — (2b* — ab).
(@454 ¢)* — (a4 b)* —c(2a 4 2b 4 ¢).

(m — n)(m* 4 m*n + mn® 4 n*) [(m* 4 n*)* — 2m'n?),
202 +29)(p = 29)[( + 29)* (2 - 29)7].
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33L. [(c+9)"+ (¢ —9)T[(2e + 9)" — (¢ — 29)7)-
Multiply

332. (2} — oY) (2 + b).

333. (2md — 3&%) (2md 4 3AY).

334, (af 4 alet ooty c)(al - D).

335. (bt + 2b%d) (bt — 2ch)

336. (3a¥ — 2a% — 1)(at 4+ a™).

337, (22 — 4abyt 4 62by?) (6at 4 Bayh).

338. (12n%2% — 2z 4+ n2t) (2nde 4 nlat),

339. (4rs*f — 3rds 4 5t%) (12788 4 9rst).

340, (4cdzt 4 8cdz? 4 1660t 4 320 dad) (at — 2682 D). |
341. (af — 6a? 4 3a?)(a? + 4a? + 24).

342, (B BByt e — .

343, (m¥— 4 f amH(md 4 4 dmY).

344, o2 _ 2z | 321y (22F _ 30 o).

345. (3p7'qt 4 2p7igt — pigt — pH(4p — plgt 4 207D,



DIVISION.
Drvision oF MoNoMIALS BY MONOMIALS.
1. Divideaby1; by —1; —aby1l; by —1.
‘What is the result of dividing any quantity by 1? by — 1?
Perform the following divisions :

2. 4)12. 3. —4)12. 4. 4) —12.

5. —4)—12. 6. — 3)384. 1. 4+12) — 264.
8. 3-4)7-3-4. ' 9. 8)7-8-9.

10. —6--8)—8.-—-6--9.

11. 2)8z. 12. — 3)12z. 13. 3) — 6a.
14. —4) —12y. 15, —13)13z.  16. 14) — 14y.
17. ab)abe. 18. — 22)aye.

19. — Tef) — 21efh. 20. cde) — ede

21. 8aa) — 164aaz. 22. _ 3aazr)120aaze.
23. — z)l4zzz. 24. 6cc) — 18cceccrz.

25. — 17ppqq)17apppqq. 26. 2)2°.

27. — 4045, 28. %) —T". 29. _— 4%) _ 4%,
30. 62)12%. 31. —ba%)15a%.  32. 44*) — 242"
33. — 72%) — 852, 34, _ a’c)6a’ct.

35. — éf'z) — & 36. — 2y) —

37. Tm'np®) — 14m*n®p’g’. 38. — 4*m’n*)160'm’s'n

39. 9ap’t*)18a°p*fa’.
67
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40.
41.
43.
45.

46.
48.
50.
52.
54.
56.
88.
60.

61.
63.
65.
67.

69.
T2.
75.
1.

79.
81.
83.

EXAMPLES IN ALGEBRA.

— 17h"E*m*n®) — 51 "m*k>n’.

— Suuru®) — 32uMufz. 42, — 3lmlar)62m’ya’zb.
12012°) — 364z’ 44, — Thp'q®)49hkp'e:.
9z6of ) 8162'f". '
2a**)8a%2. 47. — 3¢d)180d".

Ta*z') — 21a%2. 49. — 132%°7") — 392%2.
4a'b’z) — 8a°b°2%. 51. — 20aca®)1b5a’c"z.
4ab’c) — 9a’b'e’. 53. 3ba'y’) — T2y uw.
— 28m™n®)21m*n’g". 55. — 34a’2*)12¢'a"z*b.

— 21¢M%g) — 186 f°hlg.  B7. — 1Tuva®) — 1Tua’.
40¢*) — 1bcz. 59. — 9d°z*)6abez.

— 297%'t's) — 2976z,

a2 S, 62. a7'¢)a ™

ac ) a e, 64, 26t) 126 m L,
a*b*d*)a~b ek, 66. 3a7b7%c®) — 15a%.
—4¢'d ) —20¢7'd 0. 68. — 8a'ad?)24aa'a
a¥)ad, 70. 7%z} 71, m¥)m,
ab)ath, 73. o) — 7. T4, Smind)6mind,
11a7%%*)13a~ 354, 76. 9zToydz)3628yT2:E.
afcdet) — a¥eek, 78. — dcia?) — 12681
Tx4+9) + (+179). 80. 5a(a 4 b) =+ ba.

4(u 4+ v)' + 2(u 4+ v). 82, 18z(h 4 k) +3x(h4-k).

10a*(o + 2)* + ba(e 4 2).



84.
85.
87.
88.
89.
90.
91.
92.
93.
94.
95.
96.
97.
98.
99,

100.
102.
104.
108.
108.
110.
111.
112.

DIVISION. 69

a(b+tc)(e+f)+ale +f).

12a(m + n)z + 3z. 86. 15(z+y)3a(z+w) + ba.
18(a + ©)bzy(m + n) + 9y(a + o).

T2 (p — @) + 22 (p — 9)-

18¢7*(m — n)* + 13(m — n)*c'2’

16(h + u)*(c — d)* = 4(h 4 u)(c —d).

18r86(h 4 9)* + 9(h 4 g)ret.

—522(1 4 a®)" + 32(1 4 a")*

28v* (v + 1)® = — 4o(v 4+ 1)

— 32¢%(¢* — 2¢ + 1)* = 16¢*(c* — 2¢ + 1)

182" (a 4 5)*(a — 3)* + 92'(a — 3)*(a + b)~
9(c—2)2(u + )" = P(u 4+ )"(— 2z 4 o)™

12(a — b)*4¢'(r — &) + 16(a — b)(r — 8)¢"
baz’(z 4+ ¥)*9a(z 4+ u) + 15(z + ¥)*(z + w)a’s".
6¢a(a — ©) 82 (p + q) + 54(a — ©)'5(p + 9)ed.

DivisioN oF POLYNOMIALS BY MONOMIALS.

Divide 25 + 20 by 5. 101. 27 — 18 by 9.

— 48 4+ 32 by 8. 103. 24 4 20 — 16 by — 4.
—36-28_-12 by —4. 105. 9a 4 125 — 3¢ by 3.
16a® — 12¢' by — 4. 107. 4¢ — bct by — ¢
—18a°* —27a* by —9a. 109. ad 4 bd — cd by d.
122® 4 92 — 62* by — 32"

¢ —2¢ —3c by —¢.

— 202* — 30z* by — 102%
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113.
114.
115.
116.
117.
118.
120.

EXAMPLES IN ALGEBRA,

34a’¢ — bla’e® by —17a%".

— 12¢'z + 8¢’z — 4a’z by — 4a’.

15p'% — 30pk + 10p°ky by 5p*

8a*b’c* — 16a°b’c* + 4a'd'c by — 44*b%.

602%y"2* — 482*y"2* 4 362%"* by — 6%

By 1222 119. By — 4z'y*2.
42am™*st* — 63bc*rst’ 10618z — 84r°kst* by — 2117t

121. 12¢'2°kK* — 18a*b2°h* 4 8a’ch’s® — 10a°dh's® by 2a°h*s".

122. — 24pq* 4 36p%¢'rs — T2p'¢"rt + 84pg'ra* by —12pg’.
Simplify ‘

123. 32' — (2 — 42) = 2.

124
125
126

4cd(1 — 2¢) — (10¢°d* 4 8*d®) = — 2¢'d.
(7¢® — 140®) = — Ta — (— 2a% 4 3ac) = ac.
(zy — 2%y + 22%) + oy — (42" + 42°) + 2%

Divide

127.
128.
129.

130.
131.
132.
133.
134,
135.

— zyzw 4 2y2*u’ — y2 by — zyew.
15a*0* — 7a’0® + 9a’b* by — 3a’b.

126%de* 4 16¢'de’f — 3d’ce'g by 4c*de.

20m*n’pq + 21m*hn — 35minpq™® by bmPnpq.
4a’cx — 20%* — 2* by 2%z,

— 15abe 4+ 7a*b — 5ab® by — 3abe.

542z + 182411 — Tzy*® by 9zyk.
36ac's* — 5dae® 4 347% by — 18ace’.
24Fk*mn — 36akm — 48k*m by 12kIm.



136.
137.
138.

139.
,140.
141.
142.
143.
144,
145.
146.

147.
148.
149.
150.
151.
152.

153.
155.
157.

DIVISION. 71

18abede — Ta’edh 4 5¢* by — 2abede.
12acz* 4 11¢ — 10a’¢*z"y by 5a’c'z.
36f% — 5r8'2 4 63f % by 21f*%.

2a* — 3ac 4 §a’c® by — }a.

12y — 32 by — §y"

— 2m*n® 4 JmPn* by fm'n.

— §4' + faw + Jfa by — fa.

27 — Fa's 4 §2%2 by $a2.

— 32 4 Jex — 9dz by — §=.

g0’ — §az 4 Hfa by — fa.

m’q — Hlgmng — §mpq by §mq.

32*(a — z) 4 12z(a + ) by 3.

7(a — 2)* — 3z(a — 2) by (a — 2).

12(a 4 ¢)* — 4b(a + ¢) + 8d(a + ¢) by — 4(a + ¢).
Te'(z — y)* — 62°(z — y)* + 32'(z — y)* by 2*(z — y)*.
16(a — z)* — 3a(a — 2)* by 5(a — z).

2(a —¢)* —m(a —¢)* — 6(a —¢)* by — 2(a — o).

2823 _ 3244 by 4at. 154, 22 _ adtby oL
m& — min? 4 nd by mb.  166. 1528 — 252% by 522,
3224 _ 30241 by 822,

DrvisioN oF PoLyNoMIALS BY PoLYNOMIALS.

Divide 1248 by 3 ; 62611 by 127. 'What is the difference
between these two examples ?
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Note that, in the first, the work is very much shortened by
being performed mentally and only the result of the division
written down, while, in the second, each step must be written
down in detail, and repeated in exact order until the division
is completed.

Notice carefully what the necessary steps are and the order
in which they must be taken, namely, (1) dividing a portion
of the dividend by the divisor (or by a portion of the divisor,
when the example is very difficult); (2) writing the result
obtained in the quotient; (3) multiplying the whole divisor
by the quotient already obtained ; (4) writing the result of
this multiplication under the dividend ; (5) subtracting this
product from the dividend ; (6) bringing down and annex-
- ing to the remainder the next figure of the dividerd ; and
constant repetition of these processes, in this same order, con-
tinued so long as the remainder will contain the divisor.
This method must always be used, in algebra, when the divisor
is & polynomial, ex¢ept in some special cases which will be
given later. If these steps be thoroughly learned at the start,
‘‘long division”’ in algebra will present no serious difficulty.

Divide

158. z* — 9 by z — 3. 159, 2* — 25 by z 4 5.
160. 2’ — 144 by z — 12. 161. o — 121 by a 4 11.
162. 81 —a*by 9 — a*. .163. 92* — 49 by 8z 4 7.

164. 262" — 256 by — bz 4 16.
165. — 642" 4+ 36 by — 82* — 6.
166. 1 — 1002® by — 102° 4 1.
167. — 49 4 81¢* by 9¢" 4 7.

168. 2 — bz 4+ 6byz—2 169. 22 4+ b2 —6byz—.1



170.
172.
174.
176.
178.
180.
182,
183.
184.
186.
187,

188.
190.
192.
193.
194.
195.
196.
198.
199.
200.

DIVISION. 73

2 4+2z—-12byz 44 171, & —2¢—15byec - 5.
w—w—66byw4 7. 173. 22 —2—30byz—6.
1452462 by 1 4+ 22. 175, 1—8m—9m* by 1 4 m.
1—6m4-9m* by 1_38m. 177. #*4112430by z 4 6.
24112428 by 2 4 4. 179. 1—-2¢—48¢ by 1 — 8e.
m' —9m*4+8 by m' — 1. 18l. ¢ —¢* — 20 by ¢ 4 4.
n' —4n' — 21 by 2’ — 7.

1 192 — 20* by 1 4 2"

@ +ad —T72bya® —8. 185 p*—_10p°4+9 by p* — 9.
4 — 264 + 120 by 4* — 6.

1 — 358 4 3008 by 1 — 158"

2 —ybyz—y. 189. o — by a 4.

a* — z* by o* — 2% 191. 2 4+ 22y + " byz 4 .
4m’ 4 4mn 4 n* by 2m 4 n.

P — 6pg + 9¢* by p — 3q.

25¢* 4 30ed 4 9d* by be 4 3d.

16¢' — 16¢f 4 4f* by 4e — 2f. '
—r 4+ 8by —r48 197, a*42d'2'+2* by a’'+2%
12a® — Taz — 122* by 3a — 4z.

15n* 4 17mn — 4m* by 3n 4 4m.

124 — 11uv— 36" by 4u — Yv.

Solve the next fourteen examples both algebraically and
arithmetically, and compare the results.

201.

9_4by3_2 202. 25 — 16 by 5 + 4.
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203. 121 —49by 11 —7.  204. 144 — 64 by 12 4 8.
205. 49 + 42 + 9 by 7 4+ 3. 206. 64—804+25 by 8—_5.
207. 144 — 96 4+ 16 by 12 — 4.

208. 64 — 8by 4 — 2. 209. 125 4 27 by 5 4- 3.
210. 3* —2'by 3 — 2. 211 5 —4by b5 4+ 4.

212. £ —2by 4 — 2. 213. 7* —5*by 7 —b.
214. 7' _ 4 by 7 4 4.

215. 2 + 1 byz 4 1. 216, 2> —1by=z—1.

217. a* — 8 by a — 2. 218. 2 — " by 2z — 4.

219. ¢4+ 2 byec+z 220. 64a° — 82* by 4a — 2z.

221. 27a’c® — 64¢ by 3az — 4e.

1222, — 8y 4 272" by — 2y 4 32,
223. — 27a° — 1252° by 3a* 4 bz. ‘
224. o® 4 b° by o’ 4 b, 225. m’ — n® by m* — 2’
226. 17282° — 343d° by — Ta® 4 122°.
227. 1252° — 643° by 52 4 4.
228. 3430’2 4 216a%* by Taz® 4 6a'z.

229. 2* — 92* 4 272 — 27 by z — 3.
230. o* — b’ — 462 — 40 by a 4 4.
281 24y + Py +y' by +y.
232. 2 — w4 2w’ — w' by z — w.
233. m* — mn’ — m*n 4 n°* by m — n.
234. pq¢® — mpq — mq* 4+ m* by pqg — m.
235. 6a® — 20’ — 6a — 2 by 2a — 2.



238.
237.
238.
239.
240.
241.
242.
243.
244.
245.

246.
248.
250.
252.
253.
254.
256.
258.
259.
260.

261.
263.
265.
267.

DIVISION. 75

¢ — 86¢ — 140 by ¢ — 10.

48y® — T6¢cy® — 64c’y 4 105¢ by 2y — 3e.
a* — 6a® 4 ba’ 4 24a — 36 by o — 4.
22¢ — 82y 4 18zy® by 22* — 62y.

39az* 4 30a® — 202* — 43a’z by 6a — bz.
az® + 3a’2' — 2a’c — 2a* by z — a.

4m® 4 4m® 4 29m + 21 by 2m — 3.

62° — 1322 4 422® 4 32 by 2z — 3a.
62°y — 172" 4 142y® — 3y* by 2z — 3y.
49a® — 72a2* 4 272° by Ta — 3.

249ybyz4y 247. & — 2’ by a 4 =
1—-2¢by1l 4 a. 249. 2’ by z 4+ y.
14 4abyl — 6a. 251. 3c¢* — Te — 9 bye +1.

8a 4 ba® — 8a® + 7 by ba — 3.

m* — 6m* 4 11m 4 2 by m — 2.

1byl—= 255. ' —Ta + 11 bya—2.
30’456 —-9bydb 4. 257. 1 42byl—a2

2~ 172 — 152 — 13 by 2z — 6.

¥ —19" + 4y —2by by —b.

6a°¢® 4 12a°® — 14a'c® 4 a®* — 1 by 24* —c.

?—ybyz+y. 262. a* ¢ bya e

¢é4+dbye+d. 264. 2* —1by 2’ 4 1.
2* 4 32w by z 4 2w’.  266. 2 — ¢* by 2° 4+ 4.
12a%¢ 4 5b* — 32a%b* 4 48a* — 3b%¢ by 4a* — b
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268.
269.
271.
272.
274.

276.
2717.
. 278.
279.
280.
281.
282.

283.

284.
285.
286.
287.

288.

289.
290.

291.

EXAMPLES IN ALGEBRA.

62’y — 42y’ — 42’y 4+ ¢ + 2 by 2 — .
6a* — 96 by 3a — 6. 270. 322° 4 243 by 2z 4 3.
4a* — 18a® 4 22a* — Ta 4 5 by 2a — 5.
2a*— 16a 4 6 by a4 3. 273. a%2® — 64 by — az + 2.
— 162" 4 462 — 39z 4+ 9 by — 3 4 8=.

a® — 256 by o’ + 4. 276. 362" — 36y’ by 9z—9y.
16m* 4 16m 4 3 by 4m* — 4m 4 3.

81¢* — 81¢' — 36¢d — 4d* by 9¢* 4 9¢ 4 2d.

32 — 80a + 80a’ — 40a® 4 10a* — a* by 4 — 4a 4 a’.
a’¢ — 9ac® — 8¢ by a'c 4 2ac® 4 ¢

— 3a2* 4 40’z — 9a’2’ + 6a' 4 22* by —ax + 3a® — 27°

220" 4822 — 82" 4+ 32 -3 437" —2x+1 by
2 —z4 1.

32’y + 48c'd’s® 4 bc'zy + ey* + 166*d* — 5c*z — 16¢'dy
— 9 —15¢2* by ¢ — y + 32°

@ —abyad —a 4a—a.

— P4 1by _ P 4 —ex 4 1.

243a%° — " by 8la‘e* + 27a’¢’ + 9a’e® 4 3a’e’ + a’c’.

az 4 ¢z 4 ay + bz + bz 4 by + ¢z + ey + az by
T+Yy+2

312¢d* — 320@ + 2044 — 160¢'d* + 88¢d* — 126 by
12¢d + 8cd* — 2ed.

?+y+2—3apbyzty+a
2 4 2% 4 2 4 20+ 2 by 2 4 2%z 4 2 2’ 2

2m* — 3m* — 6m — 1 by 2m* — 5m — 1.



292.
293.
294,
295.
296.
2917.
298.
299,
300.

301.
302.
303.
304.
305.
306.
307.
308.

309.
310.

DIVISION. 77

6p* —p* —14p 4 3 by 3p* +4p — 1.

6k — 13k* 4 4K 4 3K by 3k* — 2k — k.

w* 4 3u* 4 2w 4 15 by w — 3.

3a® 4 2a* — 7 by a — .

16y* — 19 4 39y — 46y* by 8y — 3.

11¢® 4 30a* — 82a® — ba 4 3 by — 4 4 3a’ 4 2a.

12¢* 4 6¢ — 5¢® + 20 — 33¢* by — 5 4 ¢ + 4’

— 350 — T1n° 4 9 4+ 30n 4 28n' by — 13n 4-4n*4 6.

— 9a* 4 23ab — 18acz — 215* 4 32bex — 12¢'2* by 3a
— 7b 4 6ez.

(a—c¢)*+1by(a—ec)+ 1.

6(u 4 8)* — (u 4 8) — 15 by 3(u 4 8) — b.

(z—9)' — 3(z — 9)'2 + 3(z — y)&' — 2 by (z—y) —=.
[#+ (m+n+p) K+ (mn4mp 4 np)k+mnp] by k4n.
[ed(2* + 2) + 22(¢* + d*)] by ez + da.

[=* + (2f* — ) + '] by & + ez 4 f*.

[(a*7" + B") — (a'" + 2%)] by [(a+9)(z + b)]..

m® — n® — bmn(m® — n*) 4+10m*n*(m — n) by (m4-n)?
— 4mn. .

[zy2—9"(2 + 2) + 2*(y+2) +2'(2+9)] by zy+22+y2.

[r(r=1De 4+ (P +2r — 2) 4+ (8% —®)o— 1] by
(ré 4+ 2r — &).

311. 3@ 4+ 2+ §x 4+ §by sz 4 1.
812 §a' + 40’ — §a + § by §a + 8.



78 EXAMPLES IN ALGEBRA.

313, 34" 4 A by dy +
314. 32 — Iz 4 §3ar — 2 by Jx — %o

3a* 3¢
315. E_2c’——§—+7by2a—3c.

1 1
316. x‘_—‘byz—;

317.m-|-5m+ + .3 bym+—

318. o} — 2 by af _ 2.

319. p' — {0’ + %'p" — §p by p' — ip.

320. 32" — §o— §4* + Xy — 6 by Jz + Jy — 3.

321. im' — Jmn 4 6n® 4 3Im — Tn 4+ 1 by im 4 8 — 3n.
322. 2t 4 H2* + 81" Lz 4 6by 3° — S 4 1.
323, §K* 3K 4 31 — 3 by 3K — h— %

324, ot —§2* — P+ 42+ P by $2' — Jo— 2.

325. z —y by ot 4 4 326. a 4 z by o} 4 2%
327. 27¢* 4+ 84~ by 3¢ 4 24

328. pt — g by p 4 gL

329. m* 4 5m? 4 6m by md + 3.

330. 48t _ 3thut _ u by ¢f — Wb,

331, 124% 4 85z 4 252% by 44t 4 5.

332, r —gby it _ &, /

'333. a 4 dldd 4 cby o — aict 4 o

334, m} — 3mint 4 Smin-? _ nt by mb — 2mint +nd,



3385.

336.
3317.

338.
339.

340.

341,

SYNTHETIC DIVISION. 79

4o 6x— 2 by o _ 4ab 4 2

alz ¥ _ 49a3z% 4 564t — 162% by a? _ Tals? 4 4a.

2 — 4y 4 6z2t 4 922 by z 4 2% 4 32h.

et 4 d — edt — di by ¢ 4 dd? + d.

8z 2377 — 5z° 4 80245027 by 27— 6277102,

24y* — 58y% 4 5yt — 4y 4+ 3yt 4+ 1242 — 32 by
24t _ 3yt — 4.

2t _ 3t by 2* 4 3.

Sy~THETIC DIvVIsION.

Divide

342.
343.
344,
345.
346.
347.
348.
349,
350.
351.
- 352,
353.
354.

o —a—T74+a46bya”—a—86.

b* 4 b — 96 — 165 — 4 by b" 4 4b + 4.

1427 —c42'byl —c4 ¢

44 9p* —13p* by 3p’ — 2 4 p.

16¢* 4+ 8¢ + 3 by 4¢* — 49 4 3.

y— 4y — 99" 4+ 124 by 1 4 2y — 34

13¢® 4 71la — 70a* — 20 4 6a* by 4 4 3a® — 7a.

W —3n° 40 —4 4 12n — 40’ by n° — 4.
62°4202* — 122° — 482 4 222 + 12 by 62 + 14244,
*—3" 4 60 — TP+ 60 —3v41byo' —v4 1.

a® 4 40® — 92a — 3a* 4 264* 4+ 55 by a* — 8a 4 11.
3p — 28 4 Tp*— 26p* — 6p° 4 81p* by — 5p +4—3p*.
k' — 251 4 40k — 16 by h* 4 5h — 4,



80 EXAMPLES IN ALGEBEA.

3656. 32 — 80c + 80¢® — 40¢® 4 10c* — ¢ by 4 — 4¢ 4 €.
366, K43k —16P 4+ 1147 4+12k—9 by ¥ —F —5k43.
357. a* — 2a* — 6a® 4 40’ + 13a 4 6 by & 4 3a’ + 3a 4 1.
358. 42® — 492* 4 762 — 16 by 22* 4 52* — 6z — 4.

369. 2* 4 243 by 92* 4 81 — 32 — 2Tz 4 2%

360. 27° 4 32' — 82 — 207 4 30z 4 60 by 22* — 52 4 10.



SPECIAL CASES IN MULTIPLICATION.

CasE L

The square of any polynomial is the sum of the squares of
its several terms and twice the product of each term multlphed
in succession by each of the terms that follow it.

Illustration : (8 4 44+546)'= 3'"4+4*45"+ 6°4-2(3x4)
+2(3 5) + 2(3 X 6) + 2(4 X 5)+ 2(4 X 6)+2(5x6)
=9 416 4 25 4 36 4+ 24 4 30 4 36 4 40+ 48460=324.
(a43c—4d)'=a’4 (8¢)*+(—4d)*+2(a-3¢) +2(a- —4d)

+2(3c- —4d) = a* 4 9¢* 4 16d" 4 6ac — 8ad — 24cd.

Case IL

The product of the sum and difference of two quantities is
the difference of their squares.
_ Illustration : (5 + 3)(6 —3) =256 -9 =16.

(20 + 32)(2a — 8z) = 4o’ — 92,

Case IIL

The product of any two binomials is (1) the product of the
first terms of the binomials, and (2) the algebraic sum of the
cross products of the binomial terms, and (3) the product of
the second terms of the binomials.

Ilustration : (6 +4)(3 —2) =164+2 - 8.

b U +4
8 8- 2 -2
15 12 —10 -8

(] 81



82

EXAMPLES IN ALGEBRA.

24 + 32) (30 — 4y) = 64 + Yaz — 8ay — 12z.
y y — 122y

2a 2a.>+<3:c + 3z
8 34y - 4
6a’ 9az — 8ay = 122y.
Case L
Find by inspection the value of
L. B4+ 2). 2. (b44) 3. (146)
4. (94+2)" 5. (0 + 8)". 8. (a+2).
7. (e 4 11)% 8. (b4 b)) 9. (84 2).
10. (3 4+ m) 11. (k4 9). 12. (2 4 12)%
13. (3 -2)" 14. (7 - 4. 156. (6 — 1)
16. (9 —0)* 17. (10 —6)’.  18. (7 -—3).
19. (=347 20. (3 - 7). 21. (8 4 2)*
22. (—8-2). 28. (z— 1) 24. (1 —2)*.
26. (a — b)* 26. (5 —a)’. 27. (=5 +a)’
28. (¢ —4) 29. (y—6) 80. (— 84 m)*
31. (—10—¢)" 32. (a—c)~ 33. (24 k)™
34. (m — n) 36. (—e+4+ ). 86. (Be—y).
37. (w4 2h)% 38. (d — 4y)™ 39. (3a 4 2z)*
40. (be — 2d)*. 41, (—2243y)*. 42. (—4z—3u)*
43. (7Te 4 bz). 44. (9y — 10k)*.

Case 1II1.

(NoTE: To save space, the product of the sum and difference of twe

quantities will be indicated by writing the quantities but once, with the
sign * or ¥.)

45,

(8x1).

46.

(5%4).

47,

(7+3).



SPECIAL CASES IN MULTIPLICATION. 83

48. (60).
51. (a=x3).
54. (8x9).
57. (3m = 4).
60. (2ab=c).
63. (o' = ).

49. (1138). 50. (zx1).
52. (v=5). 53, (232).
55. (zxh). 66. (a=xc).

58. (3z£2w).  59. (a+ 4z).
61. (4ax=x3ey). 62. (6a’x2).
64. (3m’ = 4n*). 65. (2a’b = 3cd?).

66. (az® — by)’.  67. (bz' 4 62°)". 68. (4abc+ 6de)’.
69. (4ecdn 4 3a’2y*)%. 70. (32%y2* = bmn').
T1. (12z%'F — Ou™v™)% 72. (9a'm’nz £ 3y*).
73. (1 £ 25). 74. (5a’c — 10abd®)*.

75. (62% + 12zy%)"

7. (azy 4 zy2)’.

76. (3acz £ 9b'dY).
78. (15 + 3bz%y).

79. (5a°b% — bab'e®)*. 80. (100 4 1)*.
(

81. (mfy — nz*)>
83. (0 4 25a"z")%.

82. (1 — 122%"2)".
84. (Ta'b'cd® = 8f°Ph).

85, (— 3z'y* 4 bufA)L 86. (— 10a%"y" — 8bd's*)".
87. (— 9a*b'¢d 4 12a*bzy) (122b%ya? — 9a’db*).

88. (14}
91 (4+%).

94. (’£13).

97. (3 4ab).
99. (§¢' — Ja'o)".

101. (a + %)'

89. (34 ) 90. (2 — P
92. (2a4+3).  93. (z+ ).
95. (2a+}).  96. (22— }).
98. (3ab — 3ab)™
100. (3pq’ +3P'¢)"

r 8\? ar e2\!?
102, (g—g)' 103, (_3_+§).



84

104.

107,

109.

110.
112,
114,
116.
118.
120.
122.
124,
127.
129,
131.

132.
133.
134.
135.
136.
137.

EXAMPLES IN ALGEBRA.

z 9\, z _9\. z _my
(a,_c> 105. (a,—2e) . 108. (2a__b—).

(ax.;.%)- 108. (%-%L;)
z :
(z +y 7z 1 y) |
(* = 3). 111. (a7'z — 2¢%)%.
(ba™ 4 3a°b%)". 113. (4z = 5z7).
(727 = 9y™). 115. (7% 4 zy)™
(4a 4 2671 117. (m™'n — 2n*)%
(ct £ 2b). 119. (22 £ 8y™).
(2%} = 3iyd). 121. (3ac 4+ ga%c )%
(3ab™* 5 gcidb). 123. (3%4¥5t = 271324%),
(Nz=7).. 126 (2vzx6). 126. (3+z 4 4)"
(x = +3). 128. (Va = +13).
(3Va = 2+5). 130. (a = V—3).
(3¢ = 2V=6).
8 (a* — o)
(a + 2¢)(a — 2¢) (o + 4¢%).

(3a + 2)(3a — 2)(9* + 4).

(@ — 8a)(2" + 3a) (2* — 9a%).

(@ — 2 (a® + &*) (a* — 2).

3(4a’ 4+ 25¢*)(2¢ + 5¢) (2a — be).



138.
140.
142.
144.
146.
147.
148
149,
150.
151.
152.
153.

154.
157.

‘158.
160.
162.
164.
166.
168.
170.
172.
174,

' SPECIAL CASES IN MULTIPLICATION. 85

Q2+a—c)(2—a—c). 139. (8 —a 4 2)*

(5 +m )" 141 {(a+b) + (— )}

(@45 4e)(atb—c). 143. (a+b 4o+ d)

{(x+hr)—(z—Rh)}. 14b. (a4 z)’(a —2)*

(o' + 6{a 4+ z})(a’ — 6{a —2}).

A+ -1 +a)(1—a)

(3¢ + 4d)*(3c — 4d)*.

(6—5)(a—2)(a+2)(a+5).

(z —2)(z 4+ 2)(2" + (' + 16).

(@ — d) (@ + d) (¢ + (& + d). *

(@ + 2ac) (2" — 2ac)(2® 4 16a'c*) (2* + 4a’c’).

(m*n* — 3mn®) (m*n* 4 3mn®) (m*n® 4 9m™n®)
(m"n® 4 81m*n™).

(2 -2 155. (¢*—¢*)’. 156. (2*==5).
(8a7Ve — 2b671)2,

A+243). 159. (442 4 6)
(G+3-2) 161. (6 — 3 — 2)*.
(—4+245) 163, (—3 444 5)%
(2-4-6). 165. (3 — 5+ 2)*.
(—648—-2) 167. (—2 -3 —4)*
(m 4+ n — 4)° 169. (¢ 43 —o).

G -—z—y" 171, (2* + 32 — 2)*.
(a 4+ 2z — 3¢)*. 173. (2a* — 7a + 8)
(@ + ¢ — ) 175. (2 4+ * + 2*)%



86

176.
178.
180.
182.

184,
185.
186.
187.
188.
189,
190.

‘191,
193.
194.
195.
196.
197.
198.
199.
200.

201.
203.
205.
207.

EXAMPLES IN ALGEBRA.

(a8 -8 — ). 177, (o8 — 2y 4 42°)™
(1—e4+ e 179. (22° — 32" 4 42)*.
(a2 + ez 4 ac)™. 181. (7' —ay + 9"

(a* — 4a’c® 4 ¢*)*. 183. (abe — bed — ede)’.
(a+b4c)(a4 b—o)

A+z42A 4 2—2%.

(27" — 3z + 4) (22 + 3z 4 4).
(=4 k4 r)(F + k4 7).

(22 4 3y 4 42)(— 2z + 3y — 42).

A —n42)(A 4+ n+n).

(2z — 3a 4 4¢)(2z 4 3a — 4¢).

mgn—p4 9" 192, (1 —z4 2 — 2
(c—a42)—(c+a—2).

(@ +9+2)'+(2—y+2)'+ (24+9y—2)"+ (—2+y+2)"
(2 +9+2)'= 5(y+2—2) — y(z+2—y) — 2(z-+7—3).
(e+dbtec—d)(a+bdb—c+d).
(b—e—d—e)(b+ec+d—e).

@+ +2a—-1)(—a40a*—2a—1).
(1 + 2a 4 3¢ 4 42)(1 4 20 — 3¢ — 42).
(2 — 32y 4 32 — ) (2 + 32y + 3p” + 9°).

‘

A+3+D" 202. (3o + 3 + $o)"
(o + 3o — 32) 204. (0" — o + $2)%
(3a — 3b — 3o 208. (32 + 32 — o).
G0 + 3¢ + 1) (3" + 3¢ — 3.



208.
209.
210.
211.
213.
214.
215.
216.
217.

219.
221.
223.
225.
2217,
229.
231.
233.
235.
2317.
- 239,
241.
243.
245.

SPECIAL CASES IN MULTIPLICATION.

Bz -8+ )32 + 3y + §o).
(3¢’ — 3¢ — 32§ + 3 + 3. .
(— 4ac — gaz + fay) (Jac + oz + fay).

(8a2 — 2 —a )

212.

(e —4) (e 44).

2 + 2 + 39 (2} +2 - Bp7).
(4 —mb 4 m ) (4 + mb 4 m),
(2 + 5 + 32) (2 — b — 827™).
{(@6+2) — (a—2) )"

(V7 42 4 227D,

=+ 3)(z+2).
E+2D(@=+1).
(z+3)(=z+ 4.

=+ 1D(z+ 4.

(z — 4)(z — 3).

(z -1z -2).
(z—9)(z—6).

(m — 1)(m — 12).

(z+2)(=z-1).
(z+T(z+ 5).
(z — T)(z 4+ 5).

(k- 15)(k - 2).
(1 4 24)(1 + ba).
(1 —9¢)(1 + 8¢).

218,

Case III.
'220.
222.
224.
226.
228.
230.
232.
234.
236.
238.
240,
242.
244.
246.

(a* + 2oy + 31"

(z+3)(z+1).
(z+4(z+2).
(z 4 5)(z + 2).
(6 +8)(a + 4).
(z—-3)(z-1).
(z—-1)(z - 8).
(z — b)(z= — 10).
(e — 2b)(ec — 2).
(z - 2)(z + 1.
(z 4+ 7)(z - b).
(a —6)(a + 8).
1 —-2)1 - 42).
(1 4 3e)(1 — 4e).
(@ +2)(a 4 5).
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247,
249.
251.
253.
255.
/257,
259.
- 261,
263.
265.
267.
269.
271.
2173,
275.
277.
279.
281.
283.
285.

286.
288.
290.
292.

EXAMPLES IN ALGEBRA.

(= — 8)(#* — 1).
(@ —1)(# —2).
@& -5 +3).
(26 + 1)(2a + 3).
(4m + 5)(4m — 2).
(75 + 4)(Tb + 2).
(30" + 3)(3a" — 8).
(5% — 4) (5% + 6).
(B —9)(8 4.
(5 —2u)(5 + 8u).

(3 —2a") (3 + 4a"). .

(6 — z)(4 — 7).
(2 4+ m)(10 4 m).
(84 d)(7 + d).
(T+n)(B +n).

(1 -22)(1 4+ 122).
(3 + 5¢)(8 — ¢).

(9 — 20)(9 + 3a).
(6 + 102)(6 — 92).
(10 + 2)(10 — 3).

(& + (P 1),
(¢t +4)(d =1).
(z7" + 6)(z7 + 5).
(M2 4+ 9(m™ — 4).

248,
250.
252.
254.
256.
258,
260.
262.
264.
266.
268.
270.
272.
274.
276.
278.
280.
282.
284.

287.
289.
291.
293.

" + T)(@ — 4).
(¢ + 4)(a’ + 3).
@ -9 +H).
(32 — 2)(3z — 4).
(62 — 6)(6z + 10).
(1 —28)(1 — 4¢).
(4m — 8)(4m + 1).
(2 + 32)(2 + 42).
(4 + 52)(4 — 22).
(6 + v)(6 + 11v).
(4 + 72 (4 — o).
G+ +9).

(8 —e)(6 — o).

(9 — B)(1 — k).
(8 —2)(8 —2).

(2 — 22)(2 + 32).
(5 + 69) (5 — 29).
(7 — 2k) (T — 4k):
(8 — b)(8 4 Tb).

(e} — 5)(a? — 3).
@F -0 +D.
(21— 8)(z' — 3).
(K — 4) (k* 4 10).



204,
296.
298.
300.
. 302.

303.
305.
307.
309.
311.
313.
315.
317.
319.
321.
323.
325.
327.
329.
331.
332.
333.
334.
335.

SPECIAL CASES IN MULTIPLICATION.

(@ 1)t 4 2).
(nt 4 9)(wt —3).
(2a7' = 1)(2a7 4 3).
(6 + 4z (6 — 4zh).
(3a% — 4)(3at + 10).

(z + a)(z — 3a).

(¢ — 4w)(c — 6w).

(m 4 n*) (m + bn%).
(az — by) (az — 3by).
(cd — 2¢z) (ed + 3ex).
(2a — 3¢)(2a + 40).
(82 + 9) (32 + 4y).
(4ac—baz) (4ac+2az).
(42 — P (42 + D).
(z 4+ ¢)(z + d).

(z —m)(z + n).
(k= 20)(k - b0).

(7 — 2a)(6 + 2a).

(6 + az)(7 — az).

295.
297.
299.
301.

304.
306.
308.
310.
812.
314.
31e.
318.
820.
322.
324.
326.
328.
330.

(— 8 + 4az)(— 5 + 4az).
(— 2 — 62%)(— 9 + 62%).

(=7 + 2y) (7" — 3ay).

(— 2 4 2¢d) (27° 4 ed).

(22 + a)(3z —y).

336.

89

(wt —T)(w? —6).
(et —4)(et 4+ 8).

(42t + 1) (42t — 7).
A —-ahH)d 24

(2 + 29) (= + by).

(y —22)(y + 72).

(& — 6)(& + 2f).
(ab 4 bc)(ad — 4bc).
(2 — 22)(2* — bz).
(3m — 4n)(3m — 6n).
(2¢ 4 bay)(2¢ — 6ay).
(22" + 3¢") (24° + 8P).
(z — a)(z — b).

(2 + a)(z — ).

(a + 22)(a + 3y).

(v — 3a) (v — 42).

(3 + 56) (4 + be).

(— 44 cd)(8 4 ed).

(be — n)(c — 2a).
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3317.
339.
340.
342.
344.

845.
347.
349,
351.
353.
355.
357.
359.
361.
363.
365.

EXAMPLES IN ALGEBRA.

(— 2z + 3a)(2z — 4¢).  338. (4a 4 3w)(—2a — k).

(—38m 4 2p)(— 2n — 29).
(2ay — 3z)(—4ay4-c). 341
(2a4ay)(—3a+3az). 343

. (1 = bac)(3z — 2ac),
. (3 — Ted)(2ab + od).

(— 2az — 2ay)(— baz — 4ab).

(2z —1)(z 4+ 4). 346.
(2¢ — 8)(c — 8). 348.
3z — 7)(2z 4 5). 350.
(6z 4+ 3)(2z — 6). 352.
(a — 3¢)(2e¢ — 2¢). 354.

(3a — 2)(2a — 42). 356.
A + z)(a — 2z). 358.
(2y — 5a) (3y — 6a). 360.
(3ay+azx) (2ay—4azx). 362.

(3ab — 4ed) (2ab4-cd). 364
(—4a— 7:0':)(—- 3a — 22).

~

Bz 4+ 2)(z +4).

(z 4 5)(3z + 2).

3z 4 7)(2x — b).

(2a + 9 (a + 3).

(= + 29)(22 + ).

(n —1)(4n + p).

(4e + 37) (e + 5f).
(az — 3¢) (2az + 4¢).
(22 — 3y) (4= — Ty).

. (—3z 4 4y) (22 — 5y).



SPECIAL CASES IN DIVISION.

Determine what binomial or binomials, if any, will exactly
divide the following expressions, and give the quotient or
quotients in each case :

1L a1 2. 2_8. 3. ¢_2I.

4. m® — 64, 5. 1 — 82" 6. 1 — 272"/,

7. wb — 125, 8. 1_ 8. 9. 82 — 1.
10. 1 — 64a*2". 11. 27 — mPn®, 12. 2744 — 8.
13. 2* - 512, 14. B — 216. 15. «* — 343.
16. 216 — ¢ 17. 1 — 343y 18. 84® — 27.
19. 2y — 1. 20. (& — 1)+ (2 —1).
21, (*_27) + (¢4 —8). 22 22—
23. 2 — 2. 24, (a® — 2*) + (a' - 2%).
25. 8o — b, 26. (2 — o) = (2 — o).

27. 8a® — 278  28. 64a’F — 272 29. 7297 — 5127
30. (—1252%) + (—52%). 81. a2 — ¢

32. 828 125" 33. 64m'n® — 343.

34. 7290* _ 1262, 35. 512m'n® — 272
36. 27a* — 16¢". 37. 8m"™n* — p™. 38. 2* — 1.

39. 1 — 1624 40. o' — m", 41. 16 — 2*.
42. 81 — a'. 43. ' — ' 44, 625u' — o
45. & _1. 46. (a* — ) + (a— 2).

47. (@ — &) = (@ —¢). 48, 16 —nt.
91



92

78,

97. b 4 512,

EXAMPLES IN ALGEBRA.

- 49, 64a® — 2% 50. 1 — 2" 51. 2° — 2434
52, 81¢* — 2662*.  53. 243m°—32n°. 54. 128p" — ¢,
55. a® — 32¢" 56. 243k — 1.  57. 2 — 324"
58. 2* — y". 59. 81a® — 16¢'.  60. a"b"c® — y™.
6l. a™ — ¢ 62. 2t _ ot 63. ot _ 27
6. 5o 65. 1 — 2. 66, &' — .
67. 3}za® — 2~ 68. t3ym’ — '

69. (a —z) + (at — 2b). 70. (-9 + (ot —¢h).
. (@ —9) + (& —9h).
72. (a — 2432%) + (at — 3y}).
184, M 2 1. 75. of _ 27.
76. (2 — 81a*) + (2 — 3ad).
. (" —2) =+ (e —af). 78 281,
79. a¥y ¥ _ Kud, 80. im'n® — 12627 % %7,
8l. [(a + ¢)*—2"]. 82. [(z—1y)*—7].
83. [»*— (p — @) 84. [a'c* —-(b + d)'].
85. [(a+ b)*—¢]. 86. [k — (r+9)7].
87. [(a 4 z)* — ¢f]. 88. [8m*n® — (mn 4 1)%].
89. [(2 — ac)® — 8p’¢*]. 90. (az + by)’— (az — by)*.
91. 1 4 2* 92. m® 4 8. 93. 1 4 82
94. 1 4 644’ 95. 8a'2* 4 1. 96. 2* 4 343.

98. 5127 427. 99. 216410002



100.
103.
105.
107.
109.
111.
113.

114.
117.

120.
123.

124,
127.
130.
133.
136.
138.
141,
144,

145.

148.
150.

SPECIAL CASES IN DIVISION. 93

2+ 4 101.
27a® 4 ¢.
64a® 4+ 10004,
14 a
10240® 4 2430°.
a®b® 4 c®.
3432 + 10002
a* + 32 115.
6424 pt. 118,
at 4 o 121.
azt 4 cly.
e — 1. 125.
625 — a'. 128.
a® — 2. 131.
z* — 8la'. 134.
81p* — 164",
625m* — 1. 139.
a®c —2562", 142,
2562 — 4.

4
- 146.
2t gt
(a —b) = (ot —BY).

8¢ + . 102. o® 4 2.
104. ¥ 4 324
106. 729m® 4 216n".
108. o® 4 2432,
110. (" +9¢) + (& + ).
112. 64a’c 4 272" )
1427 118. 270 4 ;2.
a® 4 2. 119, 2f 4 1,
z% 4 mb, 122. ot 4t
1 — 812" 126. y* — 256.
a — ' 129. p* — g™
81 — 2" 132, 2# — 1.
1624 — 1. 1356. a* — 729¢.

137. 256a* — 10000.

z* — 64.

140. 81m*_—256n*

2 — 6252% 143. 12962 — db.

8y

147. 1 — 81a™%

149, o — 2%,

151. (z —27?) + (A—2}),
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152. z — 8121, 153. 2566a% — 272,

154. hat — A 0%

155. o* + 1. 156. ¢° 4 1. 157. 2 4 1.
158. 7295 4 4%  159. 64 4 o 160. o™ 4 y*.
161. o* 4 2~ 162. 2 4 y=. 163. 2 4 644°
164. 1 4 7294% 165. 1000000a* 4 642"
166. of 4 64. 167. fa® 4 ¢

168. What are the quotients when the divisor is @ 4+ z and
the dividends are, respectively, o’ — 2%, o’ 4 2% o + 2,
o — 2% a® 4 2°?

169. When the divisor is m — n and the dividends are, re-
spectively, m* — n*, m* — n®, m* —n*, m®* — 2%, m' —n'?

170. When the divisor is p 4 1 and the dividends are, re-
spectively, p* — 1, p* 4+ 1, p*+1, p" 41, p —1?

171. When the divisor is ¢ — 1 and the dividends are re-
spectively, ¢' — 1, ¢ -1, ¢~ 1,¢9'— 1, ¢ — 17

172. Which of the following expressions are divisible by
T4 y? 20y P P 2y 2 . Which
are divisible by z — y?

173. Which of the following quantities are divisible by
a41? o™ _1;a®_1;a®4+1; a™ 4 1. Which by
a-—17?

174. What are the last three terms in the quotients of the
divisible quantities in the previous-example ?

175. What does 2* — zy 4 y* suggest?

176. What does 2* 4 32y 4 32y’ + 3 suggest ?



177. What does ¢ — 2¢d 4 d° suggest ?
178. What does m’ 4 mn 4 n' suggest ?

SPECIAL CASES IN DIVISION. 95

179. What does A* — &' suggest ?
180. What does (p* + ¢) (2 + 9)(p — q) suggest?

181. What does o* + a 4 1 suggest?

In the following examples write the second factor required
to produce, with the one given, the sum or difference of two

cubes :
182.
185.
188.
191.
194,
195.

zy 4 1. 183. a — b5z.
47 — by. 186. o’ 4 4e.

mn — Ty. 189. h — 4K

z? 4 a. 192. a 4 ot
m® — n.

184, 2ab 4 3ed.
187. zy + 8.

190. zyz 4 2.
193. &~ _d.

Write the cubes in each of the above examples.



FACTORING.

CasE 1. —WHEN THE FACTORS ARE MONOMIALS.
The factors of 8=2-2.2, of15=6-3, 0f36=3-3-2-2,
of13=13-1, ofa®*=a-a-a, of ab =a- b, of b2*=5-z- z,
of 120’6 =2-2-3-a-a-b, of 62°’ =2-3-2-2-2-y-¥.

‘What are the prime factors of
1. 12, 2. 30. 3. 18. 4. 45. 5. 50.
6. 98.  7.169. 8. 242. 9. 105. 10. 154,
What are the equal factors of
11. 4. 12, 9. 13. 16. 14. 49. 15. 121.

16. 36. 17. 2T. 18. 125. 19. 216.
20. 64." [Three sets.]

21. What name is given to one of the equal factors of a
quantity ?

22. Two equal factors of 162",
23. Square root of 492°.

24. Three equal factors of 125a°2%.
25. Cube root of 1000m®n™.

26. Four equal factors of 81p"¢".
27. Fourth root of 626a°".

28. Five equal factors of 322"

29. Fifth root of 243a™.

30. Is 1 a perfect square? A perfect cube? A perfect

nth power? Why?
96



31.
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Is 2* a perfect square? A perfect cube? A perfect

nth power? Why?

32.

Is — 1 a perfect square? A perfect cube? A perfect

nth power? Why?

33.

Is — 2* a perfect square? Why? Can — 2 be sepa-

rated into two factors one of which is a perfect square? If
so, what are they ?

34.
36.
38.
39.
40.

Cube root of — 1254*7%. 35. Of 17284°".
Fourth root of 256a*m®. 37. Of — 8la*.
Cube root of 64a®. Square root ?

Cube root of — 64a®. Square root ?

Find as many roots as possible of 256a".

‘What are the prime factors of

41,
44,
47,
50.
51.

182" 42. 2Tmn’p". 43. 21zy2.
49m’n’p'e’. 45. 64d’c'2’. 46. — 64c'd".
—72m'n’p.  48. — 210a%kc’l  49. — (64c'zt).
— (— 39a’zc®?).

Two equal factors of 642™y". Three equal factors of

one of these?

52.

53.

54.
equal.

Beparate 7z into two factors, in three different ways.
Separate a’z’ into two factors in five different ways.
Separate 45a% into three factors, two of which are

55. Separate 80p*q into two fwctors, one of which is a per-
fect square,

7



98 EXAMPLES IN ALGEBRA.

56. What is the greatest perfect square contained as a fac-
tor in 96a%*? )

57. The greatest perfect cube contained as a factor in

— 500m™d*?

58. The greatest perfect fourth power contained as a factor
in 4054°0%?

59. The greatest perfect fifth power contained as a factor
in 486a°c’z" ?- .

60. The greatest perfect sixth power contained as a factor
in 384x'%"z"?

61. Two equal factors of a™? 62. Of z?
63. Five equal factors of a?

Factors of

64. 2. 65. 4. 66. 2,

67. ul. 68. 6yt. 69. a?

70. p~. 71. 16ad, Co72. 7

73. o, 74. o~ 75. 5",
76. 627y %, 77. 51x-iy» 78. 13-z,
79. — (— ko ybe). — 60,

Two factors of

81. 12z’ if one is 3z, 82. 8al¢, if one is 4ac.

83. 15p%, if oneis 3(pg)}. " 84, '5a"‘b§, if one is babd.
85. Ta ¥¢*, if one is THac™.

Two equal factors of

86. 4% 87. baz™. ,88. 6zdy
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89. 9atciz. 90. Tz*yb ™, 91. ta—ble.
92. 5oty d, -
‘What are the factors of z?

Ans.: zt.2d; Vo.Vz; oot oot oo 2y
P o B . R B at. oA 2t . 2% ete., etc. That is,
any powers of  the sum of whose exponents equals unity.

CasE II. —WHEN ONE OF THE FAcCTORS Is A MONOMIAL.
‘What are the factors of

93. 2z — 4. 94. 5 4 10a. 956. 15ax.4 20by.

96. Tz 4 14y 4 21z 97. 6 — 12k 4 181

98. 16z + 4a — 8ax. 99. 124° 4 152 — 184"
100. 2* 4 z. 101. m'n 4 mn’. 102. ab — be.
103. 4¥ — 3K. 104 2* 4 2zy.  105. 2zy — 4"
106. ¢'d 4 d. 107. a’¢ — a’".  108. a*b — ab’.
109. 5¢' — q. 110. 152" 4 35.  111. 12¢* — 30a‘z.
112. 8a’c 4 4ac’. 113. 21a*b%c — 63ab’e.
114. 14ac — 7d. 115. — 15a’z* + 10a'2’.
116. 562%* — 33a‘2. 117. 16a*myz® — 128'm’nyp.

118. 216a*bie'd*sy — 96aicd’s.

119. 185a%'s' — 3Ta*bed™y’s.  120. 12a°c'z'yd — ba'c'z'yd.
121, 26a''Py'S 4 2ba’catys,

122. 216m°n’p’q"s 4 36m*n’pqs.

123. 66a**dm'n'2s 4 224bdPmaz*,

124, 22y 4 2 4 292 125. 254 4 10a — 5,



100

126.
128.
130.
132.
134.
136.
138.
140.
142,
143.
144,
146.
147,
149.
150.
151.
1562,
153.
154.
155.
156.
157.
158.
159.

EXAMPLES IN ALGEBRA.

az — bz + ca. 127. 3a¢ 4+ 12 — 9e.

26 — 20p* — 15p’¢". 129. n — 3n® — 5n’.

Tabe 4 8bed 4 9ede. 131. o'z’ 4 o’y —d’.

cd 4 cx 4 cy. 133. 32y — 32" — o~

7 4 22% — . 135. a® 4 o'z — o'’

z* — ba'y 4 20272 137. 8a® 4 6a* 4 40"

5k — 30A* 4 10A. 139, 2'yz — ay’z + ay2’.
a'e' — @’ 4 a’c". 141. 8pg® — 12p°¢* + 4p%q.
32y — 62" 4 3yt

3mPn — 21m*n® 4 27Tm*nt,

3abe — 6bed — 3bez. 145. 422% — 14zy 4 562
12m*n® 4 24m®n® — 60m*n’z.

3a* — 3a*b 4 6a’b’. 148. a’b%y — c'dz 4 €f"u.
70p'e" 4 126p%¢* — 112p°.

14a*b'2’y — 6az’y® + 10aa’y.

3a'b’e® — 6a’d'c® + 124°b%".

54m®n® — 108m®n®  243m™n’.

54z — 26a'c® 4 272%",

45a'k"° — 90a°k" 4 360a‘k*

322% + 962%" 4 1282%,

26a‘cr — 39a'c’s® 4+ 52a’c’a*.

8ab’ 4 bac’d — bad’e 4 8ac.

8¢'d 4 3c'd — 18c'd* 4 33b%*d.

41 — 16/1° 4 248°F 4 124°P,
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160. ac® 4 3a’d’q + ba’dq’ — a'c'q’.
161. 3a’s® 4 6a’z* — 9a’z* 4 12422,
162. 47%s — 12r's® — 1618 4 8¢5
163. 2m’n 4 6m™n® 4 6mn® 4 2n'.
164. 5p¢* — 15pgx + 16pga® — bps.
165. a — 3a® 4 6a® 4 Ta* — 8a® + 3a® — d'.
166. 13ab® 4 78ab* 4 156ad — 104a.
167. 22d'¢*m’p’z — 33a’em’p’s’ — 44ac*'m’p’s’.
Factor examples 168-177 in such a way that the binomial
factor shall contain no fraction.

168. 2ac — . 169. 3¢d’e* + jcide.
170. 10m*n’p* — ymn’p®. 171. 32y — 82™.
172. 32 + 3o’ 173. $a’c — 2ab*.

174. }pq — ¢ 175. $az — 3ay.

176. 4ac 4 $az. 177. kimn 4 §klst.

‘CABE III. —PoLyNoMIALS WHOSE TErMS, WHEN
GrouPED, HAVE A CoMMON FAcTOR.

178. 6(c + z) — 12. 179. 18(a® + b*) — 9.

180. (a4 b))z + (a4 b)y. 18l. (m 4 n)k 4 (m 4 n)l
182. a(r — 8) + b(r — 3). 183. (e +f)m —'(e 4 f)n.

184. a(g + h) —e(9 + k). 185. 6(u — v) — a(u —v).

186. a(z + ¥)b + c(z+y)d. 187. d(e+y) +¥'(c +¥)-
188. g(k 4 1) — h(k 4 0).

189. 3z*(m — 2n) 4 5(m — 2n).
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190.
192.
194,
195.

196.
198,
200.
202.
204.
206.
208.
210.
211.
212.
214.
218.
217.
218.
219.
220.
221.
222,
223.

EXAMPLES IN ALGEBRA.

3z(z—-1) —3(x—-1). 191.
ma—1) —a4 1. 193.

3a(c—d) 4+d—e

2(a—2b)*+ 6(a—2b).

z(a —c¢) — (¢ —a).

8od*(d — 2)* + 12¢d(d — 2¢).

P42+ 1. 197.
1—g+q¢—¢. 199.
lyz—2 -2 201.
z4 Y+ az 4 ay. 203.
¢—ecd 44 —4d. 205.
Py My — o 207.

amn4 bemn—aq—beq.  209.

5

am’p + agp® — agm® — ap’.
Y 4 Py’ + xyiu 4 P

2 48z — 828 — 122  213.
10ac — 2a — 15b¢43b.  215.

6az 4 106z — 18ay — 30by.

20mn — 36pn — 8mq + 14pq.
24y — 322y — 62u 4 82u.

452" 4 202y — 632y + 284

Y-y+y-1
1—n4 3n’ — 30’

ap + bp + ag + bg.
ay — by 4 az — be.
bmn — hn — bmp — hp.
e — of* + de* — df?*.
ca’ 4+ d'a’ — ed® — ec’.

5" + 10 + £ + 2.
3zy + 32w — 2w — 9zy.

33mnpq — 21p’q + 22mnz — 14pz.

& —f+ey—9y —fy—gy
ax — ay 4 bz — by — cy + cx.

2zy 4 32y — byu 4 8zw 4 122w — 20uw.
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CasE IV, —WHEN THE FACTORS ARE POLYNOMIALS.

A.

Type-forms : o' 4 2ab + b* = (a + b)?,
' a* — 2ab 4 ¥ = (a - D)
@ — b = (a4 b)(a - b).

What are the factors of
224, 2 + 22 4+ 1. 225. a'—4da 4 4. 226. m'4+8m416.
227, '—10d425. 228. p* —36.  229. 142 4o
230, 1— 6z +92%. 231. 49 —a' 232, 64—16k4K.
233. 16 _ 81. 234, ¢*—2gh4 k. 235. 9m® — 36n’.
236, 7' _ 5%, 237. 11' —49.  238. o'+ 2*— Zaz.
239. 42’4 4z + 1. 240. 121 — 9u’.  241. 494+70425.
242, 25 1. 243, 2* + 49 — 14z,
244, ot 4 20%" 4 B, 245: ¢ — 26 4 ¢,
246. 2* 4 22 4 o~ 247. o"z' — 9y
248. 25k — APm’. 249, o _ 64a* 4+ 1024.
250. 2* 4 22y — o, | 251. 648 — 32z + 42
252. 644" 4 162° — 64dz.  253. 162% — 8ay'z + 47"
254, 490 — 112ab 4 645"  255. 361 — 84rs 4 495"
256. 36¢' — bded + 494", 257, 254" + 152z + 95\

258.
259.
260.
261.
263.

25a® 4 9¢* + 30ac.

9a'blc* — 36a’bc'd® + 36btcdt.

25a’b* 4 70a’d’ex 4 49a’c*s’,

25z — 12151,
2% — 2%y,

262.
264.

9a®® — 427",
250" — 495%¢",
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265.
267.
268.
2170.
272,
274.
275.

276.
279.

281.
283.

285.

287.
289.
291.

293.

295.
297.

299.
301.

EXAMPLES IN ALGEBRA.

— 80z 4 25 4 642" 266. 121242862 4 169y
21a*bex 4+ 49a’c2* + 9a*b*.

6252* — 256¢". 269. 1 — 1002*y"".

(576)% — (425)*. 271, (750)* — (250)".
(101)* — (99)*. 273. Tla* 4 5% — T0a'2.
2892 + 9y'2d* — 1022y2d.

361a’b’c’ — T6lmnabe + 4I'm*n’.

2 9. 277. z* +2* +} 278. 9at4 6l 1.
40 _ 407 4 1. 280. .0001z* — 1.
d_24 %,. 282. 49z — 81y

1 1 2
c’+.§'+2' 284.;,.4.;4-1.
a! ¢ m 4
?—2+E’. 286. ;——4-[-,—"‘;'
428 _ 4942, 288. a — b.
162%y — 922k, 290. z + 27y + ¥.
a— b — 2t 292. 2% 4 ot _ 2238
a’ bl , :D‘ y{
3’+2+E’° 294.’7_24-“—:,«
a* + 20z 4 z. 296. z — 2bVz 4 b
-2ty 49 298. a’b — 2az b + 2%
a42va+1 300. 2 _ 41,
4a7% — 9274, ‘ 302. r—s.



303.
305.

307.

309.

311,

313.
315.

316.
318.
320.
322.
324.
326.
328.
330.
332.
333.
334.
335.
336.
337.
338.
339.

14 i — 1o

106

15e* + 162" 4+ 2a’2".

o' — 4ot 4 o'

a 2ac ¢
.—-+—-’o

mn n

9at — 6 4ot

m

jad —g4at

¢ — (a4 b))
(m £ n) — 4.
(r4 28) -t
(2p + 39)* — 42,
4k — (¢ + bd)*.
36¢* — (a* 4 3)%
(Tm —n*) — ¢

FACTORING.

@ 4 224 4 2. 304.
£5a' + 10° + §a'd 306.
1627 4 827 4 272, 308.
jm'z — jmn’z? 4 nt.  310.
2 4% 4y

1623 4 24 4 9271, 314.
b4 4 4bt

(a4 0)* —¢. 317.
g —(e—f) 319.
4 — (m 4 n)’. 321.
£ — (r 4 28)* 323.
42" — (2p + 39) 325.
(a* 4 3)* — 36¢" 327,
9 — (39 — 5h)*. 329,
¢ — (Tm —n*)* 331.

(a+2)"+2(a+2)+1.
(z—4) —4(z — 4) + 4.
(22 —4) — 4(2¢ — 4) + 4.
(# — 102)* — 50(2* — 10z) 4 625.
(@ — 9)" — 10(2" — y)y + 259"
16(e 4+ d)' 4+ 8(e+d) + 1.
4(z—-9)—-12(z—y) +9..

(m + n)* + 4p(m + 1) + 4"

1— (a4 b)~

1
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EXAMPLES IN ALGEBRA.

340. 4d’c' 4 4(e+flac+ (e 4+ )™
341. (a4 b)*— (e + d)* 342,
343. (k=14 (m4n)*. 344,
345. (a4 3)'— (b—4).  346.
347. (2z 4 y)* — (32 + w)*. 348.
349. 4(z+y)'— (z—1y)’.  350.
- 351, (8z—5)'—3x4 7). 352.
353. (3z42y)'—(22—3y)*. 354.
355. (¢ + d)* + a® + 2ab 4 b
356. m' — 2mn 4 n* — (p — ¢)*
357. (a'c — &) — (d'¢ 4 &)
Resolve into factors and simplify.
358. (a 4 b)! — a’. 359.
360. (2% 4 y*) — 4%y’ 361.
362. (3z+4 1) — (2z—1)". 363.
364. 9a’ — (3a — 5b)*. 365.
366. (ba + 2¢)' — (3a—c)’. 367.
368. (a —e¢— 3)'—(a—3)". 369.
370. (2 —2y 4 32)* — (v — 2)*.
37, 242241 -9 372.
373. 1 — a* — 2ab — b 374.
375. m’ 4 2mn 4 n* — 9. 376.
377. 256 — &' 4 2az — 2°. 378.
379. o’ 4act4c—4a’c’. 380.

(e +1)" = (g — W
(P-9'—(z—y)
(@ —22)* — (z — 4)*
(2 — 42)* — (3a4-4c)*
9(c+ d)* — 4(c — d)*.
(a42)*—(a — 2)*
o422y +y — (a+b)"

&~ (f—g)-

(e4+d)? — (c=d)

(a + 3¢)* — 4.

162 — (3z 4 1)

(7Ta 4 3)* — (ba — 4)*.
(12a 4+ z)*— (1la—2)*.

é—241_4d.
2 -2y 4y — 2

P —2pq+ ¢ —36.
1 — 2a 4 o® — 162"

m' — q* 4+ n* — 2mn.



381.
383.
385.
387.
388.
- 389.
391.
392,

393,
394,
395.
396.
397.
398.
399.
400.
401.
402.
403.
404.
405.
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2h_ K 4g 4+ M. 382 @ —2h— A1
4_a'— 2 —_ 2az. 384. 4 81— P _16.
@b 4 2c—¢. 386, 4m' —p' — ¢ 4+ 2pq.
9¢ — 9¢* + 12fg—4f>.

— l4ac — 49¢' — a® 4 164’

4ab —4a’ 41 — B\ 390. 2¢d — ¢ — d' 4+ 2
160 — 8mn — 498 4 m’.

2y — 2zyz 4 2 — 262

@ 4+2a4+1—-2_2ry—y.

&+ 2ed + & — p' 4 2p9 — ¢\

€ + def + 4 — m® 4 2mn 4 0’
at— 0 41— 2a— 4be — 4.

& —y 42— b 4 2az 4 2by.

2ah — ¢* 4+ &8 — 29k — K 4 M.
m'—n'42n —1_— 2mp — p*.

42 4 4oz — 4y — 2 — 4z 4 1.

46 — 12¢f — & — K — 2dh 4 9.
42 — 927 — 4 4 42y 4y + 122,

— ¢ 4 d* 4 162" — 36 — 12¢ — 8dz.
2 4 6yz — 9y*2 — 102y — 1 4 254~
p* — 25¢° + 89" — 9 + 30¢" + 164"

B.

Factoring is rendered much easier by becoming familiar
with the following type-forms :
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a' 4 b is prime,

a— b = (a+ d)(a-1d),

a4 8 = (a4 d)(a'—adb4 ),

@ — b = (a—b)(a’ 4 ab 4 %),

a' 4 b* is prime,

a — b = (a’+ ") (e 4 b)(a — b).

& 4 0 = (a 4+ b)(a* — b 4 a’b* — ad® 4- BY),

@ —~ ¥ = (a - b)(a' 4 @’b 4 o’} 4 ab’® + BY),
a4 b = (o’ 4 b)) (a' — a’b® 4 bY),

a*— b = (a 4 b)(a’— ab 4 b*)(a — b)(a® 4 ab 4 b%),
@'+ b= (a4 b)(a*—a’b4-a'b’ —a’b* 4 a’b* —ab® 4 %),
@ —b=(a—d)(d"+a*b4a't’4a*b* 4-a’d* 4 ab®4- %),
a® 4 b® is prime,

(NoOTE: Thesum of the even powers can not be factored when the index
is some power of 2, such as 2, 4, 8, 16, etc.)

. @ — B = (a* 4 B)(a + B)(a + B)(a — B),

@' 4 2ab 4 b* = (a + b)?,
@ — 2ab 4 V' = (a — b)?,
a' 4 2a°b* 4 b = (a® 4 b))},
a' — 20’0 4 b = (a' — b*)' = (a + b)*(a - D),
@ 4 2a°0° 4 b = (a® + B*)' = (a + b)*(d"'— ab 4 B")},
a* — 20°0* 4 b* = (a’— B*)* = (a — b)*(a’ + ab 4 BY)%

406. 2 4 1. 407. o — 1, 408. 1 4 .

409. 1 _ 2 410. o* 4 8. 411, 8 _ 2.
412. o* — 27. 413, p* 4 64. 414. 64 — ¢



415.
418.
421.
424.
427.
430.
433.
436.
439.
441.
443.

445.
448.
451.
454.
456.
459.
462.

FACTORING.
125 4 . 416. 216 — d*.
B 4 512. 419. & _ 512,
729 — 422. 2 ¢
¢ —n 425. o*b® — 1.
) 428. 84* — 1.
14 274 431. 1 — 642"
27¢ — 64dF.  434. m*n® 1258,
3430 -640%.  437. 64 — A,

512a* — 7292,
B4z — 27g°".

5126d" —

2 -1,
144d.

a — 2.
24325 _ 1.
a* —1.
zl' + y".
2 4 9.

Type-forms.

R.

72988,
446.
449,
452.

457.
460.
463,

417.
420.
423.
426.
429.
432.
435.
438.

109

h* — 343.

2 — 1000.

o — 2
&8

8¢ 4 f*.

8a® + 272,
o 4 512,
8a*b® — 216"

440, 3430°0* = 5122
442, 2160%2* 4 3430
444, 1000a*b% — 72927y"2",

a4 1. 447. ¢ 4+ 1.

a® — 32, 450. 2* 4 243.

a’c® 4 2°. 453. 32 4 &~

455. 322° 4 243"

2 — 64, 458, n® 4 p®,

64a® 4 2~ 461. 729 4 ¢

162° — a'c*. 464. 1 — .0001a".
C.

24102 4+ 21 = (2 + 7)(z 4+ 3),
2 —-102 421 = (2 - 7)(z - 3),
P4+ 42-21= (24 T7)(z-38),
2~ 4221 =(z-T)(x+43).
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(262 4+ 162 4+ 2 = (bz 4 2)(6z 4 1),
252* — 16z + 2 = (b2 — 2)(5z — 1),
252 + bz— 2= (bz42)(bz—1),.
252" — bz — 2= (bz— 2)(bx 4 1).

T {54 — 152 — 56 = (92 4 8)(6z — 7).

NOTE: Buch trinomials are usually factored without much difficulty
by inspection, the right factors of the first and last terms being found
after one or two trials. But sometimes this is not so easy, especially if
large numbers be used. Try to factor 162? — 15z — 196 by inspection, for
instance. When examples like type-forms * 8’ or *‘ 7'’ present any dif-
ficulty, they can always be changed to the form ‘‘ R’’ and thus solved
with comparative ease. For example: 162? + 49z — 60, First multiply
through by the coefficient of the first term, expressing the result as fol-
lows: (16x)3+49-16x—960. Next substitute @ for 16z and we have
a3 + 49a — 960, which is readily resolved into the factors (a + 64) (a — 15).
Now these factors have been obtained only after subjecting the original
quantity to two processes, (1) multiplying it by 16, and (2) substituting
a for 16z. To find the factors of the original quantity we must reverse
these steps. Restoring 16z in place of a we have (16x + 64)(16x — 15),
and dividing by 16 we have the two factors of

1622 + 492 — 60 = (= + 4) (162 — 15).

465. 2* 4 3z 4 2. 466. 2° — 4z 4 3.
467. o’ 4 bz 4 6. 468. ¢ — bec 4 4.
469. 2’ 4z — 6. 470. 2* 4 Tz 4 12.
471. o 4z — 12. 472. 2 — Tz 4 12.
473. n’ 4+ n — 30. 474. p* — p* — 20.
475. o’ — 9a — 36. 476. ¢ — be — 36.
477. ¢¢ — 169 — 36. 478. m* — 35m — 36.
479. 2’ 4 15z 4 36. 480. ¢ — 13c¢ 4 36.
481. f* — 37f 4 36. 482. 1 4 Ta 4 12a°.

483. 1 4 o — 124% 484. 1 — ba — 6a’.



485.
487.
489.
491.
493.
495.
497.
499,
501.
503.
505.
507.
509.
511.
513.
515.
5117.
519.
521.
523.
525.
527.
529.
530.

FACTORING.
¥ — Ty —18. 486.
d—7d 4+ 12. 488.
R® — 9h* —10. 490.
& — 11¢ — 60. 492,
¢ — 28¢ — 60. 494,
1 — 9a 4 8a’. 496.
@ 4 ax — 22°. 498.
2* 4 13ex 4 36¢". 500.
a'c® — 21ac 4 20. 502.
2y’ — 19zyz 4 48. 504.
a’s® + 18azy 4 65y "506.
2 — (a 4 ¢)z 4 ac. 508.
y'2* — 28abyz 4 75a’0'.  510.
1 — 82* — 1052°. 512.
¢ — 21c 4 104. 514.
a® — 49ab 4 6000°. 516.
20 + 9a 4 a’. 518.
44 — 15 4 f* 520.
120 — 26k 4 & 522.
120 — Ted — &d. 524.
' + (a — b))y — ab. 526.

2 — (a4 b)z 4 ab.

528.

(a — b)' 4+ 7(a — b) 4+ 10.
(a 4¢)* 4 2(a4c¢) —15.

111

24112 — 12,

& 4 3¢t — 4.

n* 4+ Tn — 60.

u' — 2u — 60.

g' + 599 — 60.

1 4 7c 4126

m* 4 4am 4 3d*.

2' 4 29¢gz 4 1004
eft 4 Telf* 4 12.
n’p'q* — 13npq 4 22.
8 4 23rsz 4 902°.
'yt 4 202z 4 512%
=t 4 372 — 1204
204 — b5a — a’.

4 — 30d 4 225.

m'n* 4 3Tm™n* 4 300.
72 4 27¢ + ¢

96 4 222* 4 2.

192 — 32n* — 2t

@ 4 (b4e)d 4 d.
2zt 4 (&' 4 )2 4 d’c.
2 4+ (3a — 2¢)x — 6ac.
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531.
532.

533.
536.
539.
542.
545.
547.
549.
551.
553.
555.
557.
559.
561.
562.
563.
564.

EXAMPLES IN ALGEBRA.

(= +9)" + 23(z +9) + 60.

(p—q)'—24(p —q) —112.

22° 4 bz 4 2. 534. 3¢ 44c41. 535. 3m'4 dm4-2.
42— bz 4+ 1. 537. 40’4+ a — 3. 538. 2y°4 3y — 2.
20* —a— 1. 540. 20’4+ Tn4-6. 541. 3p'—10p4-3.
48 4 5s — 6. 543. 2_3c—2¢". b544. 3a’— a — 10.

8418252

10 — 5m — 15m*,

40 4 6a — 270~

1247 — 23zy 4 104"
10w* 4 Twz — 332",
21¢* 4 26cx — 162"

— 102* 4 72" 4 124"
ac’ 4 (a — b)e — b.

546.

548.

550.

552.

554.
556.
558.
560.

10(z + 9)* + T9(= + y) — 6¢*

3 4 11d — 4d".

20 — 9z — 202°.

82" — 172y + 104
122 — 172y + 64",

62* 4 3522 — 62"

6p* — bpq — 6¢.

1802 — Tlazp — 45p".

mnz — (m* —n*)z—mn.

T(k—1)* — 3Tp(k — 1) + 10p*
6(a* + &)* — 9(a’ + )z’ — 162%.

2(p" — ) — 4k(p" — &) — 6F.

,D. — Special Devices.

Type-forms.
4a* 4 b = 4a* 4 40’0 + b — 40’D = (2a" 4 B*)' — (2ab)*.
Bt = 2 Y — 2 = (4 P) — ()

565.
568. 81 4 4o

1 4 4a'. 566. 64m' 4 1.
6569. m* 4 4n',

567. 2* 4+ 64.
570. a* 4 42%,
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571. 2* 4 64y  572. 64p* 4 81.  573. 4q* 4 625.
574. 1024 + B.  575. 2* 4+ 324.  576. 4a* 4 256.
577. 4¢ 4 12062%. 578. 2600z* 4 1. 579. 2* 4 ¢

580. a' 4 n'. 581. 92* 4 47 582. a'c®4 64"
583. o +2* + 1. 584. 2*— 6224 1.

585. a* 4 b* — Ta’b. 586. ¢* — 6 + d.

587. 2 4 w' — 182%". 588. k* 4 9F* 4 81.

589. o' 4 16a® 4 256. 6590. p* + ¢* — 11p°¢".

591. 1 4 35 4 44" 592. 1 4 9a'c¢* 4 20°¢".

593. a‘z* 4 13a’z* 4 492* 594. 81m' 4 Imy + o
595. 164 — 28K°F 4+ K. 596. de* 4 9y' — 24c'y".
6597. 36a* 4 144a’ 4 576.

598. 252% 4+ 52y 4 9z

599. 4c'd® 4 8c'd'ef?* 4 121£°f%

E.— The Factor Theorem.

§I. The result obtained by subtracting any number or
quantity from itself is zero. For example: 4 — 4 =0;
817 - 817 =0; z — z = 0; acy — acy = 0, etc., ete.

§II. The result obtained by multiplying any number
or quantity by zero is zero. For example: 5 X 0=10;
1728 0=0; Fx0=0; (¢c4+d) xX0=0, etc., ete.

§III. Now if we let F' represent one of the factors of a
quantity, it is obvious that, when the quantity is zero, the
other factor must be 0, that is, that F % 0 = 0.

But in § I we have seen that « — a = 0. Substituting this
value of 0 in the first term of the equation F x 0 = 0 we
bhave F'x (¢ —a) =0, or (a —a)F = 0.

8
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We have to remember, then, that, in order that a product
may be zero, i 18 necessary and sufficient that one of the factors
be zero.

§IV. This theorem affords a convenient method of solv-
ing equations and of factoring quantities not, otherwise, easily

factorable.

- Thus, the equation 2* —3z4 2 =0 may be written
(z—-2)(z-1)=0.

As one of these factors must equal 0, we put z — 2 = 0,
whence z = 2 ; and # — 1 = 0, whence z = 1. The equation
2 + (a — b)z — ab = 0 may be written (z 4 a)(z—b)=0,
whence s +a=0and 2= —a; ands — b=0and z = .

§V. It will be found by multiplying together several
polynomial factors, arranged according to a common letter or
letters, that the first term of the product is the product of the
first terms of the factors, and that the last term of the product
is the product of the last terms of the factors.

It follows that a polynomial which contains one or more
binomial factors may be factored by resolving its first and last
terms into factors, and then determining which of the bino-
mials that can be formed by uniting these factors (two and
two), with the sign 4 or — are factors of the given poly-
nomials, :

A simple method of testing which of the factors is contained,
without performing the division, depends upon the converse
of ¢“The Factor Theorem,’’ 1. e.,. if one factor of an expression
18 equal to zero, then the whole expression must be. - -

Suppose we wish to find the factors of 2* — 4a* — 9z 4 36.
The possible factors of 36 are 41, —1, +2, —2, 438,
—3’ +4, —41 +69 —6’ +9: —9: +18’ _18’ +36’
— 86. Thus there are sixteen possible binomial factors, at
least. To test all these by division would be too tedious.
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But to decide whether z — 1 is a factor, it is only necessary
to suppose that 2 = 1: in that case z —1 =0. Now as
2* — 42 — 9z 4 36 = 0, if we substitute 1 for , the result
should equal 0. But 1 —4 — 9 4 36 = 24, and therefore
z — 1 is not a factor.
In the same way z 4 1 is not, because, if z= —1,
2* — 42 — 92 4 36 becomes — 1 + 4 4 9 36 = 48.
z=42 gives 8 —16 — 18 4 36 = 10,
z=—2 gives —8_—16 4 18 4 36 = 30,
z=3 gives 27 —36 — 27 4+ 36 =0.
Therefore z — 3 is a factor. - ,
z=—38 gives —27 —-364 27436 =0.
Therefore z 4 3 is a factor.
z=4 gives 64 — 64 — 36 436 =0.
Therefore 2z — 4 is a factor.
As each of these faetors is prime and their product is the
given quantity, #* — 44> — 9z 4 36, there are no other pos-
sible factors.

(NOTE: As a good test of the value of ‘‘the factor theorem ” let the
student, later, try to solve in any other way the following simple example
in quadratics: 2* +y=7:2+y*=11.)

§ VI. The use of ‘‘synthetic division’’ sometimes short-
ens the process, especially when there are four or more bi-
nomial factors.

Resolve into factors

ot 4 24 — 162° — 22 4 16.

Try first z — 1.

1 ]1142-16— 2415

T 14 3-13_15
14313 — 15 =2*4 32°— 13z — 15—first quotient.
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Try second z + 3.
1 114+3-13-15
+3 34+184+15
1464 b5=2"4 6z 4 b = second quotient.
By inspection #* 4 6z 4 5 = (z + 1)(z 4 5).
Therefore the factors of 2z* 4 22* — 162" — 22 4 156 are
(= —1)(z — 3)(z + 5) (= + 1).

Determine, without performing the division, whether either
or both of the binomials given with each expression are factors
or not.

600. z* — 32 4 2. z—1,2_2
601. 22° 4z — 1. z—1, 241
602. 2* — bz 4 2. z-1,2-_2
803. 2* — Tz 4 6. x4 3, z—2.
604. 2* 4 6z 4 6. 243, 24 2.
605. 2* — 32° 4 4. 242 z—2.
808. 2* — 19z 4 30. z—2,z-3.
607. 2* — 43z 4 42. 246,21
608. 22* — 5z + 39. o438 z—3.
609. 62 4 Tz 4 13. z41, 2413
810. 2* 4 2* — 42 — 4. z—2,z4 2.
611. 2* + 3z 4z 4 3. z41,243.
612. 2* — 84’ 4+ 17z — 10. z—2,z-5.
613. 322" — 332° 4- 1. z41,z-1.

614. 2* 4 42 + 28 — 6. F—1, 242
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o — 624 — 192* + 84,

615. 2?3, P44

616.. 22* 4 4a2® — ba's® — 3a’z 4 2a'. z24a, z—a.

617. 752* 4 1402* — 2232* 4 92z — 12. -} z—%

618. 2" 4 a™ z+4a, z—a.

619. 2" — a" z+4+a, z—a
Resolve into factors )

620. 2 — 27 —z 4 2. 621. 2 4 62* 4 11z 4 6.

622. 2 — 2 — 8z 4 12. 623. 2 — 22 — bz 4 6.

624. 2 —2* — 172 —15.  625. 2* 4+ 32* — 25z + 21.

626. 2 4 2 — 17z 4 15.  627. 22 — 19z — 30.

628. 2 — 437 4 42.° 629. 2 4 32° — 10z — 24.

630. 2* — 137 — 12. 631. 2 _ 72 _ 8z — 12,

632. 22 _ 922 4 13z — 6. 633. 2" _ 42’ _ 2 4 4.

634. 32" 4 622 — 3z —6.  635. 2 — 18z — 35.

636. 3z¢ — 72* — 20.

637. 5(* + 3) — (z — 4)(z 4+ 5) — 68.

638. 7(# —1) — (z + 3)(z — 4) = 2* 4 41.

639. 17 + 2 = (z 4 3)' — 28.

640. 32 — 17az — 28a". 641. 62 — 11z 4+ 3.

642. 32" — 42* — 62 4 4. 643. 2 4 21z 4 342,

644. 2* _ 32 _ 32" 4+ 12z — 4.

845. 2 — 24 — 62 4 82" 4 bz — 6.

646. 32* 4 (bz 4 2)' = 122* — 8.

647. z* — 5a'2* 4 4a'. 648. z* — 2* — 4z — 16.

649. 22° 4 312" 4 622 — 39. 650. 32* — 462° + 9z 4 2.
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HIGHEST COMMON FACTOR.
A. MoNoMIALs.

Find the highest common factor of

1. 52, 91. 2. 1835, 1995. 3. 2945, 3441.
4. 84, 126, 210. 5. 98, 140, 217. 6. 270, 198, 153.
7. ap2?, a’pz. 8. abd, acd, bed. 9. 22%y, by
10. 9a’z, 4a2’. 11. 40p'¢, 125p°¢,
12. 3™, 29, 2. 13. 172y, 34a’yz, Slayz.
14. a’bpzw, b'gzw. a’bzd’.  °  16. mn’p’¢, m'np’q’, m*n'pg’.

16. 17a*%?, bla‘zmyP, 68a'z'y.
17. 1266, 21", 1476f%.

18. 11727, 1042%F, 1562%2

19. 24a*b*¢, 16a*c*, 72a*b'Cz. '

20. 30g°h%, 24g°KR, T2 KR, 36g°RKS.

21. 35m'n'p?, 30m*n’zy’z, 40m*n’s®, 21m*n"p’z, 460y

22. 1052d%f*¢, 35cd'efg", 28c'd'ef*y, 49Fdef*g".

23. (a — b)'(a 4 ¢)* (a— b)*(a+ o).

24. 39(p — 9)*(a +p)'(b +p), 51(p—9)"(P+5)(a+p).
25. 3a'cl, 2aede, 4ated.

B. FACTORABLE BY INSPECTION.
26. a* —1, a" — 1. 27. P 4 2% 2 — 1.
28. 8 — 2 & — 4. 29. 6(a 4 1)% 8(a’—1).
30. 13(a® 4 ¢*), 39(a* — ™).



31.
33.
34.
36.
317.
38.
40.
41.
42,
43.
44,
46.
47.
48.
49.
50.
61.
52.
83.
54.
55.
56.
817.
59.
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7(p'=1), 28(p +1)". 32. a4 ap 42, 5(a’—p").
P43k—4, P 241, F_1
& 4 9ot 4 148, & — 48, 35. b'4 3b 4 2, b'4 6b48.
2y + 2y, & — 2y

m'n® 4 2m*n}, m'nt — 4m'n’.

'a’ —1, a4+ 3a+41. 39. p'q + 3¢, p* — 9p'¢".

Ed — 4ctdt, Sd* — 166d°

a* — 15a 4 36, o' — 9a — 36.

w' — Twz 4 62, w* — w2’

27(a* — ), 51(z + y)*

(a%e — ac*)?, ac(a’— ). 45. a'—¢', a*—a'c— ac’ 4 .
-1,¢-1,¢+q-2

-9, 149,y +5y+4

a* — 2, (a4 2)%, o’ 4 3az 4 22

a' — da — 21, @' — 12a 4 35, o’ 4 ba — 84.

m* — n}, m* — nd, m* — Tmn 4 62°.

& — 6st 4 98, & 4 ot — 120, & — ot — 61",

a4 27, @® 4 62 4 9.

a* 4 ae, a® 4 ¢, 3a’ 4 3¢

b 4+ 9" 4 20, b 4 74 4 10, 45* — 100.

122%y"2 — 48wz, 15v(z"y 4 2u*)*.

16p* — 81¢*, 4p — 6q, 4p* — 8pq 4 3¢".

@d—1,a—1, (a—1)%. 58. 2° 4, 227 4 22y + 24
7 — 82 4 16, 52 — 202" 4 20z.
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60.
61.
62.
63.

64.
65.

66.
67.
68.
69.
70.
71.
72.
78.
74.
75.
76.
71.
78.

79.
80.
81.
82.

EXAMPLES IN ALGEBRA.

8(e — 1), 4(¢ — f*).

B — by 2K — 4h 4+ 2, B 4 B* — 2h.

P _6k+9, ¥ +2k—15 ¥ _2T.

@ —9, a® 4 27, a* — 81, 6a’z + 18az.

2 -2y —ay' + 9, @+ 20y + 9, 32" — 3y

2ed 4 e — 3df — 3fe, 46 —12¢f + 9F°.

ddt — ¢¢, d* — de, d’¢ — dé.

4z — 60z 4- 144, 2* — 9z — 36, 22 — 28z 4 48.
Tm'n’ 4 28mnp 4 28m’p?, n* — 16p*.

o 4 3a’b 4 3ab’ 4 b°, bax 4 Hby, 3a* — 3B

m'n — m’p — mnq + mpq, 2m* — 2mng, 4m* 4 dmg’.
#4627+ 122 48,2 — 4, sy 4 2y — 2z — 22.

P 92420, 212 2 — 2% —8.

4p* — 12pq + 9¢', 8p® — 27¢", 4p* — 6pq — 6pr +9¢r.
82 — 362y 4 Bday® — 2Ty, 42* — Bay 4 3y,

@ — 3¢ —Ta 421, ¢ — 3a’ — 3a 4+ 9, 46’—16a412.
— 6a’b® — 6a’be, 2ab' 4 2ac® 4 4abe, 3ac® 4 3ad®

4a* — 1200 4 9¢, 40° — 9¢, 10az — 26 — 15¢z 4 3.
¢ —c —ct 1, ac* 4 2bc* 4 ac® — a 4 2be® — 2b.

C. ONE or MORE FACTORABLE BY INSPECTION.
@' — ba — 24, o® 4 4a* — 26a 4 15.

¢ —c—42, ¢ 4 4¢" — 47¢ — 210.

n* + 9n® 4 27Tn — 98, n' 4 12n — 28.

9b® 4+ 535 — 9b — 18, b* + 115 4 30.
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83. a* 4 2¢® 4 20* 4 2a 4 1, a* 4 674" 4 66.

84. 350" — Tv 4 bwv — w, 250" — 1,

85. 2+ 24241, 2 4 92* 4 262 4 18.

86. o® + 4a' — 5a, a* — 6a 4 5.

87. ¢ — 8¢+ 2, ¢t — 6¢" 4 8¢ — 3.

88. p' —3p"+ 4, p* — 29" —4p 4+ 8.

89. 156a® — 19a* + 4, 9a* — 9a* — 4a 4 4.

90. ¢'—2¢" + ¢ —2¢, ¢ + ¢ — 8¢ 8.

91. m' 4 mp 4 mn + np, 2m' — mn — 3n’.

92. 2 — 32" — 2 412, 2’2 4 22 — 122

93. o' — 202 — 32%, a* 4 10a°z 4 36a’z’ 4 50as’® 4 242"
94. B — bk — k 4 5, 2K — 15k 4 25.

95. £ 4 26 — 3t, 28 4 58 — 3t.

96. 3m® 4 mn® — 3m’n — 7°, 4m* — bmn 4 n’.

97. cd* 4 ed® 4 od* 4 cd, 2°d* + &d — ¢

98. ar’ fax’ 4 20z 4+ 2,2 — 2" + 2 — 1.

9. ¥ -4 —-9V+49¥-2"—-9y-2+y

100. 32* 42 — 2, 42" 4 22" —z 4 1.

101. #4568 —8—5,8—2s4 1,8 478 —~8-1T.
102. & — 3ef 4 2f%, ¢h — f*h, & — &f — ef + f*.
103. ®* —a'4+a—1,830"—-2a—-1,a*—a'—a—1.
104. A* —Th 4+ 6, B* — A* — 10h 4 10, A* 4+ A* — 5h 4 3.

105. 126%° 4 44 + 4y + 120, 20 + 2, 106 4 100y
+ 20cty.
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106. o* — 7a’ 4+-16a — 12, 2a° — 9a® + Ta + 6, a—3a’
— 40 4 12,

107. 21* — 181 4 15, 100* — 237 4 12, 2!* 4 b1 — 12.
108. 2* 4 37y — 4z — 2’y — 3y' — 4y, 2* 4 4o’y — 42* 4 8y
— 4y, @ — 22" — 4z 4 8 4 3ay — 6y.

D. Nor EasiLy FACTORABLE.
(NoTE: Synthetic division renders the work much easier.)

109, y* 4+ Ty — 48, 4* — 16y + 21.
110. m* — 3m® 4+ 2, m* 4 3m® — 10.

111. I* — 230 4 28, I® — 10 — 24.

112. p* 4 p* 4+ 25, p* — 4p + 15.

113. 2 — 26z — 60, 2* + 152 — 3086.

114. ¥ — 29" 4+ 6y — b, 2* + 4y — b.

115. ¢ 4+ 2¢ — 3, @ + ¢ — 2.

116. ¢* 429" — 3, ¢® 4+ 2¢* — 5g 4+ 2.

117. 82" — 22— 1, 42* — 2 — 3z 4+ 1.

118. o — 7a% + 11ab* — 55, @* + 3a% — 9ab* 4 55",
119. 2 4+ 7 -9, & + ¢ — be 4 3. :
120. o* 4+ 2" + 20 4+ 1, &®* — 22 — 1.

121. 85 4 195" 4 254, '21 — 7b 4 8b* — b°

122, 22 — ¢, 2 — g5

123. 22° — 122* 4 21z — 10, 2* — 8% 4 21a* — 20z 4 4.
124. 34 + h — 10, 6A* — Th* — 22h 4 82.

126. 2 — @ —d — 3, 3@ + &' +d — 2.

126. 200* 4+ o* — 1, 75a* 4 15a® — 8a — b.



1217.
128.
129.
130.
131.
132.
138.
134.
135.
136.
137.
138.
139.

140.
141,

142.
143.
144.
145.
146.
147.
148.
149.
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9% — 9k — 10, 3%* + & — 4k — 10.

2¢* + 9¢* — 25, 4¢* — 21q 4 10.

4+ 2n — 48 86— 3, n' — 48 12t _ 9,

8a' + 20° — 20 — 3, 20’ — 3d’ — 2a 4 3.

2a* — 9a* 4120’ — 3a — 2, 20* 4 a* — 9a’ + a + 1.
m* 4 2m* 4+ 9, Tm* — 11m* 4+ 15m 4 9.

32> — 182" + 36z — 24, 2* — 32" 4 4.

62 — T2 4 bzy® — 29, 22* | b2ty — 2% 4 3z,
82" 4 42’y — 4ay’, dzy’ — 29 4 Ba'y.

162 4 112%y — 82y — 4y, 122" — b2’y — 112y’ 4 64
3a* — Ta’c — ba’c® — ac® — 6¢', 2a* — 8a’c — 8ac® — 3¢.
272y — 92%y® — 182"y, 862° 4 92* — 272* — 182°.

9a* — 64a’ 4 3a + 8, o* + @’ — 8a® — 5a + 3,
8a* 4 3d® — 64a® 4+ 9.

P2 41,2 424820 42 _Tz44

22 — 112* 4 192 — 10, 22 — 92* 4+ 13z — 6,
42 — 202 + 81z — 15.

a’—20*—3a+420, a*45a’—9a+35, o*—4a’49a—10.
2* — 192" 4 1192 — 245, 32* — 382 4 119.

828 32* — 62° 4 92° — 3z, 225 4o* 825122 4 6s.
16a’s* 4 6a’z* — 28¢%*, 14az — 8a 4 az® — Tas’.

3y —14y*+ 16y, 5" —10y"+Ty—14, v*—Ty"+ 16y —12.
3d® 4 8a* — 8a + 11, 9a*4 bla*4 454" — 119a — 154.

2¢* + 9¢° + 149 + 3, 3¢* + 15¢* 4+ b¢* + 10g + 2.

3a® — 4d* 4 9o — 8, 20* 4 ba’ 4 a — 8.



124

150.
151.

152.
158.
1564.
155.
156.

157.
158.
159.
160.
161.
162.

168.

164.
165.

EXAMPLES IN ALGEBRA.

62 — 172 + 2 + 15, 22 + 82" —z — 12.

10m® — Tm* — 2m* + 8, bm' — bm® — m® 4 m* 4 11m®
—11m! 4 12m — 12. .

3y + 5y —Ty' + 2y + 2, 2y + 3y" — 24" + 12y 4+ b.

8¢ — 16¢° 4 ¢ + 2, 16¢* + 4" + 1.

4ot — 62 42 44w — 3, 20 — 2 — 42" 4 3m.

o 4 4a’z — 8az®  242°, 4a° — 4a°z + 320°® — 32a%2".

242 4 162y — 362%° — 122%® + 8ay', 4afy — dP?
+ 42y — ap.

a* — 12a® 4 8a 4 3, a* 4+ &® — 53a 4 51.

21a® — 324* — 54a — 7, 21a® — 4a® — 150 — 2.

34 P 4oy 122 — 4, 20— 624 32'— Bz 4 1.

Prat 20444242224 1.

3yt + 2 — 17y — 22, Ty* — 3y* — 11y — 66.

628 4 2028 — 122 — 482" 4 22z 4 12, 2* 4 42° — 32
— 162" + 112" 4- 122 — 9.

2 — (a + b)'2 + 2ab(a + b)z — a*¥', 2*— (a'+ b2
+ o*b

2 — 13¢ + 18, 2¢ + (2b — 9)¢ — (9b + 6)e + 27.

#—g@+(p—D7+gg—p, 2 —pd + (- 1)
+pz—q.
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LOWEST COMMON MULTIPLE.

1.-4, 8, 2. 2. 6, 2, 3. 3. 5, 10, 4.
4. 12,4, 8. 5. 8, 10, 12. 8. 5, 15, 9, 18.
7. 18, 24, 36. 8. 21, 39, 57.
9. 64, 400, 512, 1024. 10. 323, 391, 629.
11. ab, be, cd. 12. 2, 2y, ¥ 13. a, m'n, 2%y.
14. gr, rs, 4, qt,. 15. 4ab, 8ac, 6bc. 16. 827, 1227, 182",
17. o, o', 22 18. 2mn*, 3np, 6m*p.
19. ab, be, cd, ac, od, bd.  20. 20z?, 90z, 2Ty'2.
21. 124*b¢*, 18able, 20a'c’. 22. Ta’¢?, — 2la’c®, — 843ac.
23.' 8a*bc’, Hab'c®, 15a%b%, 20a°b%.
24. 14a°b%*, 20a'b¢", 25a°bc*, 28abed.
256. 6mn'pg®, Imn'p®, 156mn’p®, 20m*n'p’q*.
26. 2%y, 'z, 2'w, w', %2, y'w, 2y, y2', 2, 22, 2w, 2Vt
27. 102'y*"'2, 162°y~2.
28. 1227y, 362°*Yy*t, 6027y %z,
29. a* + ab, a. 30. 6, 3z — 3y.
31. 2a(z —y), a'(z —y). 32. az + bz, ay + by.
33. az + 2%, abe 4 bex. 34. ¢’ — 2ab 4 ¥V, o’ — D,
35.a’—~1,a"—a. 36. z41,2-1,2 1.
37. 2¢—1, 46 — 1. 38. z — 3, z, 42 — 12,
39. 3a, 2 — a, (z — a)’. 40. a(a 4 b),b(a + b).



126

41.
43.
44.
45.
46.
48.
49.
61,
62.
53.
54.
55.
56.
57.
58.
59.
61.
62.
63.
64,
65.
66.
617.
68.

EXAMPLES IN ALGEBRA.

3(z + 2), 5(= + 2). 42. 2(z + 1), 4(z + ™
4(z+3), (z —1)(2+3).

3(p—9(P+ 9 2(2+

a(a 4+ 1), a(a 4+ 1)(a — 2), a(a — 2).

ef, gh + gk, hk. 47. ¢+ z, 2¢, 2¢(c — z).
(m+n)(p+9) (m+n)(p—9.
z, -9 2 —1. 60. p%q, p* — pq, pz — ¢z.

4%y, 42° — 22y, 22 — .

20 4 2z, 40 — 4z, &* — 2.

(22—4)(32—6), (z — 3)(4z — 8), (22—6)(bz—10).
z—1, 241,22 4+1,2* — 1.

2¢, ¢ — &%, 4¢' — 4ed, 2¢ 4 2d.

2+9 (z+9, 27—, (z -

48°, 8a’, a + b, 20, 44’b 4 2ab’.

m* 4 2mn 4 n', m* — n*, m* — 2mn 4 n’.
P-1,p4+1,p° 1. 60. a-1,a' +a+41,a-1
8a — 2z, 90’ — 42%, 90 — 12az 4 42’

-9y -1,20 + )y

p(m — n), pg(n —m), — p'g’(m — n).

82* 4 16z, 2* 4 42* 4 4z, 2°.

3(z— 9", 6(z +¥)(z — ¥), 12(z + 9"

4(d" + az), 8(az — 2*), 12(a’ — o).

3a(a’ — a + 1), 24°(a + 1), 40* + 4.

4oz 42 a—z,d -2



69.
70.
71.
72.
73.
74.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.
86. az
817.
88.
89.
90.

91.
92.

LOWEST COMMON MULTIPLE, 127

2(2® + 8), 22°(2* + 4z + 4), 2* + 24

¢t + 3¢, 2¢* — 6¢ 4 18¢%, & + 27c%

8p°q — 27¢", 4p'q* + 6p°¢" + 9¢', 2p* — 3pq.

7 + 3ay, 7y — 3y, 2 — 9y, 2" + Oy

@' —a— 20, a® — 9a 4 20.

a+1,a—2a—3. 76. 2 — 1,2 4+ 3z 4 2.
'+ 4a — 21, @’ — 3a, @’ 4 Ta.

@ —20—3,2" —4z 4 3.

7 +Tp+ 6 p + 11p 4 30.
¢+e¢e—6,6—9,¢—6c4 8.

7t — 182" 4 812% 2* — 132" 4 362.
24644, 2 +20— 8, 22 4 T2 — 12,
?4z—12, 28 — 2 — 20, 2* — 42 4 3.
4a* — 25, 20 — ba® — 4a 4 10.

az + be + ay + by, 3(a" — B, (= + )"

92* 4 12z + 4; 272 4 8, 6as® 4 4as’.

az — ay — bz 4 by, 2* — 22y + o*, 3a’b — 3ab’.
@ =~ b — ¢ 4 2be, @' — b 4 ¢ 4 2ae.

7~ (a + b)z + ab, 2 — (b+c)z+ be, 7' — (a+c)x+ac
28242244+ 4,2 — 72" 142 — 8.
2 — 4a’, 2 + 2a2° 4 4o’z 4 8%, 2* — 202"+ 4a’2—8d’.

" ONE OR MORE FACTORABLE BY INSPECTION.
252* — 1, ba* — 9z — 2.

@ —8a+ 3, a4 3¢ +a4 3
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93.
o4.
95.
96.
97.
98.
99.
100.
101.
102.
103.
104.
105.

106.

107.
108.
109.
110.
111.
112.
113.
114.
115.

EXAMPLES IN ALGEBRA.

242 —4z— 4,2 4 62" + 11z 4 6.

V47— 8y +24, 4 — ¢ + 8y — 8,

2 — 20 42 824 8,42 — 122 9z — 1.

o —a' 4 2¢' +a—3, ¢ + a4 24" 4 ba + 3.

@ + ab® — ac’ — 2a’b, 2a* — ab — B* 4+ 2ac + be.

4P oy — 3y, 32 — 3y 4oy

2t — 228 — 32" 8z — 4, 2* — 52 + 20z — 16.

P4+2 4+ 2241, 242 pz—1.

242 22 243z 4 2.

2t — 42 + 122 — 9, 2 4 b62* 2 — 3.

22 &' — bz — 3, 2* 4 22" 227 4 2.

4p* 4 bp' — 8p—1, 8p* 4 10p* —bp — 1.

@ 4 3¢* — 10a — 24, o* — a® — 14a + 24, o' — 3a*
— 4a® 4 12a.

8% — 8oy 4 da Y — g7, Ao 27y — a7y
4y

P42t —2 2427 8.

12¢* — 4a — 21, 60® — 17a 4 12.
2¢* + a4 3, a® — 6a — b.

2n* —bn' —2n 4 2, n* 4+ n* — 8n — 6.

P' 4 10p" + 29p + 20, p* + 6p* + 11p 4 6.
8¢ 4 2¢ 4 5le 4 70, 3¢ 4 14¢ — 19¢ — 70.
64 —7¢" + 59 — 2, 4¢' — 5¢" 4 49— 3.

2 — 19y + 3, 2 — 64* + 3y — 9.

28 46K —k—6, 28" + K — k4 3.



116.
117.
118.
119.
120.
121.
122.

LOWEST COMMON MULTIPLE. 129

2a¢* — & + a — 12, 2a* — 3a® + 4a’ — Ha — 4.

82 — 142" — 62" 4 5z, 22 — 112° 4 32" 4+ 10=.
2?20 2y — 2, P~ 22" ~ 277y day 4+ 2 — 2.
@ —a'—18,a* - 8a — 3, a® + 2a — 12.

" +2a*4+ 9, a' +a+6.

42 — 92— 4,22 —b62* + 2+ 2.

@t — 232" — 10z, 72" — 342’ — 42 — 5.



130 EXAMPLES IN ALGEBEA.

FRACTIONS.

Reduce the following fractions to their lowest terms :

(NOTE : Remember that a divisor of the numerator and denominator of
a fraction is also a divisor of their sum and their difference.)

1. 1%. 2. Z_g. s 11*25_5. " %3_6.
5. g—f. 6. %- 7. %1’. 8. gg_g.
15. %{‘%’53—'- 16. :—i’ 17. Z_;Zj

18. %g%f 19. i—a'”‘“"Tz 20. 5{‘%
21. éi”c‘i—; 22. -57%1‘- 23. ggf%“,.
. b B o
a7, e, 28. %%,- 29. %":g
30. ’;_gg g1, Lomindts g, 3—%"‘;"3
g3, 842 5y, 120%0Cdmn o 110g5%9°

18a*b*day™ 550¢’fg*



36.

39.

42.

44.

46.
49. 3a’¢

51.

54.

57.

60.

63.

66.

69.

72.

75.

16a*b’c'dse
24a8b%c'd3er
126a%b%c
98ab"d

— 11062%a®

0

444g* Kikla?y

— 202¢* Kk zy*

cd : de.
4a’c®.

4z +y)
2z+y)
5(e (¢ + d)’ d)’
15(c + d)
ody 4 dy’
cey + ey’
d—-1
a—1
z—Y
?—__y"
a’¢ — ac’
ac — d'c
(o + 2y
a -2
(z — )"
T4z
7y

@ + 22y + ¢

FRACTIONS.
121abede 106a’mn’z*
37. 22fghij 8. 1 59men Wy
— 91m’pg's* 41 65272 u®
“119mpig’s* ’ :26«:‘;1;’5’;5‘.
43, = Bloatbeny’
T 468atbcsy
5. = 533a’c’¢' hizw?
t 9N Ry
47, zyz: 22 48. 2z: 82"
50. 12a*d%’ : 4abed.
s2. Y _. 83. 2% .
2 4 ay @ + az
m* — m? n 4a 4 4b
56. " 3mn 56. 5a 4 bb
a‘c 4 o ab 4 ac
5. so. 52
c+1 2 —1
6. 5 62. oy
¢—d Ta — T2
6. ST 6. -
a’c 4+ o a'— ¢
8. o—o 8 o—¢
(z+0) 72—y
70. S 1. —5
(a+2) 2+
2z — 1 3z 41
73. o1 74. 99 =1
2 4 227 a4 be
. T T, T * 7. —. o
76 44z 44 7 azx 4 bex

131




132
78.
81.
84.
86.
89.
91.
93.
95.
07.

99.

102.

104.

106.

108.

EXAMPLES IN ALGEBRA.

& — B_1 b &
o L I e
8“3 + 1 ps + 3p’ 3a‘ + 3a’b’
64aF — 1 8. 59 8 e
o« — 42 . 85 12¢d* — ch.
@ + 4az 4 42° © 8d% —2e
4oy 4+ 24" 87 /3rs 4 9¢' 88 4a’b 4 6a’c
8ey' — 24 T 4 368 T8y 187
mn — mnz 90 6abd + 8cd
20z — 207 " 2Td'b'z — 487d'z
Tab's — Tab'y* 02 104" 4 20zy 4 10y"
14a*bes® — 14dbey’ ’ 52 4 baly
46 — 8ef + 4f* o4, 304308
Ble—f) " 3¢ ¥ 6ed 1 3F
12m’z* 4 2m’s® . 96 B — AR ]
18’z + 308 * Wt 2Rk 4 R
12a2’y'2* — 28aa’ys* 08 10z% + 16zy® — 20a’yz"
392 1 82yt * 302y’ + 250y + 1057y
a—1 1 41
T 100. p=y- 101 Gh
m* — nt &+ d°
P 108 &
«® 4 2° 105 @ 4 20°2 4 2°
a2 : ot — ¢
a(z —y)be 107 ‘79438
3a*(y — z)bo '7-9-2-3
(a—1)(a —2) 100 5.8-3-4
1-a)(2—0a) 24412



110.

112,

114.

116,

118.

120.

122.

124.

126.

128.

130.

132.

134.

FRACTIONS. 133
-2l +2)? ), =3+ 2)
A-2)(z+1) T2 122418
@’z 4 abz 113 -5
a’ 4 3a’b 4 3ab® + b° (a+ b)(a—=0b)
a4 b a—2>b
- 115, -—————F——-
at — bt a4 2430 L b
at -t 17. _Z=7"
T4y 242427
gyt 2 +1
Ty R L
aﬁn + 32 a—l — 2a—lc—l + c—’
o 121. s
a—9¢ 123 x-6x‘+9.
a — Balet 4 9¢ P Y
i1 a® + 2
_ =2 126. 2+ 7.
& _2d 41 S A
_24at 127 ¢ + 83224
at _at )
__pP-g 120, —2=2T
Pt — gt 4 ¢ a —6al + 8
242241 151 a'—2a41
24 342 ‘a'—4a 43
m 4 2m 41 133 ?—241
m* — 3m — 4 ‘2445
@4 2z41 24+2—-6 24+ 5z46
767 3% mitage % Fieyo



134

137.

139.

141.

143.

145.

147.

149.

151.

153.

155.

157.

159.

161.

162

EXAMPLES IN ALGEBRA.

o' +3a+2
a4 6a 45
Bk-20
B4+ k—30
&—-9
d'—6d+9
¢ —1de 51,
¢t —2c—-15
@ —10d 4 25
d* —~12d 4 35
P+ 3p—28

p*— 64

70(.:17___ y)’
a—a—132
Tat 1728
¢ +ed—2d"

é—-d

a*r* — 16a* .
ar’ 4 90z 4 200
2 — o~ 56z
4 2 — 427

@ 4 2

2%z — 20’2 + 202
49ed” 4 112¢'d + 64¢

49d° — 64c'd

92
‘2 —_bz46

138.

140.

142.

144.

146.

148.

150.

152.

154.

156.

158.

160.

163.

¢ —Tc412
¢ — 8¢ 415

5 1an' 4 490"
_Y+y=T2
4zy® — 48zy 4 128«
4’ — 16
2a* — 2a — 12
@ — oz + 142,
o — ax — 22°
27z 4 =
18z — 122* 4 24°

P =8 + 1%
p*—12p 4 36

¢ — 14ac 4 450’
¢ — 2ac — 15a°

642 + 279
162 24y + 9%

a’—16
16 4+ a — 24’



164.

166.

‘168.

170.

172.

174.

176.

178.

179.

181.

183.

185.

187.

-2
——"
12
@ — 13z 4 12
8 1

111z 4 182

d_2t_8
4 8t 1 12

FRACTIONS.

165.

167.

169.

171.

173.

175.

177.

m¥ — 5mind + 6n

md 4 2min} _ 8n

P+z-6
2% +z—15
b 4 116 4 30
11 256 + 6
@’ —3a — 18
5a* + a — 42

2m' 4 3m 41

m —1

& —4d—32
24" — 8d — 64

180.

182.

184.

186.

188.

-2
2 235
@* — Tac 4 6¢

c—a
14a® — 4a°

44" _28a + 49

@ — 10z 4 21
284 8z —2

2t - 2215

S EaTy

af 4 2at — 24

a? —Tat 4 12

q—3¢* +2"

g+97% - 27

oz
c4e—20 )
24 7c — 15
p—Tp+10
20 —p—6

3y’_2y-40.
v —3y—4

r — 3z - 10

62" — 0z — 24

135
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189;
191.
193.
195.
197.
199.
201.
203.
205.
207.

209.

211.
213.

215.

EXAMPLES IN ALGEBRA.

22+ 215
22 + 192 4 35
3¢ —be — 2
3¢ — 8¢ —3

6¢ — 793
2¢+q-6

65" + 285 — 10
127 28+ 8

62" —3z—9

92 4 21z 4 12
62" — 2y — by

62" — 13zy — 154°

2 — 52 Tz — 38
@ —3r 42

.

¢+ 10¢ 421 —18

¢ —c—42

2 —z 12
2?37 —3x—4
¢+ —c—1
¢4 11— 12

@ 4+ 3a* — 4a
Ta* — 180"  6a + b

T—2y+z—2y
T8y +37—¢
¢ — 3¢ 4 de— 2
F—¢_2+2

Y+ 2y—yr—2
2wy — 2y — 222 4 22

190.
192.
104,
196.
198.
200.
202.
204.
206.
208.

210.

212.
214.

216.

22' 4 62— 6
97 — 11z + 6
2d* —4d — 16
24 — 0d — 8
4w’ — 8w 3
4 4 4w —3
20’ + 192 4 35
8a’ 4+ 1ba — 42
12¢* — od — 64”
8¢* — bded + 36d"
4a’ — bac — 6"
8a’ 4 2ac — 3¢
a'+9 20
@’ 4 7a* + 14a + 8
d4+11d4+30
9d® 4 53d* — 9d — 18
o' — ba — 14
@ 4a'—3a—2
Y +8y+12
¥ —3y+2
ac’ — 15ac + b4a
¢ —18¢'4101¢—180

3a’;}-2a—1 .
¢4a—a—-1
n—3n' 4
n' —2m' —4n 4 8
7 — a2’ 4 b'z — ab’
P — bz g ab’




FRACTIONS.
217, = —a'o— f:,_:'::, - 218
ES st e
221. © L;_GI; k,"‘_llla"_{- —26 222,
223. m‘m“ :‘_';'m?’f; ’_”_"; 3. 204
225. _‘y()-'{ + zz++":z;,. 226,
229. “;;*fz: = 1(3; I 21;0. 230.
231. 66;,”_’_"'5{, = gg =2 g3
233. ds.—dj—-_‘id;,—":;gi;ﬁ- 234,
-
237. ;::,:?;’::,14&1132- 238.
239, :: = iz: i gx = i 240.
241. g—g-_"{%gi—::g. 242,

137

2y —_2p_2

"y Y7

P-ri—pd+¢
Pr+pq—p¢—¢
& — d 4 3ed® — 3
T4dd —od —3d*
k4 3K 4 4h 4 12
4+ 4k 4 4h 4 3°
(o’ =8 (a+ )

(@ + B)(a—b)

Pys — o'z + 2P — g2
LY@y -7

¢ +6¢+11g4 6
¢ + bg" — 6g
B — 48 4 95 — 10
B 25 — 364 20
f—cz — e — 22
¢4 'z 4 3ed® 4 24°
2?4+ 77— 6242
2?82 42z 411
@ — 8" +4a -2
@ —d—-2a+2
™ 4+ 2% — 2rs — &
7 — 3r's — 2r@ | 48
20" + d'c + ac' — ¢
3a’ 4 a’c 4 ac® — 26"




138 EXAMPLES IN ALGEBRA.

Reduce the following fractions to integral or mixed quan-
tities :

19 12345 10764
243. g‘ 244. —Tg—' 245. —2"3—'
16591 a'c'z bé — od
2486. 7 247. e P 248. P
049, X t+2 250. @+ 2y 251. 24cy — 8ey
a z cy
959, ©.—de. 953, ZT—H—0 gpy W—T+2
c ¢ z
3 2 2 2
o55. * b+ b 256, PL +P1—PY
a pq
2
957, o+ a —d'e 958, T =80 +ed
ac d
. .
a59. = 260, 2Y + b —2
ce )
—k41 6zy — 2¢
261. —kg—— 262. —ay
2, 3
263. l_§m nz — 12m2* — 5m 264. :thE
6mz ¥
2 it ) t]
265. L — 2. 266. L tP2 P
a P
2, 3 2
og7. 07+ Taz + a7 g6, I+ 6Kk + 84K
az 207
20cst — 3ct — 2t ar® —az' 4y
269. T Rm 270. "
2 3
271. 162" — 4w 4+ 7 272, lmn — lmn’ 4 lmn

bx - Imn



273.

274.

276.

278.

280.

282.

284.

286.

288.

290.

292.

294,

295.

298.

FRACTIONS.
9a’ed — 18a’c’d + 12acd’

3acd
10a’ — 5a 4 2.
ba
26m® — 3n 4 2p
5m
3¢* — 9ed + w — B¢

3e

42° 4 24z 4 2
4z

328 —br — 4

4e

az’ — 2azy — a'7

i

l+2+2+2
2

=+9)
x
— 7a* — 3a'z 4 22
—_2

dz—y)=b+y)
ab

(z-1)—-(y-1)

(z-1@H-1),

&.Ll“
5|8

296.

299.

276.

277.

279.

281.

' 283.

285.

287.

289.

291.

293.

139

Sed+eof +o
¢
828 — 16z 4 7y’z’.
8z
A + B.
5
9' + 189 — 4
3¢
) + 92 4 22
zyz
B4 445
2.3-4.5
A _ B
'Az_-s’[?p—s °
(z—9)°
Y
a(l —2) —b(1 4 2)
ab
(a—a)+(p—-9).
(a—e)(p—9

297.

300.

IR ARIRS



140 EXAMPLES IN ALGEBRA.

301. 1%* 302. Z—:: 303. -go
304. :—: 3065. ;—:;; 306. %
307. gz_::’ 308. ::—::. 309. %_’
st0, 4

Note carefully examples 311-323, and be able to solve such
examples mentally.

8
|
[y
8
+
-3

311, 2+ 1L 312.

— P 3. 2%
z+7, z -1 z—1T
su. 22 315. T3 s16. 222
243 243 23
S s18. 2 9. T
320, 2= 3. 321, 22+5, 322, 2+5
z -7 z 42 z—2
2z -5
323. =0
; |
324, ®+27 325, 2 +1 326, 2 =1
a4z z 41 a4
2
ag7. 20b+26 328, BY— 9,
a+b z—1
2
399, & —®—2% 330. ctedte
a—c o4+d
: ] : ] 2
331, ™+, 332, T+ @+ Z

m4n a4z



FRACTIONS. 141

333, P4—r¢ saq, 2=V
T p—1g z+y
mz 4 ny + 2nz 4r'y -5
335. —man s 3386. 29y — 2
337 o+ b+ a4 2ab 4 b 338 e + 2¢f + f*
) a+b ’ T e—f
2 43z 42 2¢* — 6a — 1
339. ——m—' 340- @ — 3 .
5¢ — bd® 4 2 12a* + 19¢* — 7a
341- —T'd——-' 342. 4a’ + 1
8’41 ¢—3¢-5
343. % + 3 344. -1
g45, L3 —4 346, 2%
) a4z P10
m* — nt 36c" — 36d"
347. o 348. - 9 _ 9d
349 7 +122 4+ 18 350 18 + 127 4 2*
’ z4 3 R

_(NoTE: Compare carefully examples 349 and 350 and then their an-
swers. Isthe difference in their answers real or only apparent? Substi-
tute 6 as the value of z in the answers and then compare results.)

182 — 32* 4 36 2 4 ar — 3a's — 3a*
351. 3 —4z4 5 362. z — 2a
3 2 4 4
353, L =20 35, ¥+ 3565, 2+ Y.
@ —a41 a4ec z—y
@ _ B 124 14 6a
86 vy s O Tre 38 T g
age, 1+ 360, L=

1 -6 14+a?



142 EXAMPLES IN ALGEBRA.

Reduce the following mixed expressions to fractions :
361. 5%. 362. 154%. 363. 8 4 2 364. 7 — %

94 3a 42
365. = — 8. 366. a4 - 367. 20 "7
368. 5c — 2_";3 1369, z 42y + ?i;i”.
370. 2m 4 4n — ?ﬂgﬁ'”- 371. 5L‘-412—” + 6a 4 32.
372. 20 4 3z — 9"—"3:—9x. 373. 4z — 3—3—1
376. a4 b-2=3% 1 375 0y 2.

4 d
7, z, a—c

316. myngl ST h_k_Z. s18 T741

3¢ — 29 380, 1 + == L3

379. 2 — o=r=-
P+ q »
L 49— h
381. 5kl — 382. 1438 20 -2
t—=x b4 1
383. 47'8—71;,’3’“ 384. b+1+—b-_.
a—-b5 c—-1
385. 2+3a_—‘-ﬁ—- 386. ¢c—1 4 p
a—1 z 4+ 2
387. a—1_ 2=~ 388. o —44°}=
2
age. 8p _ L+2V 390. 3y _ 0 =3,
391. 1_‘”;*_‘,-'/""_"" 392. c_"_':i:ﬁ’.



FRACTIONS. 143

3
393, m— ’”_(Pfi). 394. %‘;—y— + (z—y).
2
395. bpq + i‘%‘—‘f. 396. (v —1)"— ﬁ?:xﬂ.
3
307, 22— 3y + 45 4 20t 9?%— 12zy2
398 L 399 1
. C + Ec . x + a + @&
.
400. 42 4y 401. of —at — 1
y 2
4
402. 324 1_52—“’
x 4 e
403- 1 —_— z—-i'_'—y‘ 404. c—_ d —_— 1. 405. 1 +j.__h'
406. 3 4 2. s01. ™
S | “myaT™
408- a—z-*-d’i—z' 409. b+d_b‘.i_’_d
2
410. 2z — 7 — ‘-1-;;—:_%)- 411. p4q _P;___‘I:E—_?.
2
412. a—=z @ +2 413. z+y_x’+‘1£-
[y i T4y
r+q 3m® — 8n*
414. p 4+ q— 7 _—q— . 415. 3m — 2n — —3;n—_+_2?'
8a* 4 70° 2y — 22
416. —gm — 2a — 3bq 417. >$-i7 -_— W -I- 2.



1414 EXAMPLES IN ALGEBRA.

418. z+5'-2::;5- 419. ¢ —cd + & + i‘.rd
420. ’;::’ 421. m+p—.m’;:z;'p.
422, q+2+q'Lf;;‘- 423. 6_2“:",—_—22’3.
a2 T ). . 30_9_3:';?0-
426. 5k_2t_35",: 8 am z2fy_(z._y).
428. a’+a+1+m.

429, b'_2bc+4c'_bic'20.

430, z_a+y+%i

431, A_n%—a,» 432, Ma—ﬁz.

433. B_ b_%_l.

434, 2z 4 22y — 37z — y%;yfixy’%z'

435. 2m* — 4—";(7%‘122 + 3m.

436, 2e+4st_8re+122’i-__28;ﬁ

9a'z?
437, o'y Bar + 2+ .,‘fTH'
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r+q¢ (¢-1)*
438. p— LTI Lo 430 XL _ (d—cq1).
P— pitgt? dqoql —(C—ot+1)

26m* — 81¢°
440. 2m 4 57f. + 9 + Im —Bn 1 9q
RepuCTION TO A GIVEN DENOMINATOR.

(NOTE: In examples 441-475 the hyphen is to be read as follows; *‘is
to be reduced to a fraction whose denominator shall be.”)

441, § -12. 42, § -32. 443. 25 -7.
444, § -27. 445. 9 -13. 446, %’ -82.
447, o -3. 48. ¢ -h. 449, L‘c' -z
ar
450. 5° -aby. 451 7 -bm 452. 4y -9.
453. 39 _4pop 454, ° oy by
2e )
455. ‘c-‘ -¢ 4 od 456. 2 _y 4z -a'7
457, ¥ _gd -pi 458 22 g_ a2
a4z
459. ¢4y -c+49. 460. 2 — ¢y -z —y.
46l. @'+ 0 -a 4 b 462. dd’¢' -z —y.
463. m'—n -n'—m. 464, 2F° g4
a + 2¢
a1 . z
465. ~T2 a1 466 — -y o
k 5
487. —_ -4 —¢'. 488, P2
e+ 2z c—2z

10



146 EXAMPLES IN ALGEBRA.

1 ‘ z—2
469. z_2 -t — Tz + 10- 470. x——.—s 'x’— 72:-}- 12.
3z + 2
471. Q—;—-_5 -63’—19x+ 10.
2
479, T+ 2+ 7 a4 2
a4z
1 2 t]
473. a_b?c 'a—2ab+b—c’.
e e +
474. E’_—m:.'.—z’ -C +0’x’+x.
m—n—p 2 ot 2
475. mynip m* 4 2mp — p* 4 n'.

Reduce to equivalent fractions having the lowest common
denominator the following :

476. 3, 3. 477, 8, % AT8. &, 5 5.
479 3,3, f5 480 A Ay 7. 48L 5, %", Ta.
482. g g g. 483, %“ %9 575 484. z, 3, %, 5.
185. , g, %g 486. 2%”’,; 487 ; g, z

488. Q”;—t g, S 489, % %% 490. 2% 3lylz
491. % g—:3f’ 492, :3—x, %y,%”

493. :2-_@; ”’2-3&-&4-5' 494. g % Z‘l"



495.
498.
501;
503. -
505.
506.
507.
509.
511.
513.

515.

516.
518.

520.

FRACTIONS. 147

a b ¢ A* B C* 2 38 4
;'/, ‘;’T’, 1—7;" 496. T, T, ?‘ 497. (—L_’B’ b—y, Ei'
S =r z oy 2 & oy zy
5 —g gh 499. ab’ ac be 500. ay’ az” a
2 y 2 2ab 3 =z 1,
%ab 3¢ ibo 502. 3a’ ¥ @' B
3z 66 3y m 504_2__3_4__§6
2y 2’ 7 ¥ " ab’ 2b¢ 3cd’ 4de’ 5ef
db ad 9 @
der’y by’ 7 adty

om  —3 om  dz
emdy’ — 5 acy’ alr'm’
3r -7 4x-—-9 a—3 -2 a-1
—6 18 508. —g— T 1
a4z ba—1 ~ 2 e¢41

3’ a 510. e m T4
a—b a—cb—c 512 4a — 5¢ 3a — 2¢
ab ’ ac’ be ‘' bae ' 12d%¢
a+2,a_3’z'+4. 514.a—1’b—2’c—3.

z 4 z a b [
z—y 4 2ty

8y’ 3zy’ dax
azl-2 2¢ , ¢c4d

g ™ 1. .3 03
22 3y 4z 3 3
W’ 1T_d a 519. 142’1 —2

2 e—: s21. 2
ct2 ez m’ m4 n
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522,

524.

526.

528.

530.

531.

533.

535.

5317.

538.

539.

540.

541.

542.

EXAMPLES IN ALGEBRA.

lae -2 a—b ax b
¥2a—z 623. "a—b'¢c
2a p4q 1 1 1
32 p—g e el e g
a4z a—z 2 3 4
a_m’l’a+a: 521. a—1'a4+1’a -1
a ’ b ’ ° . 590 3 ’ 4¢w’ 5
242" 22" 224 n—38n—-934n
m n J
241 2042 424+ 4

3a 4e 532 24' mn
6c + 2¢ 9¢ — 1 " 8(z+y) 6(F —9)
1 2 c 1 1
pp e e by US g
z 2241 1 536 2 wy ¥y
12 #2-1"2"—=z ‘d Pty -

z y z

1— 2a(1 — a) 3a*
8n42 2n—1 3n 42
n—2"3n—6 bn—-10
2 3 2-3
@ 20 —1 42" —1
a b ¢ .
b(a —b) (a—0b)? (a —b)°
a b —c d
?_aa—2"z2—-d 240
1 1 .
(a—=0)(b—¢c) (a—=b)(a—c¢)
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1 1
ab(a — b)(a —¢)’ ac(a —e)(b — c)-

m? n? m—n

@ —2¥ @ 4 a¥ o — 2t
2z 4

545. . ——, 5
-y 2+y

a e l14+a
b(e—d) a(d—c) ab
ac—z a—cx 1
ac + a? ¢z + 2’ o'2

1 1 ) '

m? 4 Tm 4 10’ m* 4 m — 20

e d ]
é—_1c 42 —3

z—2 r4+2
2 4+2—-6 22 4+b6z46

3 4 a .
20 -2 a"—-2a4+11—a

1 3ac c—a
a—cc—a"4ecata

a4 b m—n
583. am — an — bn 4 bn’ @* — 2ab 4 B
3 z z

22— 82 & Tz 12 28 _ 27

z42 z438 z 44
2 _z-12"22_6248 2 +2—86

543.

544,

546.

5417.

548.

549.

550.

651.

562.

554.

555.
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EXAMPLES IN ALGEBRA.

ADDITION AND SUBTRACTION OF FRACTIONS.

Simplify the following expressions : ' |

556.
558.

560.

562.

564.

566.

567.

569.

570.

571.

573.

574.

P+3+¢ 557. $+4+%

S+ TH +5+38 559 4 43— 2%
_g+%_;+l. 561. ;.g.g.g.;
RS

¢, 8, 8 a o a

stitiptigtety.

# + g—;—b. What results from adding half the
sum of two quantities to half their difference ?

z bz 4z

Tteti

z2+Yy -9y 49

3 t—¢ t12

2b4¢ 3b—c 8a 44c  4a—2¢
_t_i—+ d 572. z + z
a4bd a—b ‘

T d a-a

3az bax 8az Taz

omn * 2mn ¥ 2mn t 2mn”



576.

5717.

579.

581.

583. —

585.

587.

589.

591.

594.

597.

599.

601.

603.

FRACTIONS. 151

a
5+:?/ 576. 5z+b+4x+b
1 1 1 1 1 1
x+2z+3z 578. :tTats
z —z a b ¢

ba 4 24 =2 580. >~ 2, °.

+y D) a:y+:cz+yz
1 1 1 R m »p
atsts 082 THaty

z a—b b—-a k-1 l—m m—k
st 8 Ty Bttt
e . 9. l+z 1-2
ax+ay+xy 586. — y

a b ¢ 4 b 6
vetsata 8. gt mt
y,2 =z : a—b b_—c¢c c—a
z1+xa+y1 590. ab + be + ca'
1_1 se2. 30 _ 3% go3 o_0
z oy 4 8 z Yy
E_q 595. 36 209 6. o_0_ 34
z e e 2
a ¢ acz’ a’c'zs
z—(-a) 598. ToF — ama
m—n n—m a4z a-—z

2 T 2 600. 2 ~ 2
br —2y 3z — by 6a — 5b 4a — 3b
g — g 602. 3 - 5
-y 24y

z-z 2



162 EXAMPLES IN ALGEBRA.

804, _5&_ (o_a: +3c+2z).

z z z

gos. P=51  —pP+29 p-—4

P P rq
606. 6zy-2.m_ (3zy—5xz_7zz—2zy)’
w w w
a—b a e b—e
() gt

609. 4z + g - (3a: - };)

y—o_ (z—y .\
610. z ¥ _( > _)

a—2
61l — - —1———

7a —10 8a -7 27a-30.

5 6 30
613, 29+ 2T (,,_M).

612.

21

1 1 1 1
814, o — o — 45— 615 fhat He—jo—1a.

616. fo 4z — fho — 42 617 225 °_32E"

3
m — 2n n—2m
618. 5 6 -3 i
3a—2 22¢—9a 4e4 2a
619. 8 — 15 T 5

e20. P +20 20 —2¢ 2p+3g
P P9 q




621.

622.

623.
626.
628.
630.
832,
634,
636.
638.
640.
’642.
643.

644,

FRACTIONS. . 153

2 1 243 1 3a—2
32" 2% 64 T22T 6ab
3(2a +1) 2(3a% +2) 3(5z—2¢)

2da°¢ ba’z be'z
1 _ 1. gy %% . g5 1 _1,
z—y x4y z z41 c—1

1 1 . a b
I—a¢ " 1_a 627. 2a —2b 2(a-b)
a—z 1 629, 2 +°_a-—¢
(a+2) a4= a—¢ a4c

° __b. 631, 1 2+%
m—n_ p+4gq z4a

z  1-2 ga3, PAPI+E P4
-1 &2 r—-¢ p+g
¢ c42 ) 1 1
2 o 835 7=y
@8 (448 gan 142 1-2
a—b" a4b 12" 1422

z Y 630 2a 4 3¢ 2a;3c.
22 — 2y~ 29— 2z ‘' 2a—3¢” 8¢—2a
z4+a 2424 641 a—4 a—-T
z—2a 2 —4d "a—2"a-5

1 (2 — z)*
242" 8 +42°
P+pi+9¢ P —pi+¢

r+1q P—9q

@ 4 2 @ —
@ —az 42 a4ax4 2
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845.
647.
648.
649.
850.
851.
852.
853.
854.
855.
656.
857.
858.

659.

EXAMPLES IN ALGEBRA.

m? 4 3n® + dmn z
m’+n’+21iih__2' 646. z—:l_l—
1 e d
crd - dyd T a
2 z z !
Z_1tzyi " 1-3%
1 2 3—a

2_a_2+a+4_d

a’

a a
a’—l_a+1+a—1
342k 3k—-2 16k—F
st trreta_w
z—a x—0b (a — b)*
z—bTz_a (—a)(z—b)

8  41_bz) T
T390 47_1 “2_1
did o ¢

ac ~ac+ ¢ a tac
m(16 —m) 2m 438 2—3m

m' — 4 +2—m_m+2

a—-1 a—3 a41
e—_2ta_4 ayx2

z 4 10 1 3
8_27 zy27%_4
5 3k 4—13k

Tyor 12k~ 1—4F

a+b a—0> 40
a—2b —a+b+a’—b’

1
z(z—1)



660.

661.

662.

663.

664.

665.

666.

667.

668.

669.

670.

671.

872.

FRACTIONS. 155

247 _ 8420 25
z4+b5 34156 9
83—a 3+4a 1—16a
1-3" 1+3 9" -1
£ -2z 43 4z
21 z41 1—2=
q+2 q-—-2 16
—2 q+2 ¢ -4
1 1 3

z4+1 242 (z+1)(z+2)
1 1
G+DE+D " G DE+DED
TE+DE+3)
1 1 2
G-GE-3) T G-DE-2 T e-DHE-2
be adb ac
C—n@-ntTE-oc-—atT@-bG-0
1 2 1
C-3)E-H E-DE—8 T @E=2)(-3)
a? b ¢
@Bt FT-at-—w T -ay—-5
@ —b a4 b abt1
@—0@-DTE-a¢+ D~ G=—D(+D)
a? b ¢
@@ T FT-—HE-—DO T @@=t
@ —y ¥ + 22 2+ 2y

G-e-—DTG-G+TG—2C+9



156

673.
674.
875.
67e.
877.
678.
679.
680.
681.
682.
683.
884.
685.

686.

EXAMPLES IN ALGEBRA.

@+ ac 4 ¢ a4 ab4 b b+ by ¢
G@=b)(b—c)  (@a—c)(c—b)  (@a—e)(b—a)
a—2 a—38 1 )

a—8 a—2ta _bat6

a+5 a—8 a—a—20
a+3—a-—5+a’—2a—15
z4+1 =z—-3 18 .
z—-2 z44 224228

z—-b o 4 47 z4 4
z+4-a,’+:c—l2+ z—38

1 1 .
442127 2 — 3z — b4
3 2
@4+ Ta4+127 a' 4+ 22— 8
z z
P Tz 18" 172410
m m )
o’ —6ac 4 9¢ ~ a® + dac — 21¢
c41 42
c’+3c+2+c’+5c+6
1 2 3
F_ Ty 12t 7 4z 43 F_bz4t4
m—1 m4 2 m— 3 .
m—Tm 10" m' —9m 4 14~ m' — 12m 4 385
a+2 = 2(a—-1) a—3

a’+4a+3_a’+a_6+a’_a_2

4_e e 3e 4+ 2
#_Te410 @ _8e4 16T @ —bey 16




FRACTIONS. 157

2 3e 2a — 3c
a+c+(a+0“'¢—2m—3d

687.

688. + o
a o 24
689. Tt Frmi? @2
2 n—3 14
n4+2 n'—2n44 48
2 z—3 2
s+4d ¥ _4do4 16T 7164
2rs 8 g .
Pretrys P_rnyd

—_n

690.

691.

692.
p 7 2p'q
693. -
P+e P -m+e P+C
1 z @’_4.
syl Z_zy1t2yi
d d¢ 4+ d
c—dt Ty T
1 c—1 2¢" —c 412
c— 8t Fyy9 " P27
o 4 2z 4 28 z46 3

89T —g o —rrowsiti_Z

694.

695.

696.

1 1 1
(=148 1—-¢ e¢—1

1 1 a a
8_8a 848 td14d 2424

2z 1 1 .
oyl P_sxitFZrasl

698.

699.

700.
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701.

702.

703.

704.

705.
708.
711.

714.

7117.

720.

723.
726.

728.

731.

734.

EXAMPLES IN ALGEBRA.

b4 1 b—1 2
Frb+l T _b41t 5541
P+q 2

p+29+4 P'+29+2+2¢+¢
a+3  a'-b 2a* —a(l — ba) —1
20174 —4a 41 8°_ 124" 46a—1
a—(b—c) b —(a—c) ¢ — (a—b)"
(a+c)’_b’+(a+b)’_é’+(b+c)’—a’

MuLTIPLICATION OF FRACTIONS.

& X 5. 706. 3 x 4. 707. § x 21.
5 % 15. 709. -(3:7) x 2. 710. (11:15)x5.
3x & 712. $x$. 3. $ X %5

8 1 1 4cen
7 X 2'—1’ 715. a X ;" 716. T5— X 5.
4 6 2r z _p
hk  a az : . 1
2 ¥ 721. = X = 722. p% xr—n}o-
3 ¥ 23 9
(‘;s X ’J . 724. 2rs X _1" 725. ?cx 40d.
(2:3) x (7:9). 727. (m:n) X (p: Q-
ay’ 3m ¢ bed  ady
6_10 X 3. 729. ?’G X g' 730. Ey X W.
amz _ bey 2uv . 3a* 52
Tny X ads 1O g X M T8 950 X g

2ab  em 2a\? 2a\*



731.

739.

741.

743.

745.

7417.

749.

751.

753.

755.

7517.

758. —

769.

760.

FRACTIONS.
bax
( = ) 738.
2a* 1lle2?
11z ¥ o 0.
2az ba’
~ 3y X - Thyt 742.
5e 2a .
8?’. ac—_“ 744.
8a'b® 15:cy’
1527y X 312 746
z 4z 10z
a b ¢
b X 3 X o 750.
20, 86 _ 4o 752.
z e d
37y  by's 12z’
23d’¢ 172y
-5——1 o X gt X— o2 756,
18abex 21c‘abm 25a°c*z*
35¢mn X 2a'dz X 30a%cr
12m’c*z 15y’ 7y
Ty X wie? X 44a's
24c'm™n _ 121a’mz  by’z’
13222y X “Bbm'y X 12mm
262 11w’z  24c'uz
~ 132micq X Bory X I8y

159

2 a’ blcl 2
(9

ez

20.
~ 3y
X 3a.

2mzx
3a*0*
8z'y
T5abt X
92*y'z

10a*b%e X ~
22 3ab
@ c

ba
i2 XPX 7

.2£ .

3ab’
2008
182y
3ac .
X%

20 45
35X 35 X
YA
&g
210‘1_»3
—1'?}5’3,’

¢
6a
5p q 24a'y"
90kl

18y‘c’

10y X O
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761.

763.

765.

767.

768.

770.

772.

774.

776.

778.

780.

782.

783.

785.

EXAMPLES IN ALGEBRA.

2 (3c+4
5\ 6

4 (6 + 3¢\
9 8

o (6= 3)2 —a).

71—

a m—n’.
m4n ay
pP—4 3

6 2—p

781, -—

% (6a — 10). 762.
?<3"‘+18) 764,
3
8z
Sz 2)*. 766.
g1 aXE+2)
L (2 —5)(1 - 2).
a4ec cz
o XF_o 769-
3¢ 4 3d 2
z xc+d.
aztay b
e Xa 778.
z a
[a_a]xa_”- 775.
1
¢+ x F 771
<"+-")'- 779.
z—Y
z(a—z) a(a+z)
Gtz X@—a)y
m* — n m—n
m' — 2mn 4 n' " m* 4 mn
CH@HT G gy,
d—ar42 a4z
4y (z—y)
Ty Xy T8

3z 4 3y ab

be e 4+ Uy

A

[+
(z+9)°_ 3

3a z-y
(640" _ (5+3)
(z+2)* " (at0)
a—b0 r4s
Pre Xb—a



7817.

789.

791.

792.

793.

795.

796.

7917.

798.

799.

800.

802.

803.

804.

FRACTIONS. 161

2a;—y 6z — 2y 788 4a — 2 2a_b.

4z y’ 22y " B " 2ab X 6a
k[ +1]- (et 1.

[—w X y+w 0. 2% Xaxbd

a—b a4 d o
o X7 Xaw

1-22 1_¢ z

T1y Xa?x[lh—_z]'

¢ a -8 d z41

aX xa———+b- 94, [z 712

¥ — 7y + 10] x y+2§

o)l -2)

LiwﬂgiA[’:fl

a4z a_ a4z
a+ax+z” “#Xa_z

B ks+s’ =,
B — 3k(lc—a)a—s’ P4 d

32 309:—60. 801 3 _= 10
z—10X "4z T 5 X9p_dx
o4 4r 42 — 122
? 82X 37 1%

(-2)(- =3)(-%5)
FTRX T

.1



162 EXAMPLES IN ALGEBRA.

m'4+3m+2 m—Tm4 12
'm’—-5m+6x m' 4+ m
£ —4zx L4 Tz a — b a4 ab
Py X4 O G Xae—aby
24443 2472410
z’+4z+4xz’+8z+l5
n4+3n4+2 4 Tn412
809 S On 1 20X wybs46
a’+6a+6 o —20a—3
a—1 a@ -9

805.

806.

808.

810.

pP—6p"+36p p'—p—42
Bll. 5 45 X pii 016
@238 2?9

(z+3)° XF_z_12
a'— 2ac — 3¢ @47

(at¢) @ _daci3d
a'—444+3 a'—9a+20 o —Ta
a’-—5a+4xa’—10a+2lxa’—5a

P_To4 6 Fxl0sy24 o_ 82
815, s X2l 14y 48 X 7 7 6

‘816 a—2 o' - b . ar \
"ax b Xmy2 X\ ta e
c

817, lejr?: <11__7>><1+1“f_b)
[1+3]] '

812.

813.

814.

818.

819, (a+ 3"')



. 820.
821.
822.
823.
824.
825.

828.
831.

833.

835.

- 838.

841.

844.

846.

848,

FRACTIONS. 163

_p-1 4p 4+ 3. 2\
g5 X oy s X (X 52
2(:v_2a)’ 2+ 8a z* +5a:’a + 4a*
2(@ + 40" X 3a(@ — 40*) ¥ 7 — dad® 1 107
@t 4 92 — 362 z_4z’+3 a's’ 4 2a*
7a* — 10za" 4 9 X 2 — 72 — &+ 2

P42y 4y -2 z—y42
22ty +y 2" s4+y42
_16y’—92 + 24yz 7' — 16y" — 92" — 24yz
F 164" — 92  8ay X ¥ 1 164" — 97 — Bay

DivisioN oF FRACTIONS.

b+ 4. 826. % = 4. 827. $ + %
4+ 5} 820. 23 . 11.  830. 3} : 2}.
5+ (2:3). 832, (5:7) = 3.
(5:6) + (4:3) 834, 1+%.
b5z 2¢ 1 2m  3b
v+ 2. 836. 33 % 37 837. nw T be
a 2a 6p q . 16rst
3+ 9 839. + 3pg. 840, —— 3rs.
3m’z cx 85bed
-4"“;5 - 33:. 842- aby - d_'r-n' 843. 27y -+ 9
142 Tz ‘ ba'dy  1bdcy’
oy Ty 845. oowcz + Taw

2
323%‘2‘? L 12100y, 84T, 22902 . iben,

“16c%dz
33m’npg*
~ 1257%u

+ 121m’npq.
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849.
850.
851.

8562. — 1

8563.
856.
857.
859.
861.
863.
865.
867.
869.

870.

EXAMPLES IN ALGEBRA.

183c*ds’y ~

21¢c*daa®
32abex’y X
225r%sdz

Tabey ©

61lam? d:c
’c’dy
a’edz’

5lepq ~
12a°z .
ba*y* ™
92 — 3z
5

@ —

y’
15ab
a—=z
15a® — 152*
— =y

3 3

a —n

a4n

g'—29h+h

g+h
da(a’ —2")

. (151«'3'

am*
'z X

11a’e X

2 i’o

5
zy -y

2

. IOa,c.
T2

+b(a42).

~a—"n.

g! — h!v

— ar

3b(c — ) ©
74y

bc+ bz

zt — oyt

L —

3(#—~1)

y ~ (z—y)

166
22¢*z .
Bedk

AL
T2a* T

Bac'ds’

864,
856.
8be.
860.
862, _ *_
864 [1 4'._17;] + [1 _ i]

868.

r—-1

2atb) "
a b (b
¢ Xa™

¢

z41
2a

X’f).
¥

Xa+b '

5m®

— 2bd"

ab 4 bz |
—
25 b

Py iy

ot — ¢

z41 241
21712
2y Pomiy
R A



871.

f

872.

873.

874.

875.

87e.

8717.

878.

879.

880.

881.

882.

883.

884.

FRACTIONS. 165

LA A

[z_z+y] ' [Hx—y]

(z+3)(z+5)  (-1)(z+3)

@-1)(=-4) " (z-H(z+5) ‘
at — Kk . a4 ak ‘

& — 2k 4+ a—k

z —yt w’+z.'/

(z—9)" z—y

a b . a b 1
axdbtas|™ a—b a+b

(o))

-9 Z4z-6
16" 2 —8r—4
©?4+z2—-6  F48415
2411z 430 z’+4z—12
+3p+9 p—27

— 3 97 427

:v‘ 8 P4 2044
L4 Tz4107 TPy %
o'+ dac + 46 ac 4 2¢

a—c T a—ac
Y-y.9-2+1
Y1 ¥ vty
P’ —bpg — 14¢ p' — 8pg — 28¢’
P+ 5pg — 24¢ 7 p* — 8pq + 16¢°

¢ —19¢ ¢ — 5e
(5‘ ¢ 4e’) (3“c_2e>'




166 EXAMPLES IN ALGEBRA.

a' —2be -0 —¢ a—b—oc
@ -4 2c—b"a—ct+b
1—-a 2-1 1_2
142~ a xa+a’

885.

88e.

42 -8 241 n'44n43
88T o 3X W 1t w_dny3

ComMpPLEX FRACTIONS.

Simplify the following:

1 z

888. 3 889. 3 890.
2} 144

891. :I-g 892. 3?§- 893.

3

2 a

894. — 896. - 896.
z 7
b
a a
c b

8917. -2.—3_ 898. é- 899.

¢

a P

900. —. go1. I 902.
ez h
a %
10 24a

903. 1z 904. 3% 905.

81 09] 0ol M i b0

.aelna

al®l&%ia "‘lﬂlo‘



906.

908.

911, ——

914.

917.

920.

923.

E

]
-+
[+

a—¢

<

8

s
+
w il

1\ Y
e
i~

®
+
[y

[u—ry
|
],

[y
+
°|i—l.

FRACTIONS.
909. 1
a — —
n 4 =
912. d
)
a4l
915. :
F A + Z
a+tb
918. d .
=y
[
921. ih.
14 %
1
14 a
924. .
14+a

907. ——==

910.

913.

916.

919.

922.

925.

167



168

926.

929,

932.

935.

937.

939.

941.

EXAMPLES IN ALGEBRA.

8
+
[y

|
|

8
|
[

8
|
-

8
+
-

<

927.

930.

933.

m—n
P+9. 028, ¥ —°C.
P—9 ote
m+4n a—c
m
. em mw
4k ’ 1__m
m 4 n
a—-z
z 4 fw a4tz
oy v 934, T,
@ 47
P
938, ——
h+k+Z
r—2¢
938 z—y .
P rrm4e
z—y
2 —y
24y
940, ——m8—
2t+zy+y
@ —zy+y
m 4 n 20
942. ;"2

m—n— —
m



FRACTIONS. 169

aplp—2 a_1_-2L
943, — 28 944, —“31i-43-
2=2+77% °-2-373
6 : 6
o5, 43 ot M3
. c—4 —12— . m—4 ——6—
BT —ttais
po 2D %34
047, — =9, 948.
2 3 82_ ?L__l
+°—._% p
16
2?45 17
2
oa9, 2 —n—86 950. z
4 3
T H”
1_,_1 1_+1 r_s
951. &2 952, = " 953, =T
11 m,n r—s
a =z ~t
954. T 055. L —. 956. %
e a 9 P e~ 2
1 1 k p
mi T 8 7= =
957. 2 T, 958, £ 4.
n_m h . p
m_ n Ia+q
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959.

961.

963.

965.

967.

969.

971.

973.

EXAMPLES IN ALGEBRA.

2} —$(c+2)

T+ 4(c—3)

6

960.

962.

964.

966.

968.

970.

972.

974.

a+te c

c a4c

I
],

SRR
N
8w Fle

sl®
|
5}

+ |

¥y -1

K]yl =
+ &l o
&~

')
8

|

)

N ol sle +

ol&.

iy
8

81N

&l %
+

LW
|
)

+



975.

9717.

979.

981.

984.

986.

988.

990.

171

FRACTIONS.
r_r—3 otk _c—k
&8 r4s c—k etk
8 r—8 978. 4ck
rtrie TP
a—v a4 1422 122
a4v " a—v 078 1—22 " 1422
a—v a4 T 122 142z
at+v a—v 1+2z+1—2z
2¢(a — ¢) a4z ad42
a—c— e T
a4c 980. 2—72 o — 2
a4 ¢ 1 Cood a(a® 4 2*)
ac ¢ at+z- (a42)
1 2 3
14— 982. 14 ——- 983. 24 ——
HES T3 T3
2— 2 985. 3 — 1
3—#% 9, 2
+53
QI 987.1+;2-
1+E 1+c—2
1-— 1 989. 1
143 141
t9_3 t1
14—
”yz 991 3 24
y_z.{-z 5+ 6



EXAMPLES IN ALGEBRA.

992. 1 — 1
2
9__“° _
12
-3
994. 2a — 2a
3a
z 4 3a
996. 2¢ — 4cc
3_0 2d
998. 3 — 18
4 _
9_8%
z
1000. l—i
2—-1 i
140
1002. "‘“2m
m—2--m m— 1
“m—2
1004. 822
' 3z — 2y — 32
1 3(z—1y)

993. 24— 1




FRACTIONS. 173

X

1

1005. 3 — —— L . 1006. z—1
o1 1+ z
‘1-2—"** "'—_‘;_1'
12—~
x

.1

. z n + __n

BT

1007. (a*—#) ———- 1008. — -

a+—g n l-a

14 - -

z 1 1

1+ =

MisceLLANEOUS ExAMPLES IN FrAcTIONS, UNGRADED.
Simplify the following:
1 1 1 1
z—1 z41tz_2 z+2
- _a'-16 .
@ — 4d° } 8a* — 16a + 16
a‘b‘ a:'y
T @b
1_2c 1—2 46— 2
1-¢ 14242547
1 1 2m 2m
1013. — —_— .
P—a pretF—¢ P +¢
3 3
1014, (z+ .’/_+_z) - (_"c_: y—2)
’ 32(y' + 2y + )

1009.

1010.

1011.

1012.
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1015.
z

1016.

1017.
1018.
1019.

1020.

‘ 1021.
1022.
1023.
1024.
1025.
1028.
1027.

1028.

EXAMPLES IN ALGEBRA.

b

(a—byey—(a—b—e)

atz [z—a (a42 daz \]

a—z |lzya \d_Z2tayz

@@=+ (c— )+ (c—a)
(c—a)@—c)(c—o)

1 1 3m* 3m*

m_1 myitwyi w1

20aib- 93y

27zy’ 40a’b

m' — 6mn 4 90’ (m'— 90’ m' — mn — 6n’ .

m' — dmn 4 4n° T \m' — 40 " m* 4 mn — 6n?

3a’y

+ Bablzh

5biad i

o' — 207 4+ 2* (d—2 (a4 2) —2az)
@ 4 2a° 4 2 T ax az

be(b — ¢) 4 ca(c — a) + ab(a — b)
(b—e)(e—a)(a—b)
cd cd S+ d
<l‘e__od+7r‘>(1 e+2od+d')><e &
g @ E ) | (@ =) =)
b b*(c* — o) LICESE D)

2 2 2 (a—b0)'+(b—e)'+(c—a)
E#K#:a(@demm‘
_0x(2'— 4az 4 4a’)  8(a'48a’7’— 4af)  2'_2d
8(z'+ 17 + 120) X~ a}(a* —4da?) x’a +3a




FRACTIONS. 175

1029. a___b+b—c+c—a (a=08)(b—c)(c—a)

a+b btreteta (a+b)(bte)cta)

a®—2* 1 (P taz42
1030. (i’—2az+x’ Xa_ :v) 7( oz X _aw+z’])-
108, T =2 V(=2 7—(= -_1’_)_'.

Gtor—y T Gy — e G+ =
2a z 1
1082 fo - =)+ <§+2_z_1).
24 |
24640  22°416z'a4 324" 2'—42’a416a°

1033. F g X “exaribdet T S (@)
3z + z—1
104, 3 2 3 .
g+ —35-2%
8ab+7 @ — 16 — 2b(a — 4)
1035. (1 ‘I dab g 45— 16) @94 96(a—3)

* (1 a—i—:):)

In the next six examples perform the operation as if the
quantities were integral.

z_e ¥y b\ (z_a_y_ b\
1036.(_ +b_ )x<_:c—b+\

10:0: ) * (2—%)

1038. (52z'+3aa:_— x(2x’—a,x_‘2£)-

17:1:’ z 1 2z 1
1039. (3 +3 s) (3“2)'

1037.
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1040.

1041.

1042.

1043.

1044.

1045.

1046.

1047.

1048.

1049.

EXAMPLES IN ALGEBRA.

(-

a’z

%+3-+

)o(e s

<9a’b’ 25f*

9

9

70dfm —49d’> = (

s

z

2be

v+e_¢)

T—y T4y

x L)

&

z — Tat .
z— bzt _14

(G T

-1

3ab bfm

2¢

¢ _M)
+9



1050.

~ 1051.

1052.

1053.

1054.

1055.

12

FRACTIONS. 177

1
z+1—, _ 1 .
o4 y(2yz + = + 2)

1
Y+,

v\ (¥
<x’z"> X < P |
22y y
1- S (1Y
(z+9) z
20y y
ey \'ts

1 1 24
ArdritA_Fdi1 A_A41
(1 — 2a)" + (20 4 1)

(1 — 4a)’ — (1 — 2a)’
(1 + 2a)’ — (1 — 4a)*
(1 —=2a)'— (20 4+ 1)*
(a+b—c)Y-4 (byec—a)—-d
Groy—(+dr Ty =(atay
(c+a—-0)y—d
texar—(oxdy




EQUATIONS WITH ONE UNKNOWN QUANTITY.

Suppose A has 2 ten-cent pieces and B 4 fives, which has
the more money? Now 1 ten equals how many fives? If
you add 1 ten to A’s and 2 fives to B’s, what is the result?
If you subtract the same, how much will each have? If you
multiply both tens and fives by 2? If you divide each man’s
number of pieces by 2?

Express on the board A’s money and B’s as equal to each
other and call them ¢‘‘equals.”” Call things or quantities
¢onnected by the sign = ‘‘equals.”

Beneath what you have written express, also, 1 ten as equal
to 2 fives. Add these equals. Result? Subtract them.
Result? Multiply the first ‘‘equals’’ by 4. By 7. Result?
Divide them by 2. By 5. Result?

Make other sets of ‘‘equals’’ and try the same processes.
(For example: 20 =1446; 6 +3=17—-9.) Read
your work. Make your induction and formulate it.

Square?” = 4 4+ 3. Result? Try other ‘‘equals.”” Result?

Cube3 =5 — 2. Result? Try other ‘‘equals.’” Result?
Induction ?

Square root of 25 =49 — 28 4 4? Result? Cube root
of 216 — 64 4 96 + 48 + 8? Result? Try other ‘‘equals.”
Result? Induction? Give all the inductions you have made.
These inductions are called ‘“ Axioms.”” Sum all these ax-
ioms into one single expression. (Like operations upon equal
quantities give equal results.)

When quantities are written as ‘‘equals,”’ the resulting ex-
pression is called an ¢ Equation,”” and the ‘‘equals,”’ the
¢ Members.”’ ‘

178



SIMPLE EQUATIONS. 179

By addition or subtraction make two equations from each
of the following :
16=947; 845=13; 16=649; 23-10=13;

14=20—-6; 14-21=—-17; 17—-8=9.

Make as many as you have time for from

8-56=9—-6. 19-7=1042.

Let a and b represent any two numbers, 8 their sum and d
their difference. Make two equations from these. Subtract
a, then b from both members of the first equation.

Add @, then b to both members of the second equation, then

examine carefully the results in each case and formulate a
rule for transposition.

Transpose )

l.z2—b=a. 2. 56=T7—ua.

3. 424+2=3z+49. 4. Tz — 6 =6x — 4.

6. 2y —a = 0. 6. 5z 4+ 3 =22 + 24.

7. 4z 4 2a = 3z 4 Tb. 8. 11z 4+ 9 = 6z 4 34.
9. 3b 4 2z — 25 = ax. 10. 22 — 15 = — Tz 4 30.
11. oz 4 be = m — 2z. 12, 3ac—cd 4 2y=6ad —Tz.

13. 3422 —-5=12 —42. 14. 4ab—ax— 2c=cx—3m.
156. 100 4 4z — 6 = bz + 5 — 30z.

16. 4ax — b 4 2¢ = 3z — 2ab — 3nx.

17. ab — dz — 2mz = 3az — 4b.

18. —ba —4b—3¢c= — az — ad.

19. 28 — 13 — 3¢ = ab — 22° 4 4p.

20. 5z 4 2a 4 3¢ — 2z = 4z — 2z 4 4a.

2
T 1-Z_ % 2. 250 13, 5,2

N g-l=95-3 a 2



180 EXAMPLES IN ALGEBRA.

23. 15 _ 32410 -F=%—-Y2 42

3
24, 8ab— 2% _4ar 18bx’=2T‘w_x'.

a z z a
25. 3—;—(§—a)+1—%=0.
26. z—a=(a— b)= 27. 22 —56(1 —z) — 8 =0.

28. (2’—16)9=102*—108. 29. 2z —n = 4(bz 4 $).
30. (a+2)(a—2) =20 —24.

CLEARING OF FRACTIONS.

- Multiply § by 4; § by 9; 1§ by 17; =/6 by 5; 3y/16
by 16.

‘What is the result of multiplying a fraction by its denomi-
nator ?

By what must the following fractions be multiplied that the
product may equal their numerators ?

ba 4c zy 92 3z

2 ¥ b 52 9%

How, then, can an equation be cleared of fractions? By
what must the following expressions be multiplied in order to
free them from denominators ?

z 3z ba ba 38 4 a b . 1
et 4} 4712 aab’ et ayi T

1
z—-1"

Clear from fractions the following equations :

3z 3z
31. 7:6. 32. 2x+—4—=11.

2z bz z 2z
33. §+€=9. 34. §+—3—+9=30.



35.

317.

39.

41,

43.

45.

417,

49,

51.

" 52.

b4.

56.

58.

59.

SIMPLE EQUATIONS. 181

2 =z

2 2
§—5=16. 36. —3——6=6$—66.

T — 3z 3z
31:_—-3——=20 38. —4—.——5—=13«}
2z z 4 3z 2z 8
3-l=1ty 0 F-3=7
22 82 T T T =z
4 3z 8 3z bz
2@ 3z =z r = =z =z
7_T+5=6' 46'5+Z+§=§+17'
4a — bb 3b = 2b 4 ¢

z =—-—a—° 48. 3z——5—=a— 10 .
43 Ty 69_9y 50 2z2—1 z44 bz—1

5 =11 8 T 9 T 27
sl 2-2 , %_1 4=

o T g tE=Tg t3

4 14 ' x

;+?=2. 53. E=b+6.

1 d ~1 —1
a+;=b+c+5- 56. m 427 = q — pa7.
3 5 b5 8 a—z 4a—z 2
;_'_,z’_'_g___;. 57. —b—-——5—=a—b .
2z x—-_l 3_1 z
32~ 26 t@= —%
z—12 = §(44 — =z 4 12).



182 EXAMPLES IN ALGEBRA.

80. 22 _ 63 = $(30 —a).
6l §(x—1) —4(z+2) + 3z —3) = 4.
4 36 4
62. }——_—8 = 1. 63. 5"-—'——8 = :—v'
3 6 ) 30 8
64. x———'— 4 = .’C—+ 4' 65. 2—:” + 5= $_— 1'
7 ) 2243 20-—8
66. x——_4=x+6. 617. 32-'-9=3x-_13’
4 1 9 a—b a4b
8 32" 09 e~z 2
2z
70. a—25=3 2a — b
Solve the following equations; ‘
71. Tz = 28. 72. 4y = 18. 73. 35 = bz.
74. 6w = 25. 75. 0 = 8a. 76. 6y = 3.
7. 0= —2y 78. 42=—12. 79. 30 = — Hw.
80. — 12— — 42 81l. 0z =15. 82. —1lzx=—4.

83. r418=38. 84, 2-2=05. 85 12=20—=.
86. 32 =8 4 2z. 87. 2y+3=11. 88. 3247 =16.
89. 3w4+5=20. 90. 5u —5=30. 91. 7z — 8= 20.
92. 3z =24 6. 93. 3z =12 —z. -94. 2246 = bz.

95. 12 — 2z = 4a. 96. 4z =2 4 12.
97. 3y =21 — 4y. A 98. 7z —21 =0.
99. 0 = 15 — 3. 100. 52 — 17 = 2.

<101, 27 — 2z = 42. 102. 3x+7 =Z+19.



103.
105.
107.
108.
109.
110.
111.
112.
113.
114.
115.
116.
117.
118.
119.

120.
121.
122.
123.
124.
125.
126.
1217.
128.
129.

SIMPLE EQUATIONS. 183

b5z 4+ 10 = 8z — 5. 104. 4y — 8 =3y — 1.
72 — 13 = 52z — 9. 106. — 2z 4 48= —z 4 20.
bz 4+ 11 — 2z = 20.

12 4 5z = 108 — bz — 6.

14 = 60 4 4z — 8z 4 2.

26 — 4z =24 5 — 2z — 3.

3z — 30 =41 4 22 — 2.

88 — 12 = 14 4 9z — 55.

22 — 6y + 18 = 100 — 14y 4 36.

6 + 22 -3 =>5z— 38 4 21.

10(z — 3) = 40.
(z4+6)9—-2=(x—-1)40 — 1.
B+2)(83-7)=—9z 4 15.

2(3z — 10) = bz — 15.
z-TNE-3)=@E&-2)(r-9)+1.

(z4+ Nz + 3 = (- 3)z - 37.
Bb-2)6—2)=((7T—-2)(8—2)-10.
z—83xz—20—2"— 15z — 84.
(z—4432)(6-2)=1lz -1

2?4 2z41=2"—6x48

(z4+3)(z=T7) = (x4 13)(z — 12) 4 50.

2 4+ 2 —20 =2 — 3z 4 60.

3=062"— (224 2)(3z +1) 4+ 77.

(52 + 3)(6z 4+ 2) + 6 = (2 4+ 9)(152 — 2) 4 30.
bz 4+ 1)(4z2 4 1) = (102 4+ 1)(2z 4+ 1) — 18.



184

130.
131.
132.
133.
134.
135.
136.
137.
138.
139.
140.
141.
142,
143.
144,
145.

146.
148.
150.
152.
154.
156.
158.
159.

EXAMPLES IN ALGEBRA.

(z—4)4r-1)4+32=(22-2)(2z-2) —13. -
3z — (22 + 20) = 6z — (= + 80) — (3z + 40).
2(z—6) +3(2x45) =3(8z—-2) — 1.
z4+2)8=(2-2)T~(x-5)(z—6) 42"
—2r4+(2-1)—(z4+1)—(2—-1) =5b.

— (8 ~62) + 7 =92 — (82 + 2)z — 4=.
(1-382)—(z45)=4(z+1)(2z - 3).

6(4 -2 —-5224+7)(2-2)=5— (24 3)"
z4+2—-[z2-8—-2{(8_-3(6b—-2)—2}]=0.
20(2—2)4-8(2—7) —2[z4+9—-3{9—-4(2—2)}]=22.
(z4+1)Y—(2"=1) =222 + 1) —-2(=+4+2) (= +1) 4 20.
6(2'—3242)-2("—-1)=4(z +1)(= 4+ 2) — 24.
84 4 (z + 4)(2—8)(2 + 5) = (2 + 1) (2+2) (z+3).
E+1D)(x+2)(z46) =2*4 92" + 4(Tz —1).
(@—-2241) =2 —2(22x—-2)—2(22+1) 4+ 5.

(F—1)+ (E—2)'+ (2 —8)' = 8(z — 1)(z — 2)
(z - 3).

2z = 6a. 147. 6z = — 18d.
— Tz = 21p. 149, _ 8y = — 48n.
0z = 24a. 151, 3z = 20e.

2z — 4¢ = — 2e. 153. 3y 4 7b = bb.
8a — 4z = 2a. 155. 2z — 6a = 4.

3z — 9¢ = 2z — be. 157. 4z 4 4a = z — ba.
20z — 44a = 36a.
100z — 50¢ = 76z — b0e.



160.
161.
163.
165.
167.
169.
170.
171.
172.
173.
174.

175.
1717.
179.
180.
181.
182,
183.
184.
185.
186.
187.
188.
189.
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13u 4 11k = 20k — 18u.

20 4+ a =3z —2. 162. by — 3 = 2y 4 8e.
z4a=2z+0b 164. 2 — bz = 3n — Ta.
2z —-8a 47 =2+43b. 166. apr — k =0.

8az — 4ab = 2ax—6ac. 168. 2 — 3 4 ¢ =2z4a—b.
2y + be — ad = y 4 2m — 8.

3ab —y 4+ d=—2y417.

3240 —6=0>0—44 22
b+e—4x=324b—b5z4d

4ed 4 27 — 42 = 28 — d — 3z 4 3bh.

11pq — 152 — 8mn — 7 = 92 — 88pq + 91mn — 162.

~

z 4 nr = a. 176. az 4 bz =c.

bay — ¢ = b — 3ay. 178. az 4 b' = bz 4 a’.
42 — 4¢ = ax — ac.

bz 4 22 = 3z + a — 2e.

abe — @'z = ax — a’b.

be 4 ar — d = o’ — fu.

3acx — 6bed = 12¢dz 4 abe.

— ac® + b 4 aber = abe 4 cdz — ac’r + b'e — de.
c(3ay — 2¢) = a (2¢ — 3ay).

(¢ + 2)* = 2" + 4d* 4 o'

[e — z][a 4 2] = 20" 4 2az — 2*.

(¢’ — 2)(a® 4 z) = a* + 202 — 2*,

[z +a][z + 8] = (2 + )"
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190. (z4a) + (b +e)=(z—a) + (b—=0o)

1. 4+p)E+—-GE-pPE-)=2@+ D"
192. (z—a)(z—bd) = (z—a—b)~

193. 2(z — n)(2m — 3n — 3z) = (2m — 3z)(2z + n).
194, (z —2¢4 3f)" — (2 — 2¢)(z + 3f) = 6ef.

195. 2y 4 2.5y = 900. 196. .2z — .325 = .15z.
197. bz — 2 = .26z 4 .22 — 1.

198. 2.4z — 10.756 = .252.

199. .2y — .01y 4 .005y = 11.7.

200. 2.9z — 1.98 = 1.4z — 1.845.

201. .5z 4+ 2 — .76z = .4z — 11.

202. .05z 4 .117 = .186z — .22 — .139.

203. 3.26z — 5.1z 4+ z = 8.9 4 .7dz 4 .b=.

204. .125z 4 .0lz = 13 — .2z 4 .4.

205. .4(1.7w — .6) = .95w 4 5.16.

206. .2z — .5z 4 .1z = .26z — 9.

207. .07(z — 16) + .54z = .2(.1 — .1z) — 3(.05 — .02).
208. .6256z — .25z 4 .22 = .5(z 4 2) — 4.

209. .08(35y — 2.3) = .9(Ty 4 .18) — .997.

210. 1z = b. 211. jo= —4. 212. jo=0.
213. _ 8-}z 214 —9=_3z 215. 3y 4=13.

218. -}x=7+2.’c. 219. —lsé’w=—4—2’w.
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222.
224.
226.
228.
.
230.

232.
233.

234.
2356. — —
236.

237.

238.
239.
240.
241.
242.
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4 8=—1}z 221. 36-%”:8.

2z 4z Tz 9z
z 3z z z =z 13

x+§—-—5—=9. ‘ 225. §+§+Z=F'

m k a d

ﬁ-*-n:;x-yq. 2217. E+O=a+3.

ab 1 z 1
a axr =

3ax+§—3=bz—a. 231. am—b—T+E=0.

a—cxl=ds? - b

Sab 4 tac — }ex = Yac 4 2ab — 6ez.

F, b _a_a

e Pl S

2 1 1 1 0

Bt e @

a 1 é 1 9 1 l

3 state= T T

z z =z

E+§+;=P‘1+P”'+9"~

e+ +ir+ir=2-17.

1(z + 3) = $(3z 4 21).

1}-(7—:0)—3:-15(3—4:8)—1.

(z—-2) —3(12 —2) = 1(5z — 36) — 2.

(1 —2) — (52— 3) =1 -}z — 1),



188

243.
244.

245.

247.

249.

250.

251.

EXAMPLES IN ALGEBRA.

263, ——

255.

256.

257.

2568. —-

259.

260.

261. .

(T4 32) —H(z—5) =1 — f4=.
a — 15) — #5(7 + 20) = §o — 35.

z 4 2 83—z
bz 2t5 11 6. o =275}
z—-1 -9 b5 bx 9
3z +9 bz416 .

4 ~ 7
5z — 4 122
2:1:— 6 =7— 5
2+2 =z 246 22
r—3— 8 =3 252. T3
30+a:_5=§ 254, g+z.—.b a—z
z x z
b — ax o' — bz
5 =bt-—
z4+ b —b z—0b
3(55°) +5 50 =4("5)
2ya_z-b_ 8 (a—b)
T e Tb ab
2 —a a_—_:c_2:v a
bz b T b =
8ax —2b ar—a ax
35 5% =5 ¥
z a— 2bex 5_:0 8ac — 8bz — 9a
277 4be T 6c 12bc i
9%z 4 5— 75:':= 375z 4 .25




262.

263.

264.

265. .bz

266.

267.

268.

269.

270.

271.

272.

273.

274.

275.
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z4+1 .3z
-2 -_— ﬁ —_— 7.5.'0 = 18.1.

: .36 .09z — .18
1.5 = ——.2 — '—.9 .
z4 .76 =2 -—-.25

195 — 25 = 1%

= 12 151.

017 56

01z z 01z

0z —30= 5 t13

03z —.01 .02(z—1) .0lz—.03 .21
02 T .3 = +3

.4
26z bz — 2.8 .3z4.34 1.2
B3 725 T T4
z—2 24
.05 ~ .0625

2z z4+.25 1524975
-7 6

= b6.

bz 4 4a o' — 8bz ba® — 6bz
-Z -— a —bz=ab’—T+az

2 4 a(2e — 2) _.3Tb’= (a:_ g>’+a’(a+ b).

3(z—38) 2 —5) bs_12
g~ 8 T 6 ——F

z F4
s+5=4(1-5) - ¢+i(11-3)
o (B ) o (250, 1e00),

3 3 8
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276.
277,
278.

279.
280.
281.

282.
283.

284.

'285.

286.

287.

288.

289.

EXAMPLES IN ALGEBRA.

(82 —2)(2z —3) 6z—8 z 410
6 - t=T g
112 —13 19243 bz — 256} , 17z 44
9%t 7 1 =®F——g
r—a x—0b z_c 1 1
2bc t a0 =2t P

1.
5t
e (5-1) (=)

- +iA-{z+3)—#Hz-QAQ+42)}.
5o+ 20 — 3 (7 - 4) = se-2+5(F+10):
z—PE+43) — (x=5)(z+3) =23L
G+DG-H+i=W+5u-3).

»(p —2) —’—’(x—q)’=p(p—q)+pq(g——1)’-

-2 a (i)

4 -9
5(3z — 2) T

i +§_23‘__6+5'
2z

e —1
g(xg 2) +2—__(6x5— _3 — -

z— 3 3 — 8
R I "I 7
10 t— 12 =" T2

Taz 4 16¢  bad — 12¢ 165 4 5ad
T2lw = 15t 20bd



290.

291.

292.

293.

294.

295.

296.

297.

298.
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4a 43¢ ba—4b 3le 4 20a = 34bdst — 3az

Tde T 86 = 20 T ivbs=
6bz’y 4 bacz  Tfzr — 8be _ Tfa’y 4 bez  10az—8b
306z~ 86bf 3z 80ab
bay 4 4z 11bz — 9d  165zy+112'+ 5y = 9dz—b
T %0y — 99dz  — Bbay T 9d
8abe' — 13abdz  12a0gh — 13bdef  of — 12gh
104b%d - 132bdgh = " 12gh
1702’ 4 46z 13c2’—b4z  104cmnz’ —216mnz 4 117ca*.
153w T ilTw T 468omnz
bam 4 12emn  54mz 4 28dm  2m
60c - 126dz = 18pq
70adm — 360cm + 168cdmn
840cd
bakly — 6pz 4 390gz  13m 4 208n
30¢ - 16n
480nq — 112kinp — 455kimq.
560king
19p* — 8¢ baby — 4cdz _ 2z _ bpy — 60qy — 3qx
57pq T 20edy 3= 16qy
4cdq — 19abp
T6edp
1lazz — 117¢y = 34a — 2  Tefn — 63am
143cz * T i%az T 7 2lmn
693mxz — lefzz — 189may
281maz

17a'nz — 13cnz — 884a’q ‘
221acn




299.

302.

304.

306.

308.

310.

312, ——, —

314.

316. —

318.

320.

322.

323.

EXAMPLES IN ALGEBRA.

5__1 .
z- z—4
a
§=c—x
5 1
z+3 z45b
10 7
2420  32—14
2z b_
ataz c4 e
4a _ 3c
z—2 z—4
3z T _q
z46 45" 7
F_atetos =0
x z
a+——b a_b=2a.
3
x_%=6a
25 10
z_—3 8z—4
11
1~ 3a
a — —
z
z—1

307.

309.

311, ——

313. ——

3117.

319.

321.

15 51 21
z' 301- 2—'—3=—;
9 a
z—-8" b
2 6
z—-1" Tz41
m n
m—z n—=x
p . =
mn4+2) ntz
z 3z
x+1_z—2__z
2z 4z 9
x+3—z+7—_'
b5z 8b
315. 3(”—'-'-6—2=5—a‘
3y 18y
axssta_op=!
1
1=&
5—-=
T
a
b=%
z__
a
bz —5
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a — b a -0 142z 1
326. a‘:’)}j = %- 327. '5 = :'c—_""zi‘ 328- 1—_._3 = 1"—"
age, PO+ _ o AN b g3, TAER_O
p—= P+qy my—n— b
(22 -1)(3z+8) _ z+a 2 _z—0
332. T CEY) R 1. 338 -5 ira= 3
2(z + 1.5) 260 — 1.6 2
B s m_1 =1 38 5@_5) =15
iz-1) 1Bz —1)
336. 1 s =4 337. Y =%

In examples 338-347 find the value of 1/z without free-
ing from fractions. ’

338, 2_4. 339. 3 _15 340. = _ om
z z z
c ¢ m 4 1
341. L= & 342. =
343. X" _ g 344 1—rf+g=m_a’.
z z 'z
a b k !
345. 2—z+'§}_0 346. a—z+—:c=a—b
e 1 1
347. T — ; — 3'
In examples 348-357, find the value of eachletter :
348. 2z — 3a = 4b. 349. 5a — 45 = 2u.
350. ax = by. 351. Ta —14b = 21y,

352. (z—y)a=b(z+4y). 353 ‘;—;= 2,
18



194

sse. L= T4 37 S0 ;_1_-_;
258, 6x;7+7(;11§= 2::;-4

o 21 18

360. 913"’.;5@ _ 45"7—__142 2

362. 18:1:2; 19 + tiz-:-l%l _ 9:4:;-115-

o, 2 Teot_tete

gl g

365. % + ?3__2 - ”_;;_2

se6. 2278 331;;11 el

a70, J2+4 4219 52432 11z413

EXAMPLES IN ALGEBRA.

bw—48T 5T T 7 51



SIMPLE EQUATIONS.

ax+b ax4+b 2ax4d b

87— wtb- 2 To
42—-3 1—-92 4243 1
372. $—7x+4— 6 = 8 —2—4+2z.
g73, 607 T2 143 10s_11
" T Tid(m—1)= 21 ~ 30
ax—b brxt+a 2—2z o4
M. S St e -
at5, T=b_b-—2_2 1-a b
az a a "ab—-b a
824+56 Tzr—3}F 16z4 15 2f
316. f +*ezr2= 98 7
1 1
M. G 0sy 2071125435
1 1
38 i =7 sy 54
z 2z
379. @43z 427 27 44z 4 3
3 5 5
B T Hm T D@ =)
ag1. .4 T 19
"%+l %t2 -+ 1)(Bz+2)
a b b
382. T—a z4a P —_a
2 9 1
B e T w5 @D Ti_2%
1 2 15

384.

s+ 4= %7 T T d 1a)

1

195

+ 105
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3%'I§i+5éi=ygr

386. 4;2_9‘27013:2:@{.3'

“in4=a?m+4iz

3”'%14‘8u346+%14=“

. =g 1+ G g1

3%'%69_zi3=%33f

3m'x34—%19=25_éx+%

”&%%1ﬂ+%im=w+;ud5

”&iﬁ%?+iis=wj%%1?

3M'f_1;+4?_ﬁ_é:ﬁ=9:%%:€

395, 5 - 1
7916 F 42 —35 2 410z + 21

”&zi%0+zf5=zi%0+sz.

397. 2:1:3-1 “3x3_1=3z3_2‘2x2_3’

308, 0 10 2 2

t—2 244 -4 246



399.

401.
403.
405,
407.

409.

SIMPLE EQUATIONS. 197

1 1t _ 1 1
-2 -4 z_-6 z-8

7 33 4 2

400. 2246 2242 243 z 41

?z+5=2i__5. 402. 2247 43:-1_
z46 @ z4+2 201
3z—-7 6zxz—4 3—-22 2217
-9 =25 L F=a_a
a—b_a+b s08, 32—4_Om—2n
a+u"u4b " 8x 447 bm42n
3z4+13 4x—3 72—12 62—17
s4d Tz =0 408 Tyt 5 =10
4z — 11 2z 9

z—-2 z417 7

410. —

411.

412.

413.

414.

415.

416.

12z 4+ 1 b 11 4 122
Z_11T1_92" 14 3z

2432 2-3z 36—4z
83—z 34z -9
ar—b azx4b 5

z4+8 2_83 " 2_9
z2—b z4b 4o’ ¥
r—2a" z42a" 2 — 4a°

2nz — 3 5_ w42
mz—1 " " " 8nz—1
22 4321 2 _ 3241

% + 1 1 = 2%
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a1, x+4a+b+4x+a+2_b= :
z4a4b z4+a—b
24643 o —2z411
7 +62410" 2 — 3z + 18
©—8419 2'_32—6
211z 418~ # — 6z — 12
P42 -8 2_22-12
24z4+1 22-32-3
z4+5 z47 z4+4 248
421. c+dtor6- 243 247
z2—4 z-—-6 z—-T7 z-8

418.

419.

420.

422. b z_-6_z_8 2z_9

as, i deope_e-lt_2od

o 2hao ()

o, Bt Eped

427. x*_:l.—1+x=_28x+1=x'_3;:ix+1‘
428. x’+;x+1+x+2i’+x’=2x-§5-2x"

429. z‘+a;tt?+a—z-za=z_¢lz+l

430. 5 2 8 5

G-—DE+2) P22 7F_1" 2_4



431.
432.
433.
434.
435.
436.

437.

438.

439. -

440.

441.

442.

SIMPLE EQUATIONS.

a4 b a—b 2a
z—a—b+z—a+b+2a_z
3def &e (2d + e)e'z e
ivet @iy tddre =¥t1
z—a z—-b z—c 3z
b+c+a+c+a+b=ﬁb+c
oo Me—b)_sGh) _ ks
e TR e rR) Tk R 7

a4z a—z 3a

= 0.

-2

Frwtd a2 ad §ad f )

¢ 1 b 1 afc
a—___b<1+;:>—a—-c<1+;>=Za__—cYc+l

_de+i_ % _ §
i+2z i+
* _3 5_""_2 _2’_’:_%
6 4 3
s+t g =
4z 2
G456 E—
3t° %_:c-g--}_%%
2 3 P
11
a

— -1
3z —-2) ;}(62:—7)_3
¥ t 5 -3 %
x-%— x—lﬂzi_:c—%-*_:c-—-’?l

z—% Tzt T x—§ Tz 13

199
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a4 z—
4“3, —0tT_y 22

etz (a4



PROBLEMS WITH ONE UNKNOWN QUANTITY.

(Note that each problem is a double one, expressing the values first, in
figures and second, in letters. Hence two sets of answers are required for
each.)

1. What number is that to which if 9, (a), be added the
sum will be 23, (5)?

2. The difference between two numbers is 3, (d), and their
sum is 21, (s). What are the numbers ?

3. If from 3, (@), times a certain number 11, (m), be
subtracted, the remainder will be 7, (n). What is the
number ?

4. If to 5, (b), times a certain number 9, ‘( p), be added,
the sum will be 44, (¢). What is the number?

5. Divide the number 45, (n), into two parts, one of
which shall be 8, (t), times the other.

6. Divide the number 57, (n), into two parts, one of which
shall be 23, (d), more than the other.

7. If T spend $30, (r), for clothing and $18, (s), for
board and then have left one-third of what I had at first, how
much have I remaining ?

8. John is 3, (n), times as old as James. The difference
of their ages plus 30, (¢), years is twice the sum of their ages.
What is the age of each ? '

9. A man worked three days for $10, (k). The second
day he received $1, more than the first ; the third day as
much as both the first and the second. How much did he

receive each day ?
: 201
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10. A man’s age is 3, (a), times his son’s age. 6, (b),
years ago it was 5, (¢), times his son’s age. Age of each?

11. George is 21, (m), and Thomas 15, (). How many
years ago was George three times as old as Thomas ?

12. James is 8, (m), years older than Sam. In 5, (n),

years 2 times James’ age will equal 3 times Sam’s. Age of
each ?

13. The sixth part of a certain number exceeds its ninth
part by 4, (¢{). What is the number?

14. What number is that the sum of whose half, thlrd and
sixth equals itself?

15. What number exceeds the sum of its half, fourth and
eighth by 6 (d)?
. 16. Divide 41, (a), into two parts such that two-fifths of
one part may equal five-eighths of the other.

17. Divide $78, (k), among three persons so that the sec-
ond shall have two-thirds as much as the first and the third
one-half as much as the second.

18. Divide $78, (k), among three persons so that the sec-
ond shall have two-thirds as much as the first and the thlrd
one-fifth as much as the other two together.

19. If a certain number be divided by 6, (c¢), the sum of
the divisor, dividend and quotient will be 62, (d). What is
the number ?

20. What number is that which, if multlphed by.6, (a),
and the product increased by 5 times the number, and the
sum divided by 11, (b), the quotient will be 7, (¢)?

21. T paid 375, (a), dollars for two horses, one costing 4,
(n), times as much as the other.. Price of each ?
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22. 'What principal at 3, (r), per cent. interest will yleld
108, (%), dollars in b, (t) years?

23. A man bought a cow and a calf for 100, (a), dollars,
and paid 7, (b), times as much for the cow as for the calf.
Cost of each? ‘

24. A can do a piece of work in 3, (a), days and C in 6,
(c), days. How many days will it take both to do it, work-
ing together ?

25. What is that number to which, if 20, (m), be added,
4, (p/q), of the sum will be 27, ‘(h)? '

26. At what rate per annum will 328, (p), dol]ars yield
112, (%), dollars in 7, (¢), years?

27. The sum of two numbers is 36, (s), and thelr sum is
to their difference as 7, (m), is to 2, (n). What are the
numbers ? - ’

28. After paying out }, (1/n»), and %, (1/m), of my
money I had left 56, (r), dollars. How much had I at first?

29. In a pen are 4, (n), times as many hens as ducks, and
5, (m), times as many turkeys as hens, and there are 100,
(a), in all. How many ducks are there ?

30. Divide 96, (¢), dollars among A, B and C, giving B
18, (f), dollars more than A, and 18, (f), dollars less
than C.

31. The difference between two numbers is 88, (d), and
the greater is to the less as 13, (m), is to 5, (n). What are
the numbers ?

32. A merchant mixes 12, (a), pounds of tea worth 40,
(m), cents a pound, 16, (), pounds worth 50, (n), cents a
pound, and 20, (¢), pounds worth 80, ( p), cents a pound.
What is the mixture worth per pound ?
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33. Divide 300, (a), into two parts such that the larger
shall be to the smaller as 7, (m), is to 2, (n).

34. A man owes A a sum of money, B 3, (b), times as
much, and C 5, (¢), times as much, and D 7, (d), times as
much, If he owes 400, (n), dollars in all, how much does he
owe A?

35. Find a number such that, if its }, (1/m), part is added
to it, the sum will be equal to the §, (1/n), part of the number
plus 11, ().

36. A packer engaged to pack 180, (n), tumblers, received
2, (a), cents for every one that arrived safe and forfeiting
10, (3), cents for every one broken. He received 3, (d),
dollars. How many were broken ?

37. If I divide a certain number by 6, (¢), subtract 5,
(d), from the quotient, and muitiply the remainder by 4,
(%), I obtain the same result as if, from the original number
I subtract 2, (p), times the §, (1/¢), part. What is the
number ?

38. Three pipes empty into a cask. The first, alone, fills
it in 9, (), minutes, the second, alone, in 6, (8), minutes
and the third, alone, in 2, (t), minutes. In how many min-
utes will all together fill it ?

39. A man engaged to work for 60, (a), days on the con-
ditions that he was to receive 2, (b), dollars for each day he
worked and forfeit 3, (¢), dollars for each day he was idle.
At the end of the 60, (a), days he received 75, (d) dollars.
How many days had he worked ?

40. My boat broke loose and drifted down stream at the
rate of 3, (m), miles per hour. 4, (n), hours afterwards I

~
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started after it, rowing at the rate of 6, (), miles per hour.
In how many hours did I overtake it ?

41. Each one of two casks contains the same number of
gallons. After drawing 12, (a), gallons from one and pour-
ing them into the other the first contains 1%, (m/n), as many
as the second. How many gallons in each at first?

42. The denominator of u fraction is 13, (a), more than
the numerator, and if 7, (b), be added to the numerator,
the value of the fraction will be . What is the fraction ?

43. Two stoves consume a certain amount of coal in 12,
(a), days and the larger stove would consume it in 20, (e¢),
days. In how many days would the smaller stove consume it ?

44. 5, (a), lobsters can be bought for a certain sum, but
the price having fallen 2, (b), cents each, 6, (¢), can now
be bought for the same sum. What was the price at first ?

45. What two numbers are as 2: 3, (a: b), while, if 6,
(¢), be added to each, the sums will be as 3: 4, (m:a)?

46. The sum of the digits of a certain number is 12, (3),
and if the number be divided by the second digit, the quotient
will be 4, (a), and the remainder 3, (4). Find the number.

47. A boy bought marbles at 6, (a), for a cent, and as
many more at 8, (b), for a cent, and then sold them at the
rate of 12, (¢), for 5, (d), cents, thereby gaining 26, (e),
cents. How many marbles did he buy ?

State problems which will give rise to the following equa-
tions. Any number may be stated which will meet the re-
quirements, but the pupil is urged to exercise his ingenuity to
give as great a variety as possible.
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x x
49. 5 +3=10. 50,

z xz
g—g:l.

z =z
I+§+3-=.’0+55.
z 4 3z — 300 = 50.
1 1 1 1
T+ +g=%+1g
2241 Tx45

2 - 8
z =z r 2043
gt3+te="6
3z 43 br — 4

48. 4z — z = 27.
5l. 24+ 2—6 424 11 = 101.
52. 13 — 42 =3z — 8. 53.
54. (z43)(2x—-1)=99. 55.
56. z — 22 4 3z + 4 =Tz —1T.
7. s 2214 g, 58.
3
59 g(4::: 5 1(5 4). 6o0.
. 3 —_— )=;z L — . .
2(z-1) =
61. 3 =§+1-}. 62.
63. (r4+2)(2—2) =2 — 20+ 2.
16z — 68
64. —‘—Tl—‘=2z—10.
2(3z + 2) 12
86. i = x—4+5' 67.
g8, 10zt +z_ o 69.
24242
z z =z
70. a-}-z-’-z:d. 71.
b
72. z(x-{-a)-_—d. 73.
74. mz 4 nx = an 4 b. 75.
768, ax 4 br = c(x - 1).
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z
77. T—n4 TNt 0T ="

78. A man paid $ 410, (a), for sheep of different grades.
For one-sixth of the whole he paid 10, (5), dollars each ; for
one-third of the whole he paid 8, (¢), dollars each and for the
rest 5, (d) dollars each. How many did he buy ?

79. A man has 6 daughters born two years apart and the
sum of all their ages, is nine' times the age of the youngest.
What is the age of each ?

80. The sum of $100 was raised by subscription. Of this
sum some subscribed 50 cents each, twice as many 75 cents
each and the remainder $1.00 each. There were 120 sub-
scribers in all. How many were there of each class?

81. Divide $550 among A, B, C and D so that A and B
will receive $225, B and C $275 and D $25 more than C.

82. Fifteen coins, dollars and quarters, amount to $7.50.
How many coins of each kind are there ?

83. A, B, Cand D invest $4,755, (s), in a speculation.
B furnishes 3 (m) times as much as A, C as much as A and
B together, and D as much as B and C. How much does
each invest ?

84. A certain number consists of three figures whose sum
is 9 and the middle figure is one-half the sum of the other
two ; and if 198 be added to the number, the order of the
figures will be inverted. What is the number ?

85. A certain number consists of two digits, the one in the
unit’s place being twice that in the ten’s place. If the order
of the digits be inverted and 3 be added to the resulting num-
ber, the new number will be twice the original number.
Find the original number.
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86. A and B have equal incomes. A lays up 1, (1/a),
of his, but B, who spends }, (1/b), more than A, saves a
sum equal to his income in 10, (¢), years. What is their in-
come? What does your attempt to solve this problem show ?

87. A and B have equal incomes. A saves }, (1/a), of
his, but B, who spends 4, (1/6), more than A, finds himself
in debt 450, (¢), dollars in 4, (d), years. Find the amount
of their income.

88. The deposits in a bank during three days amounted to
6,650, (8), dollars. If the deposit each succeeding day was
4, (a/b), of that of the previous day, how many dollars were
deposited each day ?

89. Bought a certain number of apples at 2, (a), cents
each, § as many peaches at 3, (b), cents each, and } as many
bananas at the rate of 3, (¢), for 5, (d), cents. The whole
cost $1.40, (m). How many of each were there?

90. I start business with a certain sum which I double the
first year, but my expenses are 750, (a), dollars. The
second year I double the money left at the end of the first
year, but my expenses are 1,000, (b), dollars. The third
year I again double my money and my expenses are 1,000,
(¢), dollars. I now find I have just doubled my original
capital. How much had I?

91. A boy sold such a part of his apples that the number
sold was to the number left as 8 : 4, (a: d). Another boy
stole 16 of the remainder, and then the number left was to the
number sold as 2 : 8, (¢; d). How many had he originally ?

92. My window is a yard wide. From. a brass curtain rod
I cut off one-sixth of its length, and finding it still too long,
cut off one-fifth of the length remaining. But I had to cut it
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the third time, taking off one-tenth its length to make it fit.
Find length of the rod.

93. My room is'3, (a), feet longer than it is wide. By a
mistake of the measurer the carpet sent was 6, (b), feet too
short and 5, (¢), feet too wide, yet, to my surprise, when the
error was corrected, the bill for the second carpet was exactly
the same as for the first. What were the dimensions of the
two carpets ?

94. A courier left a place 3, (n), days ago and travels 40,
(@), miles each day. He is pursued by another who goes 60,
(b), miles daily. In how many days will the second, start-
ing to-day, overtake the first ?

95. For one dollar I bought a certain number of five-cent
stamps, three times as many two-cent stamps less one, and
. three times as many one-cent stamps plus four. How many
of each kind did I buy?

96. The paving of a square court with stone at 40, (),
cents per square yard will cost as much as enclosing it with an
iron fence at 1, (b), dollar per yard. How many yards
square is the court ?

97. What is the distance from A to B, if it takes a freight
train running 20, (a), miles an hour 3, (b), hours longer to
run it than it takes an express running 40, (¢), miles an
hour ? .

98. A furniture dealer bought 200 chairs at one dollar
each. He sold one-fourth of them at a profit of 50 per cent.,
two-fifths at a profit of 25 per cent, and the remainder at
cost. How much did he gain by the transaction ?

99. In the morning I spent one dollar more than one-half
my money, in the afternoon one-half a dollar more than half
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of what remained, and in the evening one-half a dollar more
than half of what still remained, when I found I had but one
dollar left. How much had I at first?

100. In my right hand pocket I have as many dollars as I
have cents in my left hand pocket. If I transfer $6.93, (a),
from my right pocket to my left I shall have as many dollars
in my left pocket as I shall have cents in my right. How
much money have I in my right pocket ?

101. A and B together can do a piece of work in 44;
days, A and C in 54 days and Band C in 44 days. How
many days will it take each working alone ?

Substitute @, b and ¢ for the number of days, and find how
many days it will take all, working together, to do it.

102. A man sold 60, (a), pounds of tea, part of it at 80,
(), cents a pound and part of it at 50, (¢), cents a pound.
The average price was 62, (d), cents a pound. How many
pounds did he sell at each price ?

103. A man invested some money as follows : one-third at
3 per cent., one-fourth at 4 per cent., one-fifth at 5 per
cent., and the remainder at -6 per cent. How much money
did he invest, to receive an income of $258 ?

104. At what time between 4 and 5 o’clock are the hands
of a watch opposite each other?

105. At what times between 4 and 5 are the hands of a
watch at right angles to each other?

106. How many times and at what hours will the two
hands of a watch be together during the time between mid-
night and noon ?

107. How far can a man ride in 4, (a), hours at the rate
of 6, (b), miles per hour and yet have time to return on foot
walking 3, (¢), miles per hour?
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108. A man who can row 9 miles an hour finds it takes him
twice as long to row up stream a certain distance as it does to
return. At what rate does the stream flow ?

109. In a certain family each son has as many brothers as
sisters, but each daughter has twice as many brothers as
sisters. How many are there of each ?

110. A makes $16,000 per year in his business. Of this
sum he sets aside a certain amount for yearly expenses and
invests the remainder as follows : Two-fifths of the remainder
he invests at 3 per cent., two-thirds of what still remains at 4
per cent., and the other third at 5 per cent.

If his investment yields $494 per year, how much does it
cost him for annual expenses ?

111. What must be the value of @ in order that
a4 2b '
3a 4 69b

112. A regiment had sufficient to support n men through
the campaign. But after 9 days the small pox broke out and
s men died daily for 10 days. In consequence of this sickness
. the campaign lasted three days longer than was expected,
when the food gave out. How many days would the food
have lasted, had no sickness occurred ?

may be equal to 45 when b is }?

113. The circumference of a fore wheel of a carriage is 9,
(f), feet ; that of a hind wheel, 12, (4), feet. What dis-
tance will the carriage have passed over when a fore wheel
has made 10, (t), more revolutions than a hind wheel ?

If the circumference of the fore wheel be 6 ft. and that of
the hind wheel be 8 ft., how many more revolutions than a
hind wheel will a fore wheel make each mile ?

114. A grocer has two kinds of tea which he sells, one at
p cents, and the other at g cents a pound. He wishes to
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make a mixture of m pounds which shall cost on the average
n cents a pound. How many pounds of each must he use?

Discuss the question (1) when p = ¢ ; (2) when p or ¢ =
n; (3) when p=g=n; (4) when p > qand <n; (5)
when p > g and ¢ > n.

115. A rich man at his death bequeaths to Harvard Col-
lege a sum of money, s, together with the nth part of the re-
mainder of his estate, after it has been turned into money.
He bequeaths a second sum, 23, together with the nth part
of what remains after the legacy to Harvard and 2s have been
subtracted from the estate. To his heirs he leaves a sum 3s,
together with the nth part of what remains after both legacies
and 3s have been subtracted. This exactly disposes of all
his estate. What was it worth ?

116. If the population of Boston increases each year p per
cent. of that of the preceding year, what was its population
n years ago providing that its population to-day is B?



SIMULTANEOUS EQUATIONS CONTAINING TWO
UNKNOWN QUANTITIES.

z4y=8r—y=2. 2. 24 2y=17, 3x—y=2.
z2=4y—3,z=6y—7. 4. z42y=18, 2r—y=1.
z4 4y =16, 4z 4 y = 34.

z =4y + 24, z =2y 4 14.

4z 4 9y = 81, 22 — 6y = 12.

Te — 4y =11, 3z + 2y = 27.

3z 4 2y =16, z — 4y = 24.

10. 9z — by = 52, 8y — 3z = 8.

11. 3z — by =51, 22 4+ Ty = 3.

12. Ty 4+ 3z =178, 19y — 7z = 136.
13. 7z 4 5y = 64, 42 — 2y = 22.
14. 8z — 2y = 23, bz 4 6y = 18.
15. z 4 3y = 24, 4z 4 2y = 56.

16. 424+ Ty =19, 22 — 4y = — 28.
17. 3z 4 4y = 26, = 4 3y = 17.

18. 424+ 3y =13, 3z + 2y = 9.

19. 3z 4 2y = 118, 8 4 by = 191.
20. 14z 4 6y = 0, 62 — 46 = 4y.
21l. 82 —Ty= —15, 8y — 6z = —9.
22. 4v 4+ 9y =51,82z 413y =9.
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23. Ty — 3z =139, 2z 4 5y = 91.

24. 8z — 21y = 33, 6z 4 3by = 177.
25. 21y 4+ 20z = 165, 77y — 30z = 295.
26. 17z 4 12y = 59, 19z — 4y = 153.
27. 24z 4 Ty = 27, 8z — 33y = 11b.
28. z=38y—19, y =3z — 23.

29. 3z — by =561, 2z 4 Ty = 3.

30. z 4 49y,= 693, 49z 4 y = 357.

31. 17z 4 8y = 573, — 3z 4 16y = 23.
32. 2z — Ty = 58, 4y — 9z = 69.

33. 8z — Ty = 105, 7z — 8y = 105.

34, bz — 4y =28, 8z 4 3y = — 21.

35. 7z — by =24, 4z — 3y = 11.

36. 10z 4 9y = 290, 122 — 11y = 130.
37. bz — 2y = b1, 19z — 3y = 180.

38. 824 3y=3, 122 4+ 9y = 3.

39. 11z — 14y =1, 11y — 14z = 26.
40. z 4 19y = 97, Tz — 53y = 121.

41. 29z — 14y = 175, 87z — 56y = 497-
42. 171z — 213y = 642, 114z — 326y = 244.
43. 43z 4 2y = 266, 122 — 17y = 4.

44. 52 4 9y = 188, 132 — 2y = 57.

45. 2z —y = 118, 480z 4 2y = 6.

46. =8. 4mg_y=Lz_g=&
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52.

54.

56.

57.
58.

59.

60.

62.
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64.

65.

66.
67.
68.
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Z+2y= .6, 1.7$—y= .58.
.5z 4 .2y = 1.1, .26z 4 .6y = 2.05.
bz 4 .Tby = 8, .2z 4+ .1y = .16.
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69.
70.

71.
72.
73.

74.

75.

76.

71.

78.

9.

80.

81. -

82.

83. -

84.

EXAMPLES IN ALGEBRA.

I+ =4—-y, ¥ =+ =H(x—3l) -+
O D A N A NN
z4+3Bz—y—1) =%+ 2(y-1), %(4z+3y)=1’w+2-
G-+ =3z -9), IHy—t2+3) =21(=+y).

Bo+9) —Ha—9) =9, 42+ bz +9) =b.
z—2 y—2 8z42 y42 _9

3 tTg =y 3 "3
r+y T—Y *+Y 22—y _
- 6 4 3 =10

5 —x 2y — 1
z4liy=5:8F 2S5 _an F
z y Y-z, T4y
2_12 +8,3 8= - =21
2z —y 22—z 9 8z4y 3y4+ 2413
g tb="g"+p 5 tl=""1
22—3y 3z—-by 1 z4+4y bz—4y ,
13 10 10 11 =
z+1 3y—-5 =z—y
10 = 2 =738

8 te= 2
4z 4 2.5y .22

5 —a5=»%-y=1
zZ Y _q3%=Yy_2z 3
stog=% =31
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45 4
gs. HETEH) 4oyl §By+2-3),

3z4+2y y—5 1124162 3y41

6 1 12 2
86. i.,.;:%, 91;_:7=%. 87. g_§=2,g_§=1.
88. ;+§=§%, 5_3%:214- 89. %_§=1,;+§=2§.
92. §+§=5,§+3=2. 93. ;+g=16,_§_},=1.
94. g+§=2,g+g=3 95. 24‘3:3’170‘73:2'
96. £+§=10,%+§=20. 97 £+§=4,§_§=4.
98. 1?54.23/_1:10, 270_g=2 99. g_§=;,;_§=g.
100. g+§=1§,,g+%-_—2—g.
101. £:§=13:11, 5”;‘—;1—;—
102. §+_3%=§47,21;+;=%.
103. %4.%:5{%,%_%:;.
104. g_$= 4, 33_2—2,:1.
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105. %—3:%,32;_3/:;%.

106. 2lx+§2§=3,‘%+;/ 38

107. 13_3%:%),;_2_%:2.

108. %4.%:;?,%4_%_%.

110. ﬁ?:_l 574__4=1:§,g=$.

111. 1 :_:_z?’_”y,7x2—33y_3.

O S R e EL P e e e
113, %‘)_1.,.31_3_1: ,%_3%1:3.

114, é—i—;+5—_2_—y=20,3—é—x_5%y=8.

115. w_.?._4+y763=8’x_.?.*4-,,_%=7-
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118.

119.

120.

121.

122.

123.

124,

125.

126.
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2y — 2z 59 — 2z y—3
T-gg_a= 20— g Y+, _13=30
73 -3y
-3 |
42* — y(z + 3y)
y4+11 = syt 4 + 314z, (24 7)(y-2)
+3=22— (y—D(z+1).
4z 47 bzx—4y 1748z bz —12 42—6y—13
3 toay1=" 6 * 4 ~ 9%-3
10z — 53
=8
25 —11s) 11Ty 742 125-144y ,
l@z_—1) T 3y ~>3_z 36(ytd) —
bz—3y+4  31-11y—_T7z by—4z 3ly—92—T79
Ss_4y+b6+ 12 - 3 — 12
21z 4 11y = 202.
12(7 4 6y) | 4322125 _ ., 6(5 —33)
T—y T 8245 —'» 3y_1
N 11(111 _:u) _ 165,
16 4+ 60z 162y — 107
8z — 3y—1 = 542 y 2 46y 4 92
272 1294 38
T 8r—-2y41
62* + 130 — 24y 151 — 16z
byt = s Ty
_ Sy =110,
o 3y—4
16 4 6y _ 1. 1282 — 188 4 217 10z 4 10y — 35

8z _3y+2 ' 2242943
5 54 .
=TT 82y -1
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1217,

128.
130.
132.
133.
134.
135.
136.
'137.
138.
139.
140.
141.
142.
143.
144,
145.
146.
147,
148.
149,
150.
151.
152.

4

EXAMPLES IN ALGEBRA.

T_6s  4_8 62_10y—_17 4a_14y_5
10y — 19~ 6y — 11" 3z —b5y4+2 ~ 22— Ty 12

z4+y=a,z—y=>4 129. 24 y=8 z—y=d.
ax=by, z4+y=c 131. az 4 by=¢, 24y=1.
ar—by=m,z4+9y=mn.

az + by = p, ax — by = ¢.

cx 4 dy=m, ex 4 fy =n.

ax —cy =2, cx 4 ay = 2.

ar 4 by=1, dz 4+ by=10.

ax 4 ¢y = &’, cx 4 ay = .
z4ay=2a,ar4ay=1

pr4qy=0, lr 4+ my =n.
z24+y=a4b oz 4 by=a'4 .

T4 Y=m4n mr—ny=n'—m.
pr+qy=2pg 9z +py=—pP + 4"

cx 4 dy =m, ¢z 4 d'y = n.
(a—=b)zx=(a4 b))y, z4y=c
z4+ay4+1=0,y4c(zx+1)=0.

me —ny =m'4n', x4y =2m.

T—yY=1r—238 1 — 8y = 2r — 24",

ez —fly=0,ex+fy=f+e
Pr+gy="=tpr4gy=">.

ay 4 cx = 2ry, by + dz = 3zy.

3z — 2y =(a + )+ 3ab, 3y — 2x_(a—b)’ 3ab.
c(Bc+2) =d(d+y), cx+ 2dy = k.
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172.
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P—yP=a,2—y=>0 164 d_y=c,z2—-y=d.
(m —n)z — (m4n)y=m'4n', my 4+ nz=0.

(m 4+ n)z 4+ (m—n)y = 2m, (I4n)z—({—n)y=2In.
PE+Y) +9@—-9) =5 p(=—-y) + 9= +y) =3
1T — 8y = 2rs, 28x 4 2ry = 38" — .

(¢ —d)z + (c + d)y = 28— 2d, (¢ + d)z + (c—d)y

= 2(c' + ).
“rd-2243 1 18 T4l 92 Yy
:—,+%=1,z—y=p—q
f-talietad
az-bc:d(e_y),a—:+b=d(l+g->-
RS S TINS
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>174.
175.
176.
1717.
178.
179.
180.
181.
182. |
183.
184.
185.

186.
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o %y=m+p,3—f,+6—yq=%
tE=g =2

5t 5= v 5=
ctd=bati="u
min—min— ’min+min=10
a;-zz;y=p’qz'—qkpy+p=0
rateta=t G =1
z_m_y_'_z;y: ,i:_-'l_i%/_1

22—a 2y—b 20240  2ay—a’

2+ by = PR p + b =a+b.
(a4 8)z — (0 —b)y =4ab, ——— 4 —Y__2
= e F b Te ="
2
Z(p‘+q)+y(p—q)=2,px+qy=£,f—g:-
R
- e 4 m n—p m
2 y 1 z y 1
a+c—a_c=a+c’ﬂ-—c+a—__c='a__c
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L

187.£+%=a,£—%=b. 188. +y 1£+§=1.
189. ‘-;+§-_-c,%+§=e.
190. a—i+%=5,%—%=3.
191. dix+%=c+d,g+§=c'+d'
192. g+%,=k,:;’+g=k’
193. %‘4.’—;:;'-; ’%:%
104, %+;=m,g+§=n 195. %{—!’;=1,;—_’f%=g-
196. z+%=c,ﬁ;=1;
197. %:%,m+ny=p+q.
198. ;+b_d,dx+cy—e
h
199 f-lfy-e{x Fea= 9+9.
200. -;-_-’l‘n :—‘;‘—7’2.—_2.
201. %+%=a+b,g+%=a’+b’
202 22 "= 5p o, P4 2m—3n
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203.

204.

205.

206.

EXAMPLES IN  ALGEBRA.

T4y r z4t r48

z—y=a—Vy—a=r+t

24 Lo 0=t +_ _P+3m
py P p+4q

z41 a+b+cx—1 a+b—c

v+l a—byec’y—1 a—b_ec

z2+y+1 a4l z24y41 1456

z—y4+1 - a-1"z—y —151-%
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13.

14.

15.

16.
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TWO UNKNOWN QUANTITIES.
zT—yY—2=50,z4y—2=25z4+y+4z2=35.
z24+y42=3l,249y—2=252—y—2=09.
z24+y—2=0z42—y=2,y4+2—2=4.
z24+y=1,942=9,24+2=05.
z24+y=19,242=18, y42=17.
z24+y=30,z42=25 y42z=15.
z4y=1,242=8y4+2=—38.
z24+YyY4+2=33, y—z24+2=23,z—2—y=1.
r24+yY42=0624y—2=42—y42=28
z+y_z=1320,‘z—y+z=654,y+z—x=_12.

w4 r42=10,24+y42=12, w4 2z4y=9,

w4y 42z=11.

e 4+y42=13,u424+y=17, u 42 4 2 =18,

u4y42z=21
u4v4+24+y=16,ufv4242=18 u 4 v4y4z
=20, u4+24+y4+2=22,v424y4+2=24.
z24+y4+2=26,z—y=4,2—2=6.
z4+yY+24t4u=25z4+y4+z4+u4v=26 24y
+z4t4v=27, 24+ y4t4putv=28 2424t
+u4+v=29, y4+z4t4+u4v=30.
uv = 180, MW = 270, uw = 216.
:vyz=60, ua:y=30,uxz=6? 'uyz=:20.
15 225
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18. 4x — 8y — 22 =12, v 4 2y = 32, b2 = 15.

19. w+y=9,3z—y=3,3y+z=11'.

20. 2z 4 2y = 20, 3z 4 32 = b7, 4y 4 42 = 92.

21. 3z 4 42 =567, 2y — 2z =11, bz 4 3y = 65.

22, 2—y—2=6,3y—r—2=12, T2 —y — 2z = 24.
23: z2—2y=2,3v42=28, 2y — 32 = 14.

24, 22 _3y=3,3y—42="17, 42 — bz = 2.

25. :c-y+z=0,z—2y+3z=l,m—3y-§‘-4z=0.
26. 3z — 2y — 22 =2, 5x—'y+3z=23,m_5y+6z=1.
27, 2z 4 3y + 42 = 29, 3r42y+452=32, 4x43y422=25.
28. Tz —3y—z=12, 24 2y + 3z =17, 42—y4+2z = 13.
29. 4z 4 2y — 2 = 26, 5z + 2y — 3z = 16, 2r—y4+2:=23.
30. 24y +2=90, 2z 4 40 = 3y + 20, 2210 = 42—40.

3l. 24 y424u=14, 3242y —2=28, 40 —y =29,
3z —z =22.

32. 2y 4+ 3z4u=15,z4+y+2—u=3_8, z4y4+2—2u="T,
3z 4+ 2y + 22 = 21.

33. 2—3y4+ 22 —u=6,3z4+2y — 24 3u=13, 22— 2
+22—2u=8 z4+y+z2+u=10.

34, 342y —42=11, 22+ y4+u =16, z 4+ z 4+u = 10,
' 2y4+z—u=9.

35. w4 50 =z, z 4 120 = 3y, y4120 = 22, 24195 =3w.

36. Tz 4 224 3u =17, 4y 4 2240 = 11, by—32—2u=3_,
4y —3u 4 20v=9, 8u — 3z = 33.

37. Tx —3y=1,112—-Tv=1,42-Ty =1, 192 — 3v=1.
38, 24+2y=09,3y+42=14, T2 4+ u =5, 2u 4 5z = 8,



39.

40.

41.
42,
43.

44,

45.
46.
47.
48,
49,

50.
51.

52.

53.

54.

09,
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3u — 2y = 2, 22 4 8y = 89, 55 — Ta=11, 4y43z=41.
2z — 3y + 2z = 13, 4u — 2x = 30, 4y 4 2z = 14,

by 4 3u = 32.
bz 4 .3y =2.2, 1.22 — 8.5y= —24.4, 3.3241.32=29.
2.52 4+ 1.5y = 6.5, 3.5z — 1.5z = 4, .6y 4 z = 2.2,

1.72 — .6y = — 4.08, 2.8z 4 .62 = — 6.72, 2.8y
— 1.7z = 19.04.

bz —2(y+24+v)=—-1,42_3(x+y+v)=2
— 12y 4 3(x4+24v)=3, 8v—(r4+y42)=—2
z24+y42=100, .72 ~4 =y, 3z + 4 =2
20 43y —2=130,z:y=1:5, Ty = bz
z4+y4+2=24,2:y=7:8,y:2=8:9.
z:y=2:8,y:2=38:4, Tx — by 4 32 = 66.
2423y +42="7:8,3y4+42:52462=8:9,
z4y—z=126.
T4Y=ay T4 2= 2z 2(y 4 2) = 3yz.,
A—-2)244—y) =2 (T—2)(124 —9y) =3,
(13 —2)(64 —y) =2,
971z 4 z = xy — 214, 965z 4 20z = zy — 198,
940z 4 100z = zy — 48.
— Y2z + 72 + 2y = 4ayz, 3zy 4 2yz — 622 = — Y,
4zy 4 3yz 4 272 = 19zy2.
Ty + 22+ Y2 = TY2, TY + TU + YU = TYU, T2 + TU + 2U
= TUZ, 2U 4 YU 4 Y2 = uyYz.
(2 +1)(By — 3) = (Tz +1)(2y—3), (4o—1)(z + 1)
= (241)(25=1), (¥43)(2+2) = (3y—6)(3s=1),
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56. (22 —9)(3y —17) = (8z — 11)(2y — 6),
3z —1)(42 — 1) = (42 4+ 2)(3z — 2),
(4y — 5)(bz — 4) = (by — 9) (42 — 1).

87. ¥(y—2)=3(y—2) =6z — 42, y 4+ 2 =22 4 1.
58. 4y 4+2=29, 24 2+ 32 =62, o + 3y + 2= 10.
59. TEY_q1 Y2 _o 2+2 4

11 4 O 7
224y Jy+2z o z42
6o. THY_g WHE_5 242,
2'”""3/ 3y+‘2z Ty —2z
61' 3 = 4 = 5 ' =4.
62. 11x_1o,,=1_2?/_;11¢,w+z3—2y=x_y_1,
Sr=y+247
., Yy, 2 2z y 3z 3z g‘,! z
63. Z+3+§=9’3—§+Z_11’ 4+3_2_9_

64. z 4 4y =100, y 4+ 4z = 100, z 4 }z = 100.
65. y4+ir=41, x4 }z =20}, y + $2 = 34.

%.x+%+%=&y+%+g=_Lz+g+%=N.
67. v 4 3y=10—-3z 3(v4+2) =9 —y, }(z—2) = 2y—T.

3y—1 62z =2 9 bz 4z b 3z4+1 2z
8 Ty =p-2ty Tt3=Yte 7 —u
1 22y

6
T YL g T Y T g0y B Y F_
@.5+7+9_%&7+9+5_%A9+5+7_%&
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71,

72.

73.

74.

75.

76.

71.

78.

79.

80.

81.

82.
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%;.1. §+ 2=18, 22— 3y + %=4» 242y : 2y+2=5:8.

+6=3%y, y+1=3.bz z 4 8 = 1.252.

21 —4y,2=9— 3%z, y =64 — 7.5z

<

z z

Y.2 62 T Y 2 4 * Y %

= 38.

Ny 8 Ny 8

+
w
(=21}

—3z 16
8¢ — Yy 4+2="1.5, 2 — 3-’—3—= 30 20 _g+4z=11.
T+l =204 Mo+ )= T4+ 1, $y+2)

=3 —y) +1.

y z_ ¥y _ 24+ 2 z z—13 1
Ttg—g=1lho4y=06-—"F" -y =4
22— 3y =93 _ 32—}y, T — 52 = 2 4 y — 86, |

37 4+ 3y + }2 = 58.
2y — 327 — 221 — 3z, by + 213 = 3z — 246,

fz 4 452 =§23—’ — 358.

2y —r=2u—242, 22 +19 =2y 4+ 19=3u+2,
z4+22 60— bu—3y
4 = 15 '

4_z—_u=y42,

z 2z z 3z wu z u
3tst7 =gy t5=T0 45+ g5=02

bz y 2
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830

84,

85.

86.

87.

88.

89.

90.

91.

92.

EXAMPLES IN ALGEBRA.

4z 4+ 3y 4 2 2y+2z—x+1_5+z—z—5

’

10 15 5
92 4 by — 22 2x+y.._3z Ty4+243
12 4 =7 1 +6’
5y+3z-2x_3y—z+2z_y_1+3:c+2y+7.
4 12
bz — Ty 4 2 8z+3z—4_11y—5z—4z+18
12 - 21 - 14
11z — 62 + 12 3y 4 72 — 22 8z—3:c+82
14 .7 18 = 21
3r —y— 22 =16.
42—6y bz — 28 z41 42-2 3224 =
3 ~ 4 — 7 b5’ 5 +19

1 _1 2 _1 3
u4v. Tufw Cvfw
3y — bz _1 z 4 3y _1 4z+5
Tz —42= 78—z~ 3w+ by

THY+2_ w o, . a_g Y=tz _1
T—y42z ’ y TV 2—2z—y 8
1 1 1 1 1 1

1,1 51,1 71 138
x+y=6’y+z_1_2~’v:;+z=4

1 1 1 1 1 1
aty=8ytr=10+0=18

1 1 1 1 1 1
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95.

96.

9a7.

98.

99.

100.

101.

102. -

103.

104.

105.

106.
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4y 4 32=2yz, 224 4w=32w, 4w 4 3z=>5wz, — 4
Zo—3y+8 ; 8y—-2 7 du-11 g1 1 5

w41 42 °8 425 = x+y T2y
22 4+2 2y—5 11_3z 627 4y4+3 65y+6
8y +17~ 8211 225 ~ 4249 42-83 ~ 5z-3°

=1,
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107. - _ 70, - _84, ¥ _ 140
4y T2 y+2

zy 1 @ 1 g
z4+y b x4z 6 y42

109. 4 _ 920, = _ _15, — L _ 12

108.

_L
=7

4y — 3z ' 2z — 32 ’ 4z — bz
28 12 21 35
N0 ety =%y 5.0
100 7 9
S8z 42 224y
12 7.5 30 37
M G 3y 8oy de = U 8oy ds Ty 0=
292 8 s
by+92 2043y
8
112. 2x—_3:l/—+'z+5x—8y+38=0,
5
8
113. 4——————x+2y_3z+8x_6y+2=0,

1680 )
%1% +12y —162—4=0,
3x44y+22=52, z {2z = 2y.

3 6 1 6 4
M oorrete oy tymsT iyt ey

1 15 2 3

_y—3z=3’z+y+z—2x—y—y—3z=5'

115. z4y=0a,2+2=b,y4+z2=c.
116. y+2=2a,2+4+2=2b2+y=2.



117.
118.
119.
120.
121.
122.
123.
124
125.
126.
127.
128.
129.
130.
131.

132.
133.
134.

135.

136.
137.
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z 4 2y = a, 2z 4 42z = 3a, 4y + 5z = ba.
z4a=y+42 y4+a=22+42224a=3z4 3y
r4+y42=nr2—-Y42=8r4+y—2z2=1t

z 4 1la = y+42, y=2(z42)—1la, 2=3(2+y)—1la.
z4+yY422=38e 22—y 42 =160 3z 4+ 2y — 2 = 6a.
224y=0,2y4+2=0242=c
z24+3y+4+22=03x4+5y—22=m, v —y 42 =mn.
T4+y—2=0Cz42—y=by4z—z=o0.
ay+bzx=c cxaz=0> bz 4 cy =a.

ar 4 by4ez=3, ar 4 by—cz=1, axr—by4cz=1.
ME4Y=N2—Y=Dp, T4 2=1L

ar4+ by=1by4+cz=1, ez 4 axr=1.

oz by=c bz cz=a, cy 4 az =0

T4 Y+2=a my=nz qy=pe
T4ytz=at+biec bz 4oyt az=er 4 ay4 bz
=a 4 b 4 _
z4y=0y42=bz4u=cu—z=d.
THY=a+4b yf2z=a—¢ z24u=a—>, u—zr=c—a.
2e4+yte4u=a,242y42z24u="5x4y4 22
+U=¢r4+y4242u=d.
T4Yy—U=m Y42 —V=n24U%U—T=0,UF7
—Y=p,v4zT—2=04q.

ar 4+ by — ez = o' 4+ b, az = abz 4 b, by = abz 4 a’.
24 yY+2=0, ax 4 by 4 ¢z = 0, bex 4 acy 4+ abz

4+ (b —c)(c—a)(a—b) =0.



zyz, b(2z — 2y — y2) = 2y,
xye2.

A, dz4by4cz=A" dz4by4fz=A>

EXAMPLES IN ALGEBRA.

138. a(yz — 2z — y)
e(zy — yz — z2)
139. ax4 by4ez=
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z y 2

152, > 4 _b_a Y 4 % oL

a4 b +ec c—a ' cta
r __°2 b
b_e¢ a—b-""°
24y _ytzy—s_a—b
153. a b= a ,y+x=a+b,z+y+z=a+b.
z y 2 Yy
154. a+b+b—c+a+c % a_b b_c+c_a_2a’
z i 2
Fa Sl S Y = 2a — 2¢
185 r— — — .Y _ gL _ % _4
841 t—7r r4t r—s
2 x

fr+ey— 9 Cgy+fe e ’
g—e¢ _(e—-fg-f)
exr 4 gr f




PROBLEMS INVOLVING TWO UNKNOWN
QUANTITIES.

1. A farmer sells to one person 9, (@), horses and 7, (),
cows for 300, (m), dollars, and, at the same prices, 6, (a,),
horses and 13, (3,), cows for the same sum. What was the
price of each? A

2. A vintner wishes to fill a cask containing 84, (n), gal-
lons with wine, so that it may cost him $100.80, (s), in all.
He draws his wine from two casks which cost $1.00, ( p),
and $1.42, (¢), a gallon respectively. How much of each
kind must he take ?

3. The sum of two digits is 9, (s), and six, (@), times one
of the numbers they form is equal to five, (b), times the
other. Find the numbers.

4. Find two numbers such that one shall be as much
greater than 10, (&), as the other is less than 10, (%), and
one-tenth, (1/k), of their sum shall equal one-fourth, (1/e),
of their difference.

5. A man pays with a $5, (d), note two bills, one of
which is six-sevenths, (a/¢), of the other, and receives back
in change seven, (n), times the difference of the bills. Find
their amounts.

6. A boy, being asked his age and that of his sister, re-
plied, <“If I were 3, (a), years older, I would be 3, (n),
times as old as my sister ; but, if she were 2, (b), years older,
she would be one-half, (1/¢), as old as I am.”” How old
was each ?

236
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7. Find two numbers whose ratio is that of 8 to 7, (a to b),
but, if 8, (k), is added ta each of them, the ratio of the re-
sults will be that of 5 to 9, (a' to b').

8. Find two numbers such that, if the first be increased by
8, (a), it will be 2, (m), times the second ; and if the second
be increased by 31, (b), it will be 3, (n), times the first.

9. If I mix brandy and wine, putting in twice, (@ times),
as much of the former as of the latter, the mixture is worth 22,
(m), dollars a dozen. But if I put in twice, (b times), as
much of the latter as of the former, the mixture is worth 24,
(n), dollars a dozen. Find price per dozen of each.

10. A certain fraction would be doubled by adding 14, (a),
to its numerator and 6, (¢), to its denominator,. and it would
be trebled by adding 7, (p), to its numerator and taking 4,
(g), from its denominator. Find the fraction ?

11. A number consists of two digits whose difference is 1 ;
if it be diminished by the sum of its digits, the digits will be
reversed. What is the number ?

Show what the sum of the digits must be.

12. A certain fraction which is equal to $ is increased to §
by having the same number added to both its terms, and is
multiplied by 2 by having another number taken from both

_its terms.  Find the numbers.

13. A certain sum of money at simple interest amounts to
1,375, (a), dollars in 15, (m), months, and to 1,425, (), dol-
lars in 21, (n), months. Find the principal and the rate of
interest.

14. The smaller of two numbers divided by the larger gives
.25 with a remainder of .02 ; the larger divided by the smal-
ler gives 3, with a remainder of 1,44, 'What are the numbers?
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15. The difference of two numbers is 8, (d), and two, (a),
times the sum of their reciprocals is equal to 3, (b), times the
difference of their reciprocals. Find the numbers.

16. Find two numbers such that, if 1, (e), be subtracted
from the first and added to the second, the results will be
equal ; while if 5, (f), be subtracted from the first and the
second be subtracted from 5, (f), these results will also be
equal.

17. Find a number such that, if it be multiplied by 4,
(m), and the product increased by 3, (), the result will be
the same as if it were increased by 4, (m), and the sum mul-
tiplied by 3, (a).

18. If 45, (a), be subtracted from a number, the remainder
will be a certain multiple of 5, (m) ; but if the number be
subtracted from 185, (), the remainder will be the same
multiple of 10, (r). What is the number and what multiple
of b, (m), is the first number ?

19. A man setting out on a journey drove at the rate of 2,
(@), miles an hour to the nearest railway station, distant 6,
(b), miles from his house. On arriving at the station he
found that the train had left 1, (¢), hour before. At what
rate per hour should he have driven in order to reach the
station just in time for the train ? '

20. I row 8, (p), miles with the stream in 64, (a), min-
utes, and return against the stream in 137}, (¢), minutes.
At what rate would I row in still water and at what rate does
the stream flow ? '

21. A sum of money is divided equally among a certain
number of persons. Had there been 56, (m), more each
would huve reccived 1, (a), dollar less; if 24, less, each
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would have received 1, (b), dollar more. How many per-
sons were there, and how much did each receive ?

22. Two persons, 27, (¢), miles apart, setting out at the
same time, are together in 9, (m), hours, if they walk in the
same direction, but in three, (n), hours, if they walk in op-
posite directions. Find their rates of walking.

23. A man can row down stream a distance of 20, (a),
miles, and back again in 10, (b), hours, and finds he can
row 2, (d), miles against the current in the same time that
he rows 3, (¢), miles with it. Find the time in going and
returning, also the rate of the current and the rate of rowing.

24. If the number of men engaged upon a certain piece of
work be made 5, (¢), greater, the work can be done in 4,
(a), days; if 5, (d), less, in 12, (b), days. How many
men are there and in how many days can they do it?

25. A man and his wife labored 6, (m), days and received
24, (2a), dollars for compensation. Had the wife been idle,
and on expense at the same daily rate as her wages, they
would have received but 12, (2¢), dollars. What were the
daily wages of each ? )

26. The report of a cannon travels 172.21, (a), yards
with the wind toward A in the same time that it travels
167.97, (b), yards against the wind toward B. Three, (n),
seconds after it is fired it is heard at A and B, which are
2041.98, (8), yards apart. What is the velocity of the re-
port in still air and what is the velocity of the wind ?

27. Two vessels contain mixtures of wine and water. In
one there is 3, (), times as much wine as water, and in the
. other 5, (q), times as much water as wine. How many gal-
lons must be taken from each to fill a third vessel whose capa-
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city is 7, (), gallons, so that its contents may be half wine
and half water ?

28. Iinvest $12,000, (s), in bonds paying 3, (a), per cent,
real estate paying 4, (b), per cent, and stock paying 5, (¢),
per cent. The sum invested at 5, (c), per cent is half as
much as the other two investments. If my income is $490,
(k), per year, how much have I invested in each ?

29. A student walking from Cambridge to Boston notices
that horse-cars coming out meet him every 3, (h), minutes,
and those going in overtake him every 9, (£), minutes. Sup-
posing the cars to be started at regular intervals, so that each
car is half a mile ahead of the next one, how many miles an
hour is the student walking, and how Yast do the cars go?

30. Each of two servants was to receive $160, a dress and
a pair of shoes for one year’s services. One servant left after
8 months and received the dress and $106 ; the other servant
left after 94 months and received a pair of shoes and $142.
What was the value of the dress and of the pair of shoes?

31. Two points move around a circle whose circumference
is 100, (r), fect. When they move in the same direction
they are together every 20, (8), seconds, when in opposite
directions they meet every 4, (t), seconds. Required their
rates.

32. 24 Ovids and 12 Ceesars will just fill a certain shelf ;
6 Ovids and 10 Cmsars will fill half of it. How many of
each alone will fill it ? .

33. A publisher sent 7 histories and 12 algebras by mail.
Having no scales he made a pair of wooden balances and found
that 4 histories just balanced 7 algebras, but that 3 histories
just balanced 5 algebras and a hammer whose weight was 7
ounces. What was the weight of each history and algebra ?
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34. The quantity of water which flows from an orifice is
proportional to the product of the area of the orifice and the
velocity of the water. There are two orifices in ‘a reservoir,
the areas being as 5:13, and the velocities as 8:7. From
one there issues in a certain time 561 cubic feet more than
from the other. How much water does each orifice discharge
during this time ?

35. A starts from Boston to New York and B from New
York to Boston, traveling uniformly. After they have met
it takes A 16, (e), hours to reach New York and B 36,
(f), hours to reach Boston. Find in what time each per-
formed the journey.

36. A fires at a target 500 yards distant and hears the bul-
let strike 43 seconds after he fires. B, standing 400 yards
from the target and 650 yards from A hears the bullet strike
2% reconds after he hears the report. Required the velocity
of sound and of the bullet, each supposed to be uniform.

37. A and B can do a piece of work in 8, (a), hours.
After working together 4, (b), hours, B finishes the work in
12, (¢), hours. In how many hours could each alone do it?

38. A and B run a race of 336 yards. The first heat A
gives B a start of 28 yards and beats him 2 seconds ; the sec-
ond heat A gives B a start of 12 seconds and is beaten by 48
yards. How many yards can each run in a second ?

39. Two trains, 92 feet long and 84 feet long respectively,
are moving with uniform velocities on parallel rails. When
they move in opposite directions they are observed to pass
each other in one second and a half, but when they move in
the same direction the faster train passes the other in six sec-
onds. Find the rate at which each train moves.

16 ’
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40. A stage set out from Colorado Springs to Cripple Creek
with a certain number of passengers, four more on the outside
than inside. The fare of seven outside passengers was half a
dollar less than the fare of four inside passengers and -the
whole fare, at the outset amounted to $45. At the end of
half the journey it took up three more outside and one more
inside passenger at proportional rates, in consequence of which
the whole fare received was 1% times what it was before.
What was the number of passengers at the start and the fare
of each ?

41. How long will it take before the hands of a clock as-
sume the same relative position they have at this moment ?

42. It is a law of physics that, if a body starts with a ve-
locity of u feet per second and if this velocity increases f
feet per second, then at the end of ¢ seconds the body will
have passed over ut 4 % ft*. Suppose f is uniform and that in
the eleventh and fifteenth seconds the body passes through
24 ft. and 32 ft. respectively, find u and f.

43. A person walking in a thick fog meets one wagon and
overtakes another traveling at the same rate as the former.
If 100, (a), feet be the greatest distance to which he can see,
and 75, (b), and 150, (¢), feet the distances which he walks
between the times of his first seeing and pa.ssmg the wagons,
what equation results?’

44. A train, after traveling an hour from A towards B,
meets with an accident which detains it half an hour, after
which it proceeds at four-fifths its usual rate and arrives an
hour and a quarter late. If -the accident had happened 30
miles farther on, the train would have been only an hour late.
Find the usual rate of the train.
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45. Two trains are running westward on parallel tracks, at
the rate of @ and b miles an hour respectively. At noon they
are m miles apart. When are, they together? When is the
unknown quantity positive? When does it become zero?
infinite ? indeterminate ? negatlve? Explain the signification
of each result.



PROBLEMS INVOLVING MORE THAN TWO
UNKNOWN QUANTITIES.

1. Three children being weighed, taken two together,
weighed 76, (a), 90, (b), and 94, (¢), pounds. How much
did each weigh?

2. Bicycles of three different makes were sold at auction,
one of each kind bringing $41. One of the first kind, two of
the second and three of -the third brought $85. There was
then left two of the first, one of the second, and one of the
third, which brought $45.50, but a deduction of-one-half had
to be made in the price of the third, as it was damaged.
What price did each kind bring ?

3. The number of bones in the fingers exceed in number in
the wrist by 6, the number in the wrist is twice as many as in
the hand less 2, and the number in the wrist and hand to-
gether is 1 less than in the fingers. How many bones are in
each ?

4. A and B spent 18, (n), dollars, B and C spent 14,
(p), dollars, and A and C spent 16, (g), dollars. How
much did each spend ?

5. The sum of three numbers is 59, (s) ; one-half the dif-
ference of the first and second is 5, (m), and one-half the
difference of the first and third is 9, (n). Find the numbers.

6. In a school containing three classes the first and second
numbered 10 more than half the whole, the second and third
50 more than half the whole, and the first and third 30 more
than half the whole. How many pupils were there in each

class?
244
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7. A’s money added to three times B’s and C’s amounts to
$470 ; B’s money added to four times A’s and C’s amounts
to $580 ; C’s money added to five times A’s and B’s amounts
to $630. How much money has each ?

8. If to double the height of Bunker Hill Monument 40
feet be added, the sum will be equal to the height of the pyra-
mid of Cheops. If the monument, starting at one angle of
the pyramid, be laid three times along the side of the base of
the pyramid, there will be left of the side 6 feet less than half
the length of the monument. If the monument be put on top
of the pyramid, the total height would be less than a side of
the base of the pyramid by 64 feet. Find the heights of the
monument and pyramid and the length of the side of the base
of the pyramid.

9. Divide the number 130, (s), into three parts such that
twice the first part increased by 30, (a), three times the sec-
ond part increased by 15, (b), and four times the third part
increased by 50, (¢), shall all equal one another.

10. Divide 235, (m), dollars among three men, giving B
25, (a), dollars more than C, and A 35, (b) dollars more
than B.

11. Find three numbers such that the first with } of the
other two, the second with } of the other two, and the third
with } of the other two, shall be equal to 25.

12. A comparison of the cubic inches in the brains of the

- European race, of the Bushmen of Africa, and of the gorilla

gives the following results : The European’s brain contains 7

cubic inches more than 3 times the gorilla’s. The Bushman’s

contains 30 more than half the European’s. The Bushman’s

and gorilla’s together are twelve more than the European’s.
How many cubic inches in the brain of each ?
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13. The sum of three fractions is 2. The second fraction
is double the first and the third is double the second. What
are the fractions ?

14. The average age of three persons is 60, (%), years.
The average of the first and second is 52, (d), years, and of
the second and third is 70, (g), years. Find the age of each.

16. The digits of a number of three figures have equal dif-
ferences in their order. If the dumber be divided by one-
half the sum of its digits, the quotient is 41 ; and if 594 be
added to the number, the digits will be inverted. Find the
number.

16. Three citiesy, M, N and Q, are situated at the vertices

of a triangle. The distance from M to Q by way of N is 82 -

miles, from M to N by way of Q is 97 miles, from Q to N by
way of M is 89 miles. How far are M, N and Q from one
another ?

17. Of what three numbers is it true that the sum of the
reciprocals of the first and second is 4, (1/a), of the first and
third §, (1/¢), of the second and third }, (1/2)?

18. A man worked for a person 10 days, having his wife
with him for 8 days and his son for 6 days, and received
$10.30 as compensation for all three. At another time he
worked 12 days, his wife 10 days and his son 4 days, and re-
ceived $13.20. At another time he worked 15 days, his wife
10 days and his son 12 days, and received $13.85. What
were the daily wages of each?

19. A tank has three pipes. The first and second will
empty it in 1 hour ; the second and third in 2 hours ; the
first and third in 1} hours. How many minutes wlll it take
each pipe to empty the tank ?
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20. Three casks together contain 75, (m), gallons of wine.
By pouring 8, (¢), gallons from the first into the second and
then 7, (d), gallons from the second into the third the quan-
tities in the three casks become equal. How much did each:
cask contain at first ?

21. A and B can do a piece of work in 12, (a), days, B
and C in 20, (¢), days, and A and C in 15, (), days. In
how many days can each alone do it? All together?

22. My brother and I can do a piece of work in 6 days ;
you and I would require 9 days to do it. In what time could
you and he do it, providing that he works twice as fastas I?

23. Ina10, (p), mile race John can beat James by 2, (q),
miles and Charles by 4, (t), miles. By how many miles can
James beat Charles ?

24. The difference between two fractions which have the
same denominator is §. If 2 be added to the numerator of
the smaller, its value will be one half of the larger ; if 2 be
subtracted from the numerator of the larger, its value will be
three times the smaller. Find the fractions.

25. A piece of work can be completed by A working 3
days and B 7 days and C 1 day ; or by A working 5 days
and B 1 day and C 7 days ; or by A working 1 day and B
5 days and C 11 days. In how many days can each alone
perform the work ?

26. A, B and C together have $24. If A gives to B and
C as much as they already have, and then B gives to A and
C as much as they have after the first distribution, and again
C gives to A and B as much as they have after the second
distribution, they will all have the same sum. How much
has each ?
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27. A sum of money consists of quarter-dollars, dimes and
half-dimes. Its value is as many dimes as there are pieces of
money ; its value is, also, as many quarters as there are
dimes ; and the number of half-dimes is one more than the
number of dimes. Find the number of each coin.

28. A number is expressed by three digits whose sum is 12.
Reversing the order of the first two figures diminishes the
number by 180, and interchanging the last two increases it by
9. What is the number?

29, There are four men, A, B, C and D, the value of
whose estates is a dollars. § A’s, § B’s, 1 C’'sand } D’s is
$5,830. } A’s, 1 B’s, } C'sand § D’s is $5,000. } A’s,
1 B’s, } Csand } D’sis $4,760. } A’s, } B’s, } C’sand
4 D’sis $5,200. Find the property of each.

30. There are four numbers such that, by adding to each
twice the sum of the remaining three, we obtain 46, 43, 41,
and 38 respectively. What are the numbers ?

31. A regiment of 400 men is quartered in a four-story
building. On the fourth floor are one third as many men as
are on the first ; on the second and third are as many as are
on the first and fourth ; and to every 9 men on the third floor
there are 11 on the second. How many men are there on
each floor?

32. Divide the number 192, (s), into four parts such that
if the first is increased by 7, (a), the second diminished by 7,
(a), the third multiplied by 7, (a), and the fourth divided
by 7, (@), the sum, remainder, product and quotient ghall all
be equal to one another.

33. Divide 105 into four parts such that the first is to the

second as 2 : 3, and the second is to the third as 4 : 5, and the
third is to the fourth as 6 : 7.
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34. A and B can do a piece of work in 10 days, A and C
in 12 days, A and D in 20 days, and B, C and D in 7% days.
In how many days can they do the work separately? All
together ?

" 85. The year in which printing was invented is expressed
by a number of four digits, whose sum is 14. The ten’s digit
is one-half the unit’s digit, and the hundred’s digit is equal to
the sum of the thousand’s and the ten’s digit. If the order
of the digits be reversed, the resulting number will be equal
to the original number increased by 4,905. In what year was
printing invented ? .

36. Five players, A, B, C, D, E, throw dice upon con-
dition that he who has the lowest throw shall give all the
others the sum which they already have. Each loses in turn,
beginning with A, and at the end of the fifth game each has
the same sum, $32. How much had each at first ?

37. A cistern has three pipes, A, Band C. If A and B
run in while C runs out, it will be filled in 28% minutes. If
B and C run in while A runs out, it will be filled in 40 min-
utes. If A and C run in while B runs out, it will be filled
in 664 minutes. In what time would each fill it alone, the
others not running ? :

38. A invests a sum of money at a certain rate of interest.
B invests $3,000 more than A at 1 per cent. less, and his in-
come is $45 less. C invests $2,000 less than A at 1 per cent.
more, and his income is $40 greater. Find each man’s capital
and the rate at which it is invested.

39. There are two numbers, of three digits each, each the
same as the other with the digits inverted. The sum of the
two numbers is 584. The sum of the digits of each number
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is 13. The difference between the units digits is 2. What
are the numbers ?

40. Three men travel from Boston to Lexington. The
second man travels every 4 hours 1 mile less than the first,
and is 4 hours longer in making the journey. The third man
travels every 3 hours 14 miles more than the second, and is 7
hours less in making the journey. How far is it from. Boston
to Lexington and how many hours does it take each man to
make the journey ?

41. M, N and P are three towns situated at the apexes of
a triangle. A man has to walk from one to the next, ride
thence to the next, and drive thence to his starting point.
He can walk a mile in m minutes, ride a mile in » minutes,
. and drive a mile in p minutes. If he starts from N, he takes
m 4 p — n hours ; if from P, m 4 n — p hours, if from M,
n 4 p — m hours. Find the length of the circuit.

42. If the sum of two numbers, each of three digits be in-
creased by 1, the result will be 1,000. If the greater be
placed on the left of the less, and a decimal point be placed
between them, the resulting number will be six times the num-
ber obtained by placing the smaller number on the left of the
greater, with a decimal point between them. What are the
numbers ?

43. There is a certain number of six figures, the figure in
the unit’s place being 4. If this figure be carried over the
other five to occupy the left-hand place, the resulting number
is four times the original number. Required the original
number.

44. A teacher required each of three pupils to multiply to-
gether two given numbers. The first pupil, in adding the
partial products, neglected to carry 1 from a certain column.
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To check his work he divided his product by the smaller num-
ber and obtained a quotient 971 and a remainder 214. The
second pupil neglected to carry 2 from the next column (to
the left), and obtained by dividing his product by the smaller
number a quotient 965 and a remainder 198. The third
pupil neglected to carry 1 from the next column (always to
the left), and obtained by his division a quotient 940 and a
remainder 48. What were the two numbers and from what
column did each pupil neglect to carry ?
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324¢"
m''n® .
— 322%™

400a°.
2527

EVOLUTION.
2. V25.
5. VsI.
8. %243.
11, Vg
14. Y22
17. +9d’c¢
20. y144c°d™,

"23. N — 2728

26. 481",
29. V— 243m™.
32. Y512¢*,
35. 4\’33 s "
38. Y162%".
5ah’
362%*
125
4. \/ o

ac

41.

56m’éz™
8 1 pxx “w®

126507y
50. \/ 216b’

47.

3. \27.

6. \625.

9. V64

12. ¥Niis

15. VA4

18. 4l16a‘z®.
21. N27nS.

24, Y — 64a°b".
27. \6252™.

30. Y64ap®
33. N— 327,

36. N— 5%".

39. TS
1692°

42. 2—8‘9!/"“

. s 8m’

5. \zigea
— 243¢®

48. | Zrgopm

51 64a

iz 18w

P



52.

55.

57.
59.
62.
64.
65.
66.
68.

70.

72.
74.

75.
76.
71.
78.
79.
80.
81.
82.
83.
84.

EVOLUTION. 261

128 5621 — plte
e 8. s O \miw
g
N

V[64p'(P* + '] 58. % —§.

Vi + 3% 60. \§ — 75 6l. Vi—d¢
VG§ — & 63. V{3§m***(m — 1)°}.
V(35ab x 63ac x 45bc).

N(7Tbay'2 X 402 X T22'y2).

VV(256a'2") 67. N(4096c"¢™).
V(1212%%)° 69. V(49 x 64%).
4

NN — 292%%). 73. VV(16%4®).
VV(B™a'c ™).

V14+441041249.

N 4 27y + 4 + 2a2 4 292 + 2%

Np' -2 —p +2p + 1.

Na* + 2a® 4 3a* 4 2¢° 4 o’

N1 — 4b 4 40 4+ 2y — 4by + ¥

V1 4 68 4 2t 4 9¢* 4 68t 4 £

N9 4 6m 4 48n 4+ m* 4 16mn 4 647"
N4a® 4 8ab — 4a 4 4b* — 4b 4 1.
87 4 4 4 2t + 42° 4 827,

Nm* 4 4m® — 4m* — 16m 4 16.



262 EXAMPLES IN ALGEBRA.

85. ViK' — 120 4 13F — 6k 4 1.

86. iz* —124° 4 b2 4 6z 4 1.

87. Vig'—4¢" 4 13¢" — 69+ 9.

88. <1 4 4a’ 4 2° 4 4a 4 22* 4 4azt.

89. +60p 4 100 4 16p* 4 24p* + 89p.

90. 242' — 162 4 42 — 16z 4 4.

91. a'— 2’z — a2’ — 2a2® 4 2.

92. 4a' 4 12a’z 4 13a%2* 4 6az® 4 2.

93. 49¢* — 14ac® 4 15a’c — 2a’¢ 4 a'.

94. 16a* — 40a’d 4 25a’b* — 80ad® 4 6402 + 64a’bz.
95. v4a'— 4ab 4 b'— 4dac — 4ad 4 2bc42bd 4 ¢* 4 2¢d 4 .
96. 1 — 4z 4 1028 — 202° 4 25z* — 242° 4 162°.

97, Viz® —4a® 4 42° —32' —22° 4+ 32 — 2z 4 1.

98. v2b 4 22" — 2* 4 32t — 22° 4 2.

99. va® — 6a’c 4 15a'¢® — 20a’c® 4 15a¢* — 6ac® 4 ¢°.
100. V9a~* 4 12a7'b* — 6a 4 4b* — 4a’H* 4 a'.

101. V4c¢* —4e¢> 4 bc* —2¢7 4 1.

102. v49a7® 4 42047 — 19a™* — 120 4 4.

103. V9z* 4 1227° — 262" — 202~ 4 25.

104. vda™* + 967 4+ 16¢7 — 126707 4 1607 — 2457¢7.
105. g™ —6p7q”" + 13p7'q" — 12p7q 4 4p~"

106. 49¢7%7* 4 2527 — 24¢7%27 — 30c7'2° 4 1674,

107. — T0z7'y™ — 562%™ + 89z7%y* 4 162~ + 25y~
108. Ja*¢™* — 4a%" 4 6ac¢? — 4o 4 1.

109. V42 ® 4 1727 — 2227% 4 1327 — 242" — 427° 4 16.



EVOLUTION. 263

110. vo* 4+2e—1 — % + ; 111. ¥n'—2n*4 2nf—n+;1;-
112. 25k — 104 4 68 — & 4 }.

10
’ _ il
113. 9K — 30k 431 — = 4 3,

114. y36d* — 36 4 17d" — 4d + §.

115. v§ 4 6y — 179" — 284" 4 49¢".

16, vp' 4" 12— 240

117. \Ia‘+8a’+24+?+?

118. \j:l' + 6az® — 4b2* + 36a* — 48ab 4 165,

119 s]x‘—z"+£‘+4x_2+:j.

! l
120. \jz 2+z:+2 -— 2z 4 a.

2
121. q?_:cy+i-x‘_2+§+"£.

122 4a? a 16a® 9¢ 6ac 16a’
" N9@ ~ &~ Toee T16e T 568 T 256

123. <ja'z' — $aba’z 4 §a’ba’’ 4+ b'2'2 — 4ab'z?® 4 4a’b
19, o a 2a T Tda
124 N+5od-5+5-3 -6+ 6

125 @ Amz | 4dm’ 6oz  9a’ 12am
M 3/’ " ,ny + nu + cy + c: - en
126. 4p'  4mp m’ 12kp 6mk 9K

B¢ " gt W "B T e T2



264

127.

128.

129,

130.
131.
132.
133.
134.
135.
136.
137.
138.
139.

140.
141.
142,

143.
144.

EXAMPLES IN ALGEBRA.

\/ * & 16ac 6ac 94 164
9¢ " w1zt 52t 162t 352

LI R
572573 " 25" 5T 49" 35 T 15
_ datnt 2min
35 21
Imnt  12m®n®  332m'n® 16m*n'  16m*n®
269"~ 30p'e* ~ T35p'g" + 83" T 815%™
V1 — 6a} 4 1542 — 184% 4 9at.
V4 — 1228 _ 72 4 242 4 1624
VOz — 24a%y 4 122 4 164 — 1642 4 4.
N2t et — 4ot _ 4ct 4 ¥ 4 4o
v2a 4a’+a! _4a§+a‘.
Vot 4 2oyt Sy 2ady 4 ot
vat — 2a — ot 4 3af 4 24} 4 1.
vizt | 42t _ 3z 622 _ b 244 4 1.
vat — 6atz 4 13az? _ 12484 + 4at.
Vot — 2pbgh 4 pEg¥ 1 2ptet — 2p7lg¥ 4 b
Vot — 2a2® 4 (a* 4 402" — 4ab'z 4 4B
NT* 4 2(m 4 n)2* 4 (M 1) — 2mn(m4-n)z4mn’.

va' 4 (4b — 2¢)a® 4 (45* — 4be 4 3c*)a’
+ (4be — 2¢*)a 4 ¢,

V16a*(2a — 1)* 4 8a* (2a — 1)* 4 4a(a — 1) 4 1.
Vet + 22(y + 2) + 2 (¥ + 2+ 4y2) + (y+2) 2092+ 2"



145.
146.
147.
148.
149.
150.
151.
152.
153.
154.
155.
156.
157.
158.
159.
160.

161.
162.
163.
164.
165.

166.

EVOLUTION. 265

Cuse Roor.
Yo — 82° 4 b2 — 3z — 1.
Yg* — 6¢° + 15¢* — 20¢® 4 159" — 6q 4 1.
Ya® 4 62° — 402 4 96z — 64.
212t — 92 — 92* — 36z 4 2 — 8 — 42",
{1 4 662* — 632° — 9z 4 82° — 362" 4 332"
V8a® 4 12a° — 80a* — 35a® 4 4ba* + 27a — 27.
\n® — 6n° 4 40n° — 96n — 64.
V39y® + 64y 4 156y + 1 —144y® — 9y — 994",
V1 4 9z 4+ 182" — 272 — H4a' 4 81a® — 272%
V82" — 362" 4+ 1022° — 1712° + 2042 — 1442 - 64.
N12k 4 30K — 45k 4 27K — 8 4 2Tk — 354,
N— 606" 4+ 8¢® — 60e + 174¢* + 8 — 245¢° 4 1746
V27 4 108v 4 904" 4 80v® — 60v* 4 48v° — 8.
N642® — 3842° 4 8642 — 8962 4 4322 — 962 + 8.
N1082® — 482 4 82 4 542" — 122° 4 2° — 1122"
N2* 4 6%y 4 122y* + 84— 32z — 122y2z — 12y*2 4 3a2?
+ 6y2* — 2
V96a’c* 4 6a’c + 64c® + 96ac® + 24a’c® + ¢ 4 56a’c.
N48cz® 4 82°4 60c’z* —27¢* 4 108c*x — 90c'2* — 80cs .
N8 — 48cd’ 108¢'d* — 112¢°d* 4 5dc'd® —126°d¥ - *d™.
N84® 4 488 4 60s't' — 80 — 908 4 108st® — 27¢8,
N360m*np 4+ 1000m® — 900m*n — 27n° — 600m'p — 8p*
+ 270m*n* 4 120m’p* — 54n’p — 36np’.
N150c%y"™ — 172¢%° 4 165¢'y™ 4 27¢**— 99¢*y® + Hdety
— 125%™,



266

1617.

168.
169.

170.
171.

172.

173.

174.

175.

176.

177.

178.

179.
180.

EXAMPLES IN ALGEBRA.

N125a°2* — 192a'z" — 640a’z" 4 240d°2® — 504a%2°
+ 460a'%" 4 288a°2",
Y928 — 300z 4 27a8— 152 4 2962°— 1082" — 125",
N27a'bc’z 4 36a‘c — 8a® 4 b'2* — Gab's® 4 27a%"
— 86a*bez — bda’e® 4 9a*bier® + 12a%ba.
382 — 122" 4 80z — 25 4 30z — 122~ 4 827,
2272 — bdat 4 362% — 821 4 272 — 364122714 9270
— 6278 4 2,
Ya? 4 6abk 4 3adk — 28a¥k® — 9otk 4 54adk
— 2Tk
75 12 1 125 60 60 8 150 15
\/.c" tp T T T AT AT T e
o2 2 Tz o 28 48 64
gttty
s 3a’ a' a® ba*® 38a
JADR + i + "51'6'
3/1254° 150a° 165a* 172a" 99a® 54a o7
¢ TE T e e v e A
s/125a® T75a* 24a® 800a® o ‘60a® 3a’
F T T AT T T T
15a® 64a® 240qd’
+ pra + “Zz + 20
3ot — 6at — 9a? 1 124% 4 364’ 4 194% — 36a% — 54a¥
— 27

Ya* — 3a¥z! — 8alz +11a' + 6adz~*— 12a%275 82,

U2 — Jot + Jolyt 4 62Y 4 8y¥ _ ol 3N
— 6 1 oy 1 4oy




181.

182.

183.

184.

185.
188.
191.

EVOLUTION. 267
Yo + 3a® 4 6a” 4 10a® 4 12a° 4 12¢* 4 10a® 4 6a’
+ 3a 4 1.
® — 32 4 82° — 625 — 62* + 82 — 3w 4 1.

N 4 120 + 278 4 48¢* — 6a + 96 — 12¢ — 36ad
+ 48ac — T2be — 108b% — 64c° —8a® —54ad?— 96ac’
+ 36a*b — 48d’c + 144abe 4 275° 4 144bc*

3™ 4 6a"b 4 21a™8* 4 500°6° 4 90ab* 4 126475
+ 141a%0° 4 126a%b" 4 90a*6° 4 50a°6° 4 21475"
+ 6ab™ 4 B
ArPrROXIMATE Roots.
Sy 186. V1 _z. 187. 1 4 &%
Vo' b 189. Yo' — B 190. Vr'—ay4y
V& + Py + 2y + 9




Y

1.
4.
1.
10.
13.
16.
19.

22.

25.

28.
31.

34,

31.

40.
43.
46.

THEORY OF EXPONENTS.
Express without fractional exponents

ad, 2. b 3. 244
3y3. 5. et 6. dl.
adat, 8. alcl, 9. balb.
minpl, 11. 2a'. 12. 3y
2. 14, 43z, 15. 2%}
5%a, 17. pv¢g*”. 18. z™*HA,
a®nA, 20. 8ian, 21. albieh,

3! byt o
2yt 23. a?bcd. 24, FA

3/a
e 26. afz. 27. cdelf.
4rem, 29. 2Vraz™?, 30. 1"/mq,
ar/eyng™B, 32, gt 33, ¢/eto,

(a — b)Y 35. (b 36. <i:>§-
2z\1 2at az™"
<3—y'> . 38; 365. 39. —bW'
(tHt. 41. (ar 21 42, 3hgvippm
Smint, 44. dabildl. 45. Tmabkizin,
at — biet. 47. m§+y*z". 48. mt _ piqt.
P 50. ™/ im—m) Jom—m)/imim)_

49,

268



THEORY OF EXPONENTS. 269

Express without the radical sign

51. 3. 52. Y— 2. 53. Na.

54. Wit 55. \at. 56. 2+n.

57. a'. 58. Yac. 59. %p'q.

60. 3%y 6l. v(z+y). 62 (e d)
63. ¥zt , 64. ymnl. 65. Npg**.

66. Na'z'. 67. 2" 68. 'vr.

69. "2 70. Yok 1. Na'b.

72. \’/‘5:- 73. Yevl, 4. V(a — z)"
75. \/g * 76 *g:. | 7. .

78. ol 79. ¥16m!m:. 80. Ybax™

81. V3bie™ 82. *\2p'q". 83. 'Ya'e.

84. yarbeds. 85. V& X N 86. Na'Z 4 o't
87. Na*y' 88. Yein'. 89. 7% \alvr'
90. 3a%FNA. 91 oty 92. EZJ:%:’
93. ‘/8%3:; 04, 'E—Zf—%:-:—;- 95. Yn'.

96. 4o 97. (Vo). 98. ‘\l2a\['£'
99. 2%a\c. 100. zVp~g™ 101. 7¥Nz\.
102, 6NNt 103. "Vp* Vg

104. f Vg "y,



270 EXAMPLES IN ALGEBRA.

Write without negative exponents

105. z. 106. a'c . 107.
108. p7g~s. 109. =7y 110.
111. a7*b% 112. 24 113.
114. 2a’. 115. ctd-t 116.
117. 3a¥z. ‘118, 2¢kF, 119.
120. a7 121, z™y™. 122,
123. a¥pc, 124. 3h7%ht 125,
126. a b ™d. 127. m~n3p8  128.
129. o T, 130. 2. 131, L.
a x

i 2a7? x?

183, 184, S~ 185
' ° —0

187. L, 138. (i‘f) 139. -

€ c o™

a—o o a—‘
uL - 12 3, 143, —
145. (— )" 146. ":; 147.

-0 "

148. (5> . 149. 2. . 150, —

d x

3—2
151. = 152. min¥p—,  153.
154. (—2) 155. (—y)™ 156.

a_P
157. —. 158. 0™ 159.

m .
6a~%c.
3ac™.
27",
cb™.
207y
a3,
=y,

132, .
136. =
140. —;

144, — ..




160.

163.

166.

THEORY OF EXPONENTS.

169. ——-

172.

175, ——

178.

181. -

183.

186.

- 188.

191.

194.

al/n b—f‘tc—l

e(p—~"

p+9q
477 pPt
57g e "
—1 .
1427
al — x’

a? _ .,

a2

271

-
161. (?’/) . 162. @_1,),
-1
164. s(1 —s)™.  165. c‘(;) .
(et o+
167 Grow 188 e
217—1 —32
0. e . 2877
m np x y 3
™ 2% "
s, 2V d_f_,- LR
2a°7c? z?
176. W‘ 177- y‘;i‘
—1 n—3
179. yi,__, 180. “.
_ (Be)™
182, 3oy (20
: arcV'z mindg!
184- (,’—l—l—/”c;/"a;:’ 185- —_an_ig'
C+a)(o—)
R CSP SICF R
189. o 4 27% 190. o' 4 o™
—1
102, — 2 . 193 %"
P +g ¢~z
mY 42
05, 7

Find the values of the following :

196.

43

197,

8t,

108. 9%



272

199.
202.
205.
208.
211.
214.
217.
220.
223.

226.

229.

232.

235.

238.

241.

244.

247.
250.

EXAMPLES IN ALGEBRA.

161,

— 324
— 648
64},
—125%
— 2434,
.16t,
647t
2.25%,

(.0625)7%,

(16) "
eyt

2z
-~

167 — 647

93y 2774,

200.
203.
208.
209.
212.
215.
218.
221.
224.

227.
230.
233.
236.

239.
242.
245.

248.
251.

253,
3673,
6473
81%,

— 12874
25672,
.08t
81",
256,

()"

16\
(s1)"

(67)%

7
o

4—1.6 + 9—.5.

367% ¢ 3,

201.
204.
207.
210.
213.
216.
219.
222.
225.

228.
231.
234.
237.

240.
243,
2486.

249.
252.

1002,

(o)
()
(151

313

475 4 872
25% . 278,




THEORY OF EXPONENTS. 273

253. 9% x 361, 254. (%>'3(243)-t

255. 81-2(.3). 256 51_, — 41:, 257. 5l_‘ - (}_,-

258. (% )" 5 274, 259, 1 (% )" % (%)’.
12\ ;

260. g:lio:— . 261. 8‘11+x91—;1

262. (;_625‘?:1)(_—6:%5}. 263. 25% 4 251 4 25°.

264. 2778 _278 L (—27)} 265. 8t 87 8t gt

266. 16% + 16t _ 161 _ 1672

267. 328 _ 328 4 32 | 321

268. + 36% + 361 1 367%  269. 3% 5 V81 x 5% x 5.

270. 2T %3732 2 4+96x2*4+8x 1417

271. 58 x 5% x 6% 4 25" y¢ 257% % 2574,

272. 18 ¥ 71 4 16% ¢ 16% % 16,

278. 16% 4 8% 4 16% 4 125% — 5128 1 100° — 81,

274. If 17" — 4, what is the value of 17°™?

275. If 7" — 50 and 7**" — 55, what is the value of
74.6812?

Find the values of the following :
276. (z7°). 277. (v~ 278. (a™*)"

279. (a})°. 280. (z4)% 281, (8%).
18



274

282.
285.

288.

291.
294.
297.
300.
303.
506.
309.
312.
315.
318.
321.
324.
327.
329.
331.
333.
335.
337.
339.

EXAMPLES IN ALGEBRA.

(24~ 283.
(125H-1  28e.
(™t 289,
(hyhHi, 292.
(Nz9)L, 295,
(amtymieem, 298,
(3ah)d. 301.
Calath 304.
(yee)e, 307.
(atm?yr,. 310,
(—2™) 313.
(—2%)™1  3l6.
(Falbd)e, 319.
(216254, 322,
(B ¥yt 325.
(mmirpiim ),
(Y(abo Ya*bo)".
{(a+ ) o}
(25660842,

{(z 4 y)mrimymim.

n¥ y{ (mindp)min1}.

(64y%)°% 284, (8)3
(wt)™ 287. ()L
@hHlt 200, ()=
(¥  293. (\p)~
{(= &)y} 206 {(v) )L
(a=y*, 299, (minh)-2
(6428, 302. (a¥1),
=™ 305. (Weh 1
(= H3 308, (W)
(=) 311. (—a*)™
(=29  314. (—y)™
(—a™)n 317, 4(zHi
(2430°)%.  320. (10072
(16m™n®)2. 323. (32a%6°c)%. i
(eftgHe 326, Va'(a + o)t

328. (baty izl

330. (6m°n*"'p°?)%

332. {(nhH}4L

33¢. {([«"]™)"}™

336. {(alct)a et}

338. {3(z ™)} ™

340.

{N(aletyy L




THEORY OF EXPONENTS. 2756
1\7® 1 at\ 3
;) . 342. W. 343. (c—i ) M

E l/u. a—-l —-l. acu/u mn
q“> 345. ( b_,) 346. o

(
(
347, (2572)_2- 348, <S"P’qs>. a4s. <*‘J“7’f’>’.
(
{

pig 8 \ab

6z~ -2 9qt -3
) * 351. <§5? > .

(iﬁ%” E 353. {(;f:*f*)_i }
{<2_:/ng:9>—!}_" 355. {(;‘?_ﬁ)* \}-a.

\

Find the numerical value of the following expressions when
a=64, b=16, c=9, d=8, 6::4, g=2, h=1, n = 3.

350.

352.

354.

'S

356. aidd 357. bied 358. afp i
359, clnt, 360. dlat. 361, de,
362. dig—. 363. afel. 364. o'l
365. addte. 366. (ag®)}. 367. c(eg)d.
368. 2(ce)l. 369. a¥(en)t.  370. (ad)'.
371, dint, 372. 2¢7¥ed. 373. deg.
374. bldiel. 375. ¢™al. 376. d-1b"h,
377. aldome, 378. d(eg)™.  379. h(be)*
380. (bd) %eg. 381. g*bindd. 382, bVed~A,

383. (ale?)cdietm, 384, (2abbIchywrmom,
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385.
387.
389.
390.

391.
393.

395.

EXAMPLES IN ALGEBRA.
NaNdVh(b g ™). 386. cin 4 d Vet — alg.
de (b 4 ¢n7). 388, cddl — Aled x o'
adeled - addind 4 bt
g(a+ b+ (b 44 g)" 4 atbledy (b—n)d Y,

ey Ayt

a,_ll"g’ 392. Eg—;.

(en)"b*rd™ atdde g .

e 394,
39" bidra™

(a,d)ac"""l’ &t

—a,:&b'ln’h”‘ )

Perform the following indicated multiplications :

296.
399,
402.
405.
407.
409.
411.
414.
416.
418.
491.
424.

(3—1)7  297. (1—-3)" 398. (5—2)

—(2-5)" 400. 27 x 27 40l 37'x 27
41 5L 403 B5x 37 404 470 27

3% % 2 408. .27 % .37

B x @™ 408. a* x o™

a7t 410. n¥ x nd.

Sl ad. 412, ex 2E 413, 3p7x 4p~
2% Ne. 415. =¥ x zt

kgt x 6K 417. 8\m* X Ym™%.

%™ X o', 419. a7™a ™ 420. z°x x "

m? X n 422, ¢ xc% 423, 2 (—=2)"
(=2 (—2)" 425. k' x k7~




426.
428.
429.
430.
433.
436.
438.
440.
442.
444,
446.

448.

450.

452.

454.

455.
456.

458.

460.

462.

THEORY OF EXPONENTS.

277

5%a* — 2alc’. 427. — 17a%z x — 2alad,
2z Wy X 4\
_ mf‘n‘p’q" X — m’n“p‘q“.
a'™ x a'P. 431, ot ™ 432, d™ ¢ dri
27 e g™, 434, p o p 436, ¢ g™
o b, 437. 2y} X (2y)™
() x o, 439, (a)™ X (— a)%.
(—=p)' X (=p)™ 41, (—2)™ X (=)
(@™ x (— )™, 443, (—a)* X (— o)™\
(— ™" x ()™ 45. (—2) x (—2)™
(—ae)™*x (—ac). 44T, (= b)™*x (=b)™".
Su™® 6u?

N —3n bt — .
e X e, 449, 3w‘x35w“
1222 2 VY

y_’ x 9—y" 451. ? —x_l_
a-ﬂ-u X a™™ X ay—!n . 12.

pre— 453. 27" x o=
¢y,

c"y* Xey
3 xy”z" % (x-ly—az—t)—i.
ym®n® % (m§n—1)—p. 457. ’(a % "‘Ja—l/n)n’/(l-u).
(@ 49) x Vgovp . 459. 37 x V81 x 51 x .

Ayt (b,

(s ) v x %00

461.

X (@O
@ X (@)



278 EXAMPLES IN ALGEBRA.
463. {— (M Ix{—(—o)
J ARt
464, {(m + n)\/(m r n)‘}
465. {zy'vay’ Nay* Vay'}t.

()T
o (i o)
468. V(z‘y’q{xyz‘ *;y,.l_;, })".

8 =& 3
o
Qiw sle

¥y ~—
X

: /—\ X
Ny N
]! alsS

M ’
g~ | !l
? ¥

-

-3

b s
AN TN N

'S
-3

@

B8

|

& o
~

-

X
S

= %
11 :
SRS
N——""
N
]| %
+!1

= &

'S
-3
Lo

||
&'y
X
S
, Q| '

+ 1
8'y
~—"

4

+ |

|
|

'S
-3
(>,
S -
IHI
o e -
S—" ~—" & “m
&
X
. o~
X
+11
b,
N
4
X
//
fa—y
¥

'S
-3
*

Y

+

LY
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o {(GR) T {G) T
o {50 AGE) T
oo =) TG T

o (5 T{(E2) T

Perform the following multiplications :

481, ot f 1byat — 1. 482. b 4 3 by bt _
483. & _2byct _1. 484. of 4 2t by o — ob.
485. pt 4 gt by pt — b 486. 28 1 o by ot _ 4t

487. mt L nfbymt _nb. - 488. byt —
489. d¥  dtbydt —dd  490. g4+ g'byg4 g
491, Ay mdby st md. 492, 3 L aby3t o
493. of fatbyat 1. 494, o _ 2 by 2t — gy
495. o'z 4 adz by a7z — a7'2h,

496. a» —c™"bya™ ¢  497. p™ 4¢P by pT—qg ™"
498. 22" 4 o™ by 32™ 4 22",

499. o' 4 @™ by o™ 4 @™

a8 8m} ) < 5ab 3m"})
500. b —_— ).
( 4¢4 + ot y 4t ot

501, 14 miypmibyl_md 502. ntypat f1bynd_1.
503. 8¢ 4 7¢™ 4 6 by 2¢7* —'1.
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504.
505.

506.

507.
508.
509.

510.

511.
512.

513.
514.

515.

5186.
517.
518.
519.

520.
521.

522.

523.

524.
525.

EXAMPLES IN ALGEBRA.

of — alsd + P2 by at + 2t

a* —1 4 a™ by ba* — 3a™.

8¢ 4 a4 2at byat — 2
z‘-z’+z"_zbyz*+z‘.
Pel4+pit41bypet—_1
a*—a*z*+z*byg*+z*.
Rt B kiby iy B
a'+3az*+3a‘z§+zby. af — 2
b 4 2¢™ 4. 3¢™ by 4¢* — 3¢™.

at —at 4ot —ab yatbyal 4ok

6a’czx™ — 3a’c™*2® + 16¢°2° by 207’z — 1.

Jud — fpund 4 o — ool by Jud 4 Job.
P et _1byat4 i1

kB _5by k4 B4 5.

2 1byz" 427 4 1.
07740 — 07 by 0" 4 0° 4 0.

2 _nt fnby24ntqa

2a + 4 4 5a i by 2ot 4 4 _ 5at
dyprt_d_astbyad ot
Pt by p —pig g
428434 p1bysd — 24 4 1.

o — ot~ by or 3yl ot




THEORY OF EXPONENTS 231

526. d4a — 2air ¥ 2ld a7 pdriby 2t i
527. a™? 4 2a™'¢" 4 3¢™ by a™* — 2a™'¢" 4 3™,

528. m*?* — m**'n** 4 0" by m** f m*'att 4

529. z* _3r* 4 S ™ r by a7 — 2 I
530. 3y + 3y — dy 4+ dyt by 2y - 3y 4 4y

Perform the following divisions :
531. 3* by 3= 532. 5*by 5  833. 3'by 3"
534. 4 by 4. 535. (3)™ by ()™

536. .47'by .4 537. .6*by.6. 538. .4 by.4™
539. .1%by.1%. 540. 3°by.3™ 541. 3~ by 6™
542. 182 by 9. 543, 12~ by4~. 544, 17 by 2

545. 3~ by 1, 546. .27 by .5~
54T. ()™ by ()" 548. (1)~ by ()™

33\ 8\ 133\~ 163\
551. z by =™ 552. u by al, 553. 2! by ot
‘554, 2a by a?. 555. 3c! by e. 556. 5b by dl.
557. 2’ by %, 558. z% by z% 589, o by e
560. 1597k~ by 5¢°k". 561. 13z by 42"
562. z* by =™, 563. ¢ by ¢ 6564. a™™ by a™.
565. b by b 566. 33p"q™ by $p% *.
567. o ™M by a™™, 568. z~**! by a~teth,

569. 2 %0 by gtrto,
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570. (z+y)™™'" by (z +y)™™.

EXAMPLES IN ALGEBRA.

571. a™bya'™.  572. z'™ by, 573. y™" by y '
574. a™'# by o”it, 876. o™ by ¢
676. d7*" by d™". 577. f by f7.

578. zy?it.by 2 dywn,
580. pig¥ by (pg)d

581. (ziyt — 2yt 4 32ht) by oAyt
583.
584. {(a — 5)™}" by {(a+ b)"}"

582.° (aich)} by (ale)d.

LI U

22

mn \* mn' \®
586. (;n‘—n_-‘) by (17_&:‘7—&’) .

ssr. (292 L (Y
. z'iy z—iy}
z—ﬁ N x—o —(nt3)

589 ;‘—’ZT:‘ z'y’w"—.

591. a —1bya* —1.
593. a — bby ot 4 b1
595. a — z by af — 24,
597. of — by ot — &

579.

588.

590.

592.
594.
596.

244z by 1}a~"rz 3,

Vz‘ﬂy"—‘ by ( xllay—| la ) e

a ™z

(&) ¥ (&)

z—1byat _1.

3!

a—!nx—!u

z —yby 2t 4 4
p—qbypt— b

598. (2" — 2 % 2%) by (4 X 2*).

599. p™ 4 g™ by p™4 g™

600.

a®™ — 2 by o™ — 2",

801. 827° — 82° 4 b3* — 327 by ba* — 32



602.

603.
604.
605.
606.
607.
608.
609.
610.
611.
612.
613.

614.

615.

616.
617.
618.
619.
620.
621.

THEORY OF EXPONENTS. 283

l—dx—z—?_i+2z’by1_x*.

ot — 3l 4 3ate? _cibyat —ct

a + b 4 ¢ — 3abbict by ad 4 B 4 ..

$a% + Jab — JaB — §a 4 o — frah by ot — ok
a* — 5a*' 4 10a%* — 100 4 504 — o™ by of — af.
et 1 By kby Y R 1

2a%27 — 207z 4 32072 by 2 4 6a7¥z 4 8oV

ém? — Tm — 19m? 4 2m? 4 8m? by 2m? — 3m‘l— 4m?,
' —3¢1 43— 3c*'+ 2ebycd_ 271y 2
zy ¥ — 104} 4 97"y by 2 4 2yt — 327y

pt—2gt + pi¢ by pigt — 2p7igh 4 g
2ty 2 oV atbyad ot 3o}

4’\Ia’—8a§—5+,:—g+3a‘§by 2aﬁ-—"\la—-—3—-

Na
m 4+ m¥nt _ min~t _ n' by mf min} + min?
+ min? + min + w8,

Vo™ — 200" 4 b* 4 2a"c® — 2b°¢* 4 .

VA — 12f%g° — 16f°h* 4 9g™ 4 16/% 4 24g°he.
N9a® 4 24a¥c* _ 1205 4 45% 4 166% — 1650,
NE™ o 27t Qg 4 g 22 4 2P

Na™ 4 20™1 4 3a™? 4 200 4 @™t

N T P
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822.
823.
624.
625.

626.

627.
' 628.
629.

630.

631.
632.
633.

634.

635.

EXAMPLES IN ALGEBRA.

VAz* — 16227 — 1227 4 922 | 1622 4 242%,

N Ay 4oz 4 2002 4 4yt

NOZ™ | 122M° 4 102" 4 4o 4 1.

Jahz!u + loal.—lz!u-ﬂ — 6all+lzal+l + 25a!u—'4x!n'+!
— 30a™'s"" 4 9a’2

V@ 4 16d“ 4 96 4 9¢° — Ba'e — 8a'd™ 4 246
+ 6a’¢ — 18J¢ — 24d™¢.

Nttt — 2% 4 3™ _ 222713 4 2t 4 22°113M,

Via™ 4 ¢ — §a"s™ 4 ard — 2o 4 g

Na*=z* 4 10ca™ 2™ _ 6a™tizr! 4 25c%aM izt

9a’
m—1 e
— 30ca™""2* 4 s
al-—lc’ 3a-+n—lb’ﬁ-lo 28aﬂ—|b¢c ’- P .
‘4d~"— r o S
2lﬁb!z
+ < ubrﬂn—)d! +

NYa*™ — Ba™™tizr 4 12a™3™ _ 8o’z
NBa¥ — o'z 4 fa — o
N2** 4 327t 4 B2 +3z"+’+3z"+6z’+x°+ 3™
+ 32t 4 27,
N64c* — 144¢ 4 120+ + 117¢ — 6
— 86¢° 4 8¢,
V(@ 4 1)*2* _6ca?(a41)*"2* 412%™ (a4 1)™— 8c’a™.




RADICALS.

Simplify the following :

1. V72 2. 80. 3. 343

4. 99 . 5. 3498. 6. v2625.
7. 2880. 8. 127008 9. $+176.
10. .002+500000. 11. ¥16. 12. Y135.
13. 4320. 14. Y108 15. y— 1029.
16. ¥375. 17. §3192. 18. ¥4116.
19. Y1944, ° 20. 436. 21. y112.
22. 341250. 23. 4567. 24. 47056.
25. Y1701. 26. 125 % 135. 27. 125 x 147.
28. 3196 x 392. 29. V40 x 45 x 48.
30. 449 31. 48. 32. 449
33. y16. 34. y64. 35. 9.
36. 'y16. 37. '§100. 38. 14243
39. TYT. 40. ~%16. 41. ~436.
42. ~%243. 43. (— +3)" 4. (—48)
45. (— 9" 46. (— W4T)%. 4T, (= ¥4)S

48. \j% 19. \/}3 50. \/g.
51. \/g 52. \/g 53. \/‘g.



87.

60.

63.

89.

72.

75.

78.

81.

83.
86.
89.
92.
95.
98.

EXAMPLES IN ALGEBRA.

{/’L
9
{/?25.
4
{/3.
8
Yig
49
Usis
343
Vi
4
512\t
612/
Nz'y. .
v16m*n?.
v384a’n?.
N8z'.

Nron,

N7290mdansets,

100. Yateyters,

55.

58.

61.

64.

67.

70.

73.

76.

79.

84.
87.

90.
93.
96.

101.

17
32

N

3|8 \[2

%5 8. s
V—10}. 6. 8\’/3-

5 )

4 4

g‘ 71. ‘JS‘
] 1 ]

3' 7‘- 3
J1682 U
=55 77. 5+7.728.
oi 80. \is625

3437%\#
82. (-8—1; " > .
vdaz?. 85. p°¢h.
2 V80a'z. 88. 752
20m27m*nt.  91. Nu'v'.
N2T4f%. 94. 1222z'7.
Nalc i, 97, N1T152M e,
99. "e*td™,

Az, 102, Nattierts,

56.

59.

62.

N
N
&



A}

RADICALS. 287

103. "_'\(z""';""’y""‘. 104. V&5 3%

105. +18a’c* — 27a'c. 106. pq* — 6pq + 9p.
107. 5@ 1 304 + 46a.  108. 32— 127y 12z
109. (@ — /(e +1)- 110. V(p — )(#" - ).
111. y(2* — 9)(#* + = — 6).

112. (2 4+ = — 6)(#* — 3z 4 2).

113. Y(4 4 2)*(64 +2°). 114, Y(b + 2)%(b + z)™.

115. \/’%’ 116. %?‘ 117. ;ui/,_’
11s. \["”_;,l’ 119, %‘Z_f’. 120. \/%’;’i’.
121. %- 122. ¢ 5,’ ' 123. ”3’:-
124. {[g- 125. 4ka¢’ 126. \/12122?.
121. 812%%;?‘ 128. 3?3,"

129. %‘?}72355—:91;% 130. ’,("-";4;];'-’/7).
131. (z+9) z;g

132. % b,\/<“’° = 2a'be 4 ab’c).

133. i‘z;;_'_ig_’. 134, (z +'y)\/x’__1_y’.

a—138(a+41) z\"/yTﬂ
135. —; a_1y 136. N
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137.
140.
143.

146.

148.
150.

153.

156.

159.
162.
165.
168.

171.
174.
177.

180.
183.

EXAMPLES IN ALGEBRA.

p+1
g,\/c-'a,-- 139.
425428, 142.
Y— 642, 145,

‘147,

149. ***38a’c™.

2
mye 138,
2 " +1
lq’,\/ }Z—:“' 141.
V27a%". 144.
197292,
Y(a — 200} 4+ b).
Nz, 151.
vz
=3 > 154.
-3
o, 157.
m?

Express as an entire surd :
3+2. 160.
445. 163.
3z bz, 166.
343, 169.
4 7
o \/%. 172,
— 3yz. 175.

23 8z
—5 Vg 1T
.333 6z. 181.
V2 48. 184.
a'Na. 187.

186.

k. 152.
e 155.
]
'\‘/;’,o- 158.
5+3. 16l.
2 %8. le4.
4c3b. 167.
£ Vi 170.
3 s’
'2—x 9—’ 173-
— 2% 17e.
.0141000.  179.
.625 7%.125. 182.
V1% N33 1856.
2+ oot 188.

3 ds +1

e\ a
V81a%bt.

N2Tm*n®.

" ab|121¢de
ac N 256076'2*

~Na'.
va'
Yo

RE
0“

234
6av2.
4y\24.
tais
0
Pq
-8
.25%128.
V4 N2,
V33,
2y~ Nay.



RATTTAIS Na

189. o' voie. 1MW ;i e M. - R
e —I8F w0

194. :—?;\‘:::- 195, :1:- W -2
196.1_1_3‘:7;“—_& 197. \._.\\:;::,

198. 3ri%r =

Reduce to radicals of the same degree :

199. 13, 33. 200. 4, \6. 201. 3, \6

202. 34, 8. 203. 13, \2. 204. \15, "\
205. 47,%3,'%120. 206. 3r, \dy.  207. \-5. \h
208. + 3. 209. %, 3 AR 210 )N
211. \E \‘}f- 213. \I; \I“,. 3
213. 2ave, 5z \2y. 214. N, \ie, A3

215. o, of, 2. 216. ¥2a*, \3&, vy

217. vz, W, Ny, N7, 2R 218, 49,27, \O12

219. Y(a —¢"), V(a* —¢).

220. 45z, Y(a + 1), ¥(a —1).

221. \p + ¢, Vo', ¥(z — 1)

222. of V22 223, "a', Vet 224, "V VN
225. “aiz, "Nao®. 226. "Na", Vo™ 227. N, Ny, N

228. (m +n)*, (n+ )%, (P + Q)™
19
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229.
231.
233.
235.
237.
239.
241.
243.
245.
246.
247.
248.
250.
252.
253.

2565.

257.
258.
259.

260.

261.
263.

EXAMPLES IN ALGEBRA.

ADDITION AND SUBTRACTION OF RADICALS.

2v3 4 3+8. 230. 542 — 3+2.

445 4 245 4 T+5. 232. 47 4 347 — 54T.
532 — 332 4 4%2. 234. 442 — y18.

734 — V32, 236. V24 — V150 4 +54.
3W2 4+ 452 — W64, 238. Y500 4 ¥108.

— 405 4 605. 240. 342 4 V8 + 3450.
2V4 — 5V32 4 3W108. 242. Y40 4 23625 —3%Y320.
3v2 — 2%3. 244. 52 + 4427

V729 4+ V27 4 2448.

4424 + 2454 — V6 4 3496 — 5+150.

V128 4+ V686 + Y16 — 43250.

i+ v 249. 34} + T+Eh
243 + 341} — vB63.  251. W 4 1N2je.
843 + v60 — 31415 4+ 3.

i+ VE+ W 264. V§ — v — V3 + Vi
1 1 N72 1,41 s

5 i 266. Yo —3 \/§ +6v21}
25 + V60 — V15 + +§ + V7.

ety — N — 33256 4 625 4+ VB3 — VAL

SN + .88 — 2596 + L5NE — HENIT50 + 83
1\-% 3 9\# 80\-% 125

v80z 4 ¥125z. 262. 98z — y50z.

8¢ 4+ Y1256 264. 35a'y — o5y,




RADICALS. 291

2656. 432a + 5 42a. 266. 4p® Ypq® — 4pgVp'y.
267. bxv3y' — y482". 268. o'z 4 2va'2® 4 Vo',
269. q¥\8p°¢ — p NP'¢" 270. 432z — 2Y40z.

271. Yo' 4+ 3 No* — 33272 272. faler + §vdozsh
273. 2a' 4+ 2422%" + +29'. 274. Ya'c 4+ Y8a'c' + Vac'.
275. \16a + 24 + \54a + 81.

2 2 2
276. - \/37 + s
277. 2420® — \8a — V2d° — 4a® + 2a.
278. 2562 — Y16z 4+ 48125 279. N32z 4 Y’z — °\(

280. \j}: - \‘/::’ - \ﬂ* 281. 27“ sss

282. (a — z)'ey + (a + 7)*Nzy.

283. (a + 2)"Voy — (a — 2)'Nzy.

284. +2a7’ — 4az 4 2a — 242’  4ax 4 2a.

285. (82° — 242* 4 182)} _ (228 — 122° 4 18z)%.

286. a* — a’c — Vac' — ¢ — V(a + ¢)(d® — ).

287. 24(a* + 60an + 75n*) — (48a® — T2an 4 27n").
288. c¢'Vbe— y by

289. \/1+( ) +b\/T(%>§-

a—C a [
200. 2204, o o R JCAT I I

e mn s/(m — n)*
. TN (o
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292.

293.
296.
299.
301.
304.
306.
308.
310.
- 312.
314.
316.
317.
318.
320.

322.

324.

325.
328.
331.
333.
335.

EXAMPLES IN ALGEBRA.
Vz"'—(-l';"b"‘""' + ""13»‘1'3:..——”?35;-3? _ ';/a’bsc"'.

MuLTIPLICATION OF RADICALS.

¥3 X V3. 204, 5 X v20. 295. V3 x +40.
V2T X 3. 297. 12 x +27. 298. 3 X +v18.
2v3 X 3+8. 300. 3412 X 5+v24.

V3 2%9. 302. 449 x ¥15. 303. ¥18x2 V12
49 x Vi35. 305. 2427 X 548.

Vo4 % V9. 307. —2%8 x34%\4.

N7 % N— 49. 309. Y— 8 x V4.

49 x 481 x \729. 311. Y9 x V—9'x V81
NP x N— 112 x W14, 3813. %125 x 5" x N5°.
W6 x V12 x Y18, 315. N16 x ¥9 x \6.

5412 % 348 X 642 X 3.

2 %2 x Y12 x Y16 x 496.

V3 X V3R 319. 218 x $%3.
348 x 3V160. 321. V& X Vris

. 3411
2V x N3 323. 2498 X EV22.

12V x 3 x4 ¢

V2 x ¥8. 326. V4 x 8. 327, 5 N2 % 2+H.
N5 X V125, 329. 4 N7 x3+8. 330. 2412x}k4E
v x V8. 332. 34% x 643

Vg X EVE X $3 334, Vix VEX\E

V2 X ¥4 X A8 336. V54 x 346 x b V2.



3317.
339.
341.
343.
345.

347.
348.
349.
350.
351.
352.
353.
356.
356.

357.
359.
360.
361.
363.
365.
366.
368.
369.

370.

RADICALS. ' 293

V12 x 4216 x Y96. 338. 3V2x 243 x V3

V3 X N2 x ¥} - 340. 348 % 2 Y6 x 3 \54.
4924 x 3N18x2+v24. 342. V12 x ¥} X V-
V2 % N3 x \5. 344. 24} % 3V X V%

12 414 X VA5 X Neifpe 346, 410 X V100 x 4500.

(V18 4 2472 — 38 — }4128) X +2.

(V32 + 3 N4 — } 1864) x 2.

(9162 4 3450 4 542 — 3432) X +2.

(8324 + 4581 — 5 Y375 4+ 4 ¥192) x 42.

(N24 + 5 Y375 — 481 — 23192) x 2 19.

(V48 — 245 4 V75 — Y80 — y27) X 2+5.

(V4 — Vs +VE) X V4. 354, (VD +v§ — V) X 3.
(834 3v6 —5+8) x +6.

(N9 — 2 Y45 + 5 Y54) X §3. '

(44 ¥2)(4 —~2). 358. (N7 + ¥6)(N7 — 6).
(23 + 5)(243 — 5).

(543 — 443)(5+3 + 443).

(N3 4+ 2)(3 + 2). 362. (V5 —3)(+5 —3).
(243 +4)(2v3 +4). 364.. (36— v2)(3v5—+2 .
(246 + 342)(2+6 + 3+2).

(2 4 ¥2)(8 — 2). 367. (5 4+ V3)(1 — 2+3).
(5 — 243)(4 + 3+3).

(742 — 343)(4+2 + 3).

(V6 + ¥i1)( V6 — i1).
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371.
373.
374.
375.

376.
377.
378.
379.
380.
381.
382.
383.
384.
386.
387.
388.

389.
390.

391.
392.
393.
394.

895.

EXAMPLES IN ALGEBRA.

(V332+2)(V3=2+2). 372. (V8 _2)( 3+ 2).
(Vo vi7) (VYo —~17).

(V8 =~15) (V8 + +ib).

(Vo 3 vi7)( Vo — 7).

(V12 +19) (V2 = 19).

(1143 4 2+410) (6 — +b).

(7 — N3)(+2 + 5).

(345 — 745)(N + 2 V&2).

(539 +3¥25) (V3 — 3b).

(Y27 — 42)(243 + 348).

(V8 + ¥ (V2 + V9).

(242 — ¥12)(3%4 — %3).

(¥3+242)(243+%2). 385. (3 + v2)(V} + +3).
(243 + $43) (343 — 448).

(1 — V2 + ¥3)(¥6 — +2).

(N7 4+ 421 + ¥8)(N7 — 43).

(2 =8)(v2 ¥ ).

(V3 2v2)( Vi 1 122).

(Vo= 2) (V6 + ¥7) (V2 + 2) (5 = 7).
V22N + B) X 22+ ®B)x V2 +8).
(342 + 243) (248 — 3+2)(3+3 + 242).

(3V5 4 T2 — 243) (445 + +3).

(Vs — 3 V2 + ¥10) (445 — V10).




396.
397.

398.
399.
400.
401.
402.
403.
404.
405. .4
406.
407.
408.
409.
410.

411.
414,
416.
418.
420.

422.
424.

RADICALS. 295 -

(248 + 3% + 1)(3vk — 2+}).

V3 V10 V¥
(?‘ 3 43)("6‘_>

(42 — V8 4+ ¥6)(V2 4 3 + b).

(646 — 242 — 843)(3v6 — v2 + 443).

(BN3 + 845 + 47) (543 + 85 — 447).

(242 + 5415 — ¥3)(242 — 5415 + ¥3).
(8Y875—-T¥56 4 2Y189) (5581 — 7192 4 44648).
(4432 43242 — 24162) (34162 4 7432 4 41250).
2V} — 3v3 4 448) (348 + V18 — ¥3). -

325 4 .25200 — 3475)(2¥185 — 545 — 10%15).
(2V8 — 848 + 3v3)(3vF — 12 — +6).

(64% — 9V + 10~3) (24F — BV — 548}

(5 + V4) (V8 + +2).

(243 + N2)(243 — V4). -

(N2 — 1 4+ 3382 — §V4 + 342 — $32)(V32 + V4).

Na X «b. 412. 24z X 3Vy. 413. avym X cVn.
a xr
\/5 v \/E’ 415. 3+az X vay.
4y5ac X 3 ¥20a. 417. Y162y x Vdzy'.
3pq rq.
Pars X ré NP, a10. \[LLy q\/;

S (
4\/% xz\/‘%- 421. 24az X 3Waz.

3v2az X 3 Nry. 423. V28a x W42a.
V128 % 8. 425. Y9b%¢* % J6bc.
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426.
428.

430.

432.
434.
436.

438.

440.

441.

442,

443.
444,
446.
447,
448,
449.
450.
451.
452.
453.

EXAMPLES IN ALGEBRA.

Niz x \2z. 427. 2az x N2az.
vex' X N3¢’z x V2e'2.  429. zNYn X y Yn' X zVnt.

\'/%: X {[g 431. \/g x {/1%’

NBatbet x Y370 ibe. 433, "V x W

a™Vz X by X e\ 435. (Vz +2)(Vz + 2).
2Vf X 5eN(z + v). 437. (a 4 2+¢)(a — 3+e).

(Vo W) (Ely—yvo). 439 {5 63m —m.
(Tm Na* — &) <6n \’/a_’it’ )
ettt

(Vo —13)(Va + v13).

(zy + vab)(4 — Jab). 445. (a— Jac4c)( Va4 ve).

(@ — 242 + 1)(#" + 242 4+ 1).

(a4 Vb 4 ve)(va — b + ~e).

(Na + e Nz)(Ja — ¢ Nz).

(¢ + 1)(a* — av3 4+ 1)(a' 4+ a3 + 1).

(Ve +y+Vo—y)(Vo+y—~Nz—y)

(Vo + Vo —y + W)(¥e — Ve —y + )

(4432 —7 + 546z + 2)(4 3z — 7 — 56z + 2).
(V= Z9) (Ve 1 9)(V= 1+ 9).




454.

-

455.

(3]

456.
457.

458.

459.

460.

461.

462.

463.

464.
467.
470.

RADICALS. 297
() (250 (40
N2 (W52 =P
( Vx - 3/)( Vm)
(Na*™7b ) (Voo™ — ¥).
(Va3 8)(Na + 8)(Va = 8)(Na — 8)(N(@+6)™™).
RN e

%2 —d [2¢ —cd 9 — 4’ 2cd_f).
8¢ + d\3ed —d* )\ 4 — ded + d*\N 36 — cd_

(:
( ' _ 92 a_12ax+4z'><, a’—12a.'c+4x’)'
(

9¢* — 42*\ @' + 6az + 92° da + 122

c4+ %y _3z c—z (\Ic‘
c—z cx?
cx ,,cx+2c:c’+ar‘ .
c+ =z ¢

4a® — dac 4 ¢ [9a® 4 3a’c 4 ac’ !
27" — ¢ 2ac — ¢

3a—c\/9a’c+3ac’+c“ .
2a —c 2a* — ac
DivisioN oF RADICALS.
vb4 - 6. ’ 465. {48 -~ V3. 466. 108 - y18.

N66 7. 468. 3500 = ¥4. 469. 480 = 45
243 = ¥3. 4T1. 6V96-3+6. 472. W64 = V8.
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473.
476.
478.
480.
482,
485.
488.
490.
492,
495.
498.
501.
504,
507.
510.
512.
514.
516.
518.
521.
523.
525.
526.
528.

EXAMPLES IN ALGEBRA.

12475 =443, 474, v48 = 243. 475. 36 — 2+8.

Vo4 + 4+2. 477. 1232 - 4288.
348 + 527, 479. 12475 + 5+8.
V162 = 2 33. 481. 9 5 + 2 ¥15.

R § 483. v - v} 484 i+ b
Vi + VB 486. 52 - il 487. 3y} =+ 243

34E = 1243 489. 3VE + § 3.
ks + # 491 vt + eV
Nfs + A6} 493, A1} - %33 494. 15 - +3.
21 + ¥§. 496, 8 - W4, 497. 10 + 3.

8160 + 2. 499. 4567 - 3.  500. %297 - 3.
V1620 = 9. ' 502. %448 -~ 4. 503. 6 - y24.

7+ v63.  505. 10 = %5.  506. 6 = 3.
Y64 + v8.  508. Y12 - 6. 509. 2 - '%48.
V4 + %B. 511. Y12 = +8.

5 Y108 + 24432. 513. %.064 - 10.
4.0324 = +.5. 515. %10.4976 = 2+5.
A.8 = 27%.0025. 517. .027 + N.0625.

VB Nfe 519 vh+ VB 520, V2 < Vi
WAL - NE 522. Vi$ = \§

44} = 343 524, 4§ - Vo

(248 X 441) + (43} X 4 %4).
(348 4 542) = 3+2. 527. (3410 — 4+415) + +5.
72420432v45) +245. 529. (46 — 344) = 42.
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530. (Y3 —3W6) + %3

531, (3420 + 2415 — 445) =+ +10.

532. (30 V4 — 36 Y10 4 30 ¥90) + 3 20.

533. (V5 4+ v§— V) =8, 534 (VA—Np4+Vh)+V4
535. (35 + V15 — 3 — ¥3) + }+15.

536. (242 — 343+ 7 45) + 5+2.

Solve the following five examples without rationalizing :
53T. $vh+ (\2+3vk).  538. 3vk = (¥3+248).
539. IV} = (2v56 —3+}). 540. §V3 - (BN2—434D).
541. 1143 + (B3N2 4+ 543).

542. 4 <acxr = 2vaz. 543. 125a%bec - \Ha*b
544. Nr'y'z - Naty. 545. 12 Ya®2" — 3 Yaxz.
546. \54¢" - ¥2g. 547. Ya*bled = Na'bd.
548. V16 = Y64z 549. ¥25a® = \ia.

550. Y3 - {/9_16, 551 \/ S+ 1_0. 552. \/:: \/:,-
539 %+ {2 o N
555. k= k. 556. d&* - Nd*. 55T. n = Yn.
558. Nr = a. 5569. 4+2* - 2 V.

560. . N2mn® = Nom'nl. 561. Bef? + N9€f.
562. Y12y - 84 . 563. 3+a’ + 5 \a'c’.
564. 12 Ypq* + 4 \pg. 565. 4+a® = 3 \a'.

566. $vz = § e 567. 4 Yoz = 3vry.
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568.
570.
572.
574.

576.

578.

581.

584.

5817.

590.

593.

596.

599.

602.

605.

EXAMPLES IN ALGEBRA.

Na'z + vaz.
Vldzy + Y282y
Va + Vb

V16a%b + Y2505

e o
RATIONALIZATION.
%z' 579. ,:—2 580. 3\!2—3
% 582. 3(-2’- 583. %2
B s 2 e 38
%5’- 588. 3—\(‘(’?- 589. -3-%4.
% 591. ,712—7 592. ,—8‘-1-
:3—2- 594, j—fo- 595. %
4224- 597. ’;1/-(*5) 598. ‘g—;
%1- 600. g::’(i:lg 601. ";"\(3;-
’%;:l’—;- 603. 2—5"29- 604. %}’—2245-
%2 606. -1‘%%12992-- 607 -

569.
571.

5178.
576.

30 vex + 5 Nelr?.
N3z +— N7t

be Vab = b Va.
STLRITE




608.
611.
614.
617. -
620.
623.
626.
629.
632.
635.
638.
841.
644.

647.

28
_—.———3 .
2¥3 -2
2v5
Vo + +3
V5 — 8.
V5 + <3
35 — 242
2456 — 418
24202
6 + 5+6
2 4343
Vi — v

RADICALS.

609.
612.
615.
618.
621.

624.

627. T
630.
633.
636.
639.

642.

645.

vy
1 .
W’
°.
Nd?
4a
N3a?
et
W
5.
3
3z

4
3_b
54 3
142
22
4+ V5
3_ 5
TV6 -3
V10 — 42
V5 — 3

291 4 11
Vi + V%

8.1
3IVi— ik

"R+ IR

648

610.

613.

616.

619.

622.

625.

628.

631.

634.

637.

640.

643.

646.

301

Nz

w
3e )
o
mn

PVq

2ed .
V16d®
2z
4«27y!

3z

Va*
_2 .

5 Va'b°
._——7 .
V10 + 3
_6 .

4 4 N7
3v2 -1
32 +1
V8 4 VT,
N7 — N2
1445
6 + 23

V248
3IvE— 3V}




302

649. '

651.

EXAMPLES IN ALGEBRA.

653, — -V ——

655, — ——

657. —

659.

661.

663.

665.

667.

669.

671.

NM4ad—+1_d
w/1+a'+\/1_—_';'
P G

NPl 4Ne—1
n'r n +n 4 V' —
w/n +n— Jn —-n

)
2k 4+ 3Vk — 2

1

14+ -8

4

B2 +1

3

N3 4+2v6 — 2

650.

652.

654.

656.

658.

660.

662.

664.

666.

668.

670.

672.

vb+ o,
Vb — ~e

PN+ gVp.
P+ Vg

ml

a+w/a’—m’.
w/c’-{-l_c.

e g
z+w/:c’+2'
z— o' 42

Vet 24V_2
V42 —Ve—2

Vo4 y+Vr—y
Nety—Vo—y

3\/&-21/(1—_1
2vVa —8Va —1
41}a_1+w}a+1'
3Va —1—-2+a +1
1
V2 4+ V3 —+b

4
B2+ B

23

413424643
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9 153
613, — 1V +3 614, VIB—3+2
W6 — D 2 643 —2v12 4 2
615. —2— ¥ e16. Y=+ VY
14 2413 4+ Ny +y
153 Q 15
677. 1243 678. 3;‘/_5_:__‘3.
144213 34+ V2445
o19. 2=V VT es0. 3V =2V 47
V2 V34 VT 32424343
1
681. — — _ — .
V6 4 21 — V10 — V35
B In
iy 2v3 3 3,6
V2 — V3 4+ V5 —+6
683 —_ . 19 .
V10 4 v20 4 V40 — 5 — V80
oss. (V2 + VB)(5 ++3)
V5 4+ V2 4+ V3
N9—V6+ V4 342t
%% e X _g
10 ¥3 4
686. %——%’ 687. m}. 688. ‘-m‘5.
1 N4 — 8472
589, F_w 890. 13 .
Extract the square root of
691. 44 243. 692. 7 4 2410. 693. 49 4 2 V48

694,

15 4 2456.  695. 4} 4 2v2. 696. 6 — 20,
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697.
700.
703.
708.
709.
712.
715.
718.
721.
724.
727.
730.
732.
734.

736.
738..

740.

741.

742.

EXAMPLES IN ALGEBRA.

5 4+ v24. '698.
8 — 443. 701.
30 — 10y5.  704.
4 — 15 707.
9 _ \17. 710.
75 — 8496.  T13.
43 — 3. 716.
3 — 3. 719.
T — b 722.

V27 — J24.  725.
347 — 2+414. T728.

z — 2~y — o
P —29Vp' — ¢\
2y — 4yz — 2.
Vot Ao Na— e
8y¢ ~  34a
Ty T4y
VZE— Y T4+ WY
V2 4+ V45
2+ V7T — 210
1

7 + 4+3.

6 — V11.

731.
733.
735.

7317.

739

3

699.
19 + 4421. 702.
37 — 4640. 705.
708.
46 — 3420. T11.
43 4242, T14.
9% — 242. T17.
$ — }~N21. 720
H+33 723
V2442412, T26.
6z 4 2z+5. T29.

11 4 447.
31 — 455,
101 —28413.
5 4 +21.

28 — 5+412.
2} + Vb.

4 — 48,
38+ 36

-3

442 4+ 2+6.
a—2+va —1.

2 241 —a’
(¢ + 2)'—4(c—7x) Vex.

m—n—2+m —n—1.

24+ 3

2"
V12

23
24+ 3

4

RCEEIC =)

VI1 _ 2380 V7 _2V10 V8 443

a1

a—1f a—-1 + 1—a .
Yo—-1 a4 Va
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w/m’+n’+w/m’—£+w/m’+n’_w/m’—n'
_Jm: + n — Vm: —n? Vm: + n:+ V?—n’ —n?
740 2+¥B 28

V24 V2_ V3 V2_v2_ 3

745. B+ WG+ H)(¥5 —2)
(5= ¥6)(1 + 3)

743.

20



1. v—4. 2. V=—9. 3. J—16.
4. y—25. 5. —81. 6. v—¢.
7. V=9 8. V—da'c' 9. V—(z+9)"
- a )
10. y— 49¢"d%. 11 \/'.. . 12, |- %
—172* .
13. ,/ 685 14. y—12. 15. V— a
16. y— 72 17. V—64. 18. Y— 729.
19. V—m" 20. V- (& — )
21. Y— (2a — 3™ '22,
23. (V—a)*. 24. 7. 25. %,
28. (V—1)" 27. . 28. ¥,
29. . 30. (v— D™ 31: y— .
32. Y— ok, 33. y— 16.
34, y— 8l. 35. 4— 625.
ADDITION AND SUBTRACTION OF IMAGINARIES.
36. V—9 4 v— 25. 37. V—49 4 V—121.
38. V—_4 4 V_81L. 39. V_36 — v—64.
40. 3V_81 —2V—_144. 41. V_z4+—y
42. aN—dF — V-4 43. +— 252 — V495

IMAGINARY QUANTITIES.

306




4.

46.

48.
49.
50.
51.
52.
53.
54.
55.
56.
87.
58.
59.

60.
63.
65.
67.
70.

IMAGINARY QUANTITIES. 307

I S 3 9 ’ )
v—(a—ec)'+ v—(a4c)’. 45. J_ 00— N~ 25

2\1_:—)4.4 ‘T}ﬁ' 47. \/_g_\l_g,.
Vo1V 61 4 V=19,
V= 9a® 4 V— 254 — V49a*.
3V—4 V25 4+4V-09.
3V—F —2v—16¢ 4+ 4¥_9¢.
V—a V-0 —vJ-¢
(z+NV-—T4z—yV-1
V-1429— ¢ —v—4q"
V=2 V162" 4 V— 2 — V—42* — V81"
2V—m® 4 2V—m'n — 4 V- ',
8zN—14.(2z+4y) V—1—(83z —yv—1) 4+ bz V- 1.
V= (a =€) + V(@ —2ac 4 &) 4+ V— 164°C.
V= (r+ = V=(p - "+ V-(A+p)'- V-4

+V— (0 —p)e

MULTIPLICATION OF IMAGINARIES.

V3.4-2. 6l. V—5-+43. 62. +6-4=38.

v=38.+4-12. 64, V_a'-V— b
V= 2z-V_ 8. 66. V—c-V—ec.

—z-N—y. 68 J_1.-V—k 69. V—2* V—uz.
—V—6-v—2 Tl —N-8. 42



308 EXAMPLES IN ALGEBRA.

72. N2zt N2 73. N—4n*-v—n.
4. —vV—16p*. V—9p" 75. — V—8a'- — V— 24"
76. 2Y_9.3vY_4. M. —2v—z-Tv—y.

78. —64V—4-—34V—9. 79. V=-24.V—6- V=2
80. V6-V—5-+v—2 8l. V—a'- V—¢- V—_=z~
82. V—3mn- v—3np . V— dmp.

83. Y—a® V—d 84. 4_ 81z*. y— 1622

85. Y¥— 27¢ . \— 82¢". 86. — V_ 162 — v_82.
87. iV—d. 88. 14— 9. +16.

89. iv— 25.14— 49. 90. ©#v— 36-iv— 64.

91. iV—9- \/5:7:,. 92. Va—1-+1_a.

93. Ywi_nl- Vn—m 94. w/:—ﬁ- V= 5

SN
P W
. 1[5 S

o8 ST - o5 - e

99. V—2-4—4.-V_-5.-4_8.

100. 2V_2-2V_6-V_g-yv—3.
101, —iV—d?-iV—ar* - 2V— a2 — 5V— a'z.




102.
104.
105.
107.
108.
109.
110.
112.
113.
114.
115.
118.
117.
118.
119.
120.
122,
124.
125.
126.

()65

12

-3

IMAGINARY QUANTITIES. 309

(24 V=T)(z— V=1). 103. (3— V=3)(8+ v=3).
(3 +2V=1)(8 — 2v=1).

(38— v=2). 106. (14 V=3’
(2—-54=1)(8 +4V=1).
(3-2v=2)(2+3v_2).

(4 + V=7)(8 — 2V=7).

(a + ¢i)(a — ). 111. (3 —i8)(2 4+ i42).
(V=24 8v—1)(v—2 —341).

(V=0 + V=¢)(¥=a —V=0).
(BV=b+2v=d)(8Vv—b—24=4d).

(aV=2 + y¥V=g)ev=z — yv—y).

(av="a + 84=0)"

(V=¥ n) + V=n) (V= (m+ n) — v—n).
(4¥=z — 6= g)(2 V=2 + 3V=y).

(V=2 - v=4)(¥=2 + ¥=3).

(1 4+~4=3)" 121. (1 —~=3).
eVv=38 - V=7). 123. (V=384 v—2)
B=AN=T V=3B +V=T+v=3).

(V=B 4 V22— Vo D)(V=8+ V=2 4 v=1).
(3+3V=2)@ - 3V=2).
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128.
129.

130.

131,

132.
134.
136.
138.
140.
142.
144,

146.
148.
151.
154.

157.
159.
161.

163.
165,

EXAMPLES IN ALGEBRA.

(& — V=3)(+2 = V53).
@V=T4+V=2) + (V22— 24=1)"
e
( i+ —"—— wl_l)

DIvISION OF IMAGINARIE.
V=2 + 2 133. . V-2 - V—2.
V2 N2 135. +—16 + v—4.
V=32 = 2. 137. 18 = V—2.
z+ -1, 139. a =+ V—a.
c-V=—¢. 141, —d - V—d
Vid - V2. 143. V_ 142
—N— 14 = — 2. 145, — 14 -2
—V_I4+ —VZ2. 147. i+1.
i 149. 1 -3, 150. —1 = 4.
14— 152, 1+ 153. 1+ 4"
-1 165. ¢ = 7\ 156, ¢ = 1.
—_ = 158. V—z++vV—y.
—e+V=¢. 160. Y—_mn = V= n.
Vaz + V= a. 162. V—np + V—pq.
g+ ivg. 164. V—2z+ V—5z.
N—52 + Y- 13, 166. — Y—56 +~ —V—T.



167.
169.
171.

172.

IMAGINARY QUANTITIES. 311

6¥3-3V—4 168. 6V—1 - —24—09.
—bV—z+3V—42. 170. —Y—1 - —6+—3.
V3 + $V=5.

(V=12 —4=T15) ~ V=3

178. (V16 — 8) -~ v—2.
174. (248 — V—10) =~ —v—2.
175. (V=12 — 18) = v—3.
176. (1 4+v—1) = (1 —=~+=1).
177. (5 —-v=2) + (1 4+ V=2).
178. (V=384 v=2) + (V=3 -+22).
179. (5 +i+8) + (5 — i+3).

Factors of
180. z 4 4. 181. ¢ 4 5. 182. d' 1.
183. p* 4+ 25. 184. of — 6a 4 13.
185. ¢* 4 8¢ 4 17. 186. o* — 8z 4 25.
187. m*+ 6m 4 34. 188. a* — 10a 4 31.
189. 3b* 4 6b — 3. 190. 5n'+ 6n 4 2.
191. 4a® — 4ac 4 3¢~ 192. 16d* 4 8dk 4 bk
193. ¢ — §e + %. 194, 3}' +2f — 143.



1.
4,
7.
10.
12.
14.

16. -

18.

19.
20.
21.
23.
25.
27.
29.

EQUATIONS CONTAINING RADICALS.

vz =2. 2. vz —2=8 3. 5=2vz41
N5y +5=5. 5 11_4+5z=9. 6. Y¥r = 3.
N5z —7T=2 8 22_-8=-38. 9 54 2z="T.
V80r — 43 = — 3. 11. bz —1=2+z 4 3.
dVz =e¢. 13. a =z 4o

Nz + 3b = 3 0. 15. %/7x.;.11=%&0z_4.
://i-?:—g:s. 17. «lz—r-_—%l_?:
V-8 4

1—vz 3

2r + 8 = V& — 12z 32

V3x 4 2 = Y9a* 10z — 6.

Nt +5=5_ k. 22, —z4T=+7"_1.
Vz — Vb = vz —b. 24, Nz 4=z 4m

z — a = \z — \a. 28. ¢+ 2= V' + bex — 26
Vi 7 =d 4 V. 28. 2411 4 vz 4 6 = 5.

Vo —T -z —14=1.

30. 3Vr —3 4+ 9z +1=14.
Vz + 2a = V2a 4+ Vz — 2a.

312

31.




32.

34.

35.

36.

38.

39.

40.
41.

42,

43.

44,

46.
47.

48,

50.

52.

EQUATIONS CONTAINING RADICALN 313

da _ —- -
—_—=- S Iyvr—va=\ir—-c

s ]

N fa=

P

- 3
V4 Ve r=——
va+r
VT43 x-—18
Vr—8 Ar44
V484 3r—2 _\A&r4+ 8=0.

r 4+ 3 r — 3
\/_3"‘ T r3="

Vez 4 ab 4 \exr — ab = Viex — 2ab.
VZ+3_VVz_3 - Vo
aw/41:.|.5=‘\/«z:’.}.15.z:.*.10.
a+z a—2
Vo yVo—a' NatVs_a
124z —11 64z 4+ 5 g5, 2V =1 e

4Nz 4} 2vr+3 2N+ 4 Ve—i
Nz 4 20 — 7 4 2b = 2.

Vz—a— Nz —b=+b—+a.

VT+3Vipvio—4 49 VW To=}4m
e Vi TN
Mo+ 51. - =
\/a+n:—w/z Vo 4z —Va—z

Vo110 = VVr 21 — 1.

37. (Ar4 13)E= 3.

='J(;,




314 EXAMPLES IN ALGEBRA.

83. VP 4+ 628 +4V97 + 8z =24 2.

z-—1 z+4+1

T—4z 17 1—-64z—7

55. A .
2Vr—7—8 b43vo—17

56. \/VViz + 1045 =3.

57. r \/a__; \/ 4be =

r—¢ "5—%4-2\(3.

58. Rl
vz —1 vz
go. 2+ V% 2=V =1 1.

z_Jz'_1+z+4z’;

8l. o' fa' = Va4 Via x4 974,

62. Vly24+ V24 V14— Vz=a.

1 8 1 1 36
63. 5—2=V\Ni—z\"— %

84. N(N(N(N(N(z 4 128) +4) +5) +6) +1) = 2.
Nz 4 a _w/x’+3az+2a’
Vi _3az + §a 4z + 8az®

3 z
66. Vz 4+ \(5_4;_45=§,L+‘E

65.




10.

13.
15.
17.

19.

21.
23.

25.

217.
28.
29.

PURE QUADRATIC EQUATIONS.
z = 81. 2. 5y’ = 80. 3. 9$’ = 160’.
2 = 1.69. 5. o = . 6 2=
z 4 22 7
1_6 = ;' 8. 7 = S—x. 90 ix’ = 1-08.
o141 gpabby. 12 F-dboe
32 —a =2+ Ta. 14, §+10=l.
6 2 1
Foi=2 16 511=1
32?
S 18. 2(3y" — 14) = 3y — 1.
y—a=c—9 20. (z41)'=22417.
m? fn=nd m 22. 4z+2=2i*x'—1§-
20z — 135 1 1
5x=—‘i—:3—x- 24. ($+§>( —g): 11.
- i}
B e o 26. (2+42)(z+43)=4245z.

(4—2)=401 -2)"

22(3z — 12) = z(4z — 24) + 162.

(z +6)(z —6) =13 4 22,
815



316 EXAMPLES IN ALGEBRA.

a—-2 b-— 4 5 7
30- ¢ = d 31 3—z’=§;’—1—2—'
¢ : 2¢ =z 6a' __f.

2 — -
32. z’—z—a =2¢’—-3ac. 33. :+a._

34. (5+2)' + (b —12)' =148
35. (4z + 3)' + (4z — 3)' = 144,
36. (2 +1)(z +2) = (2 + 6)(&* — 1).

37. 4z — 150z =z — 3z7'. 38. z4+38 _g"'l
3z_1~ z_38
z 4 z 16 4 5 38 105
¥ ftz=16t7 0. 77 +7=4" -3

41 (z41)—(z—1)'=T28. 42. VF_5 = 2.

=73
a ¢ 2+ac
43. J2I’+4z-x+2 44. ;-l-;:——x—-'—x.
45. vz — 3 = 2‘“9
vz +
N TN N 2
8. \/;'*'\/c_\/d'*'\/
47. 324 — 12 48. 3% — 81. 49. 421 — 500.
50. 2zt — 50. 51. Vzt_2+42 52. 53 = 20.

53. Vw + m = Voo + V' 4 o',
54. Vx4 v + P =itz 55 V@ + Vo — o' = a.

56. \/209” 9 +z. 7. Vo' — ¢ =c¢d— 1.

iz =

58. 154 VF+17 =24  59. (V02 —2)=




60.
62.
63.

64.

66.
67.
68.

69.

70.

72.

73.
4.
75.
76.

717.

78.

79.

PURE QUADRATIC EQUATIONS. 317

31 _N2(z* + %) = 88 6l. 12 —2": 32" = 20: 5.
343 —3: 3 3P +3=8:1
¥ —5) . —5=2:1

. 4 v(10 4+ ) A\
VP +y=V¢'+y. 65 v - 5—,,)

3@ —30") — 3(2" — 3a") + }(&' — £50") = 0.

182" — T) + $(25 — 42*) = §(52° — 14).

B+2)(A —2)(6+2) + (1 +2)(5—2)(3—2)=16.
z 4+ (a® + )} = 24%(a* 4 ).

a—N@ — 2 N3 442
—————— =20, 71. T‘:go
a4 Vo' — 2 N3P 42 .
V41— N T "

NP 14N —1 7
P?+r4+8 L4z-8

2i4 tp_qg =%
24+z41 #_x+1_6

z—-1 = z41
#8374 -3
32t + 258 — 4~ 3274 2
z4+a4+2b b—2a4 2
z4+a—2b" b4 20— 22

5a+lb...z_a’(a+5b+z)

a4 50—z b (ba+4 b+ )

a4 Ny 2 4 M—2=1_7
1 1 _m

m—Nm' — 2 m4 A 2 7




318 EXAMPLES IN ALGEBRA.

80 2 + 2 =z
PN 222

z+5 z—-b b .
7 — z’+5z 7 — 67

z 4+ 3
82. Jz_3 z+3 = b.

81.

Z4+mMm T—m mM4n M—n
Z—m "z4m m—n' m4n

83.
z+a z—a 3a42b 3a_2%
z—atzra"3a—26T3at 25

b 5 _2—z 2 .
24z z—4-z_4TF_22_8

84.

85.




® o = -

10.
12,
14.
17.
19,
21.
23.
25..
217.
29.
31.
33.
35.
317.
39.
41.
43.

AFFECTED QUADRATICS.

2=z 2. 24152=0. 3. 2*— 3z = 4z.
o —dr=—4 5. 22 —_6z4+9=0.
#—6z45=0. 7. 22 —5z46 =0.
2 —8r= —12. 9. 2 _ 8z = —15.
2 — 10z 4 16 = 0. 11. 2 4 2z = 8.

@ —bz44=0. 13. 2 — 3z —4.

@ _8r=10. 15. 224+ 6z="7. 16. & 4 2= 30.
2 4 3z = 4. 18. z* — 4z = 4b.

2 — 122 4 35 = 0. 20. 2+ 9z2=—38

2 4 120 = — 26z. 22. 2* 4 84 = — 20z
2 4 20z 4 99 = 0. 24, 2 _z =132

2 — 35z = 200. 26. 2 — 15z = 154.

2 4 292 4+ 210 = 0. 28. ' —Ty+6=0.
¥* — 3y = 10. 30. o' + 5y =14.

¥ —Ty+10=0. 32. ¥ —y + 3 =45.
¥ —12 = 11y, 34, y* — 3y — 28.

y* — 3y = 130. 36. y* + by = — 6.
5y + 20 = 25y. 38..2' — 22 = —19.

2 —-2:42=0. 40. 2 + 13 = 42.

2 4 122 = 44. 42. 9w’ — 12w 4 4 =0.
9 — 6w = 24. 44, 9w’ 4 18w = 72.

819



320 EXAMPLES IN ALGEBRA.

45. 4uw' — 4w = 3. 46. 4uw' — 8w = 5.
47, 4w’ 4 8w = b. 48. 36w’ ~ 36w = — 5.
49. 64w’ 4 48w = T. 50. 22— 2 — 2.
5l. 2 — 4z 4+1=0. 52. 2 — 5242 — 0.
53. 2 —z=1. 4. 2* —22=4. 55. 2 4 5z = 10.
56. o' 4 2z = 6. 57. & —Tz=T.
58. 2u’ — %u = — 4. 59. 5u' + 8 = 22u.
60. 6u’+5u—56=0. 61. 3“’-'—5“:42.
62. bu’ 4 4u = 273. 63. 10u’ — 8u = 312.
64. 2u’' 4 1lu = — 5. 856. bu'+ Tu=".
66. .'I’—%!I=%- 617. y’_§y=l.§.§.'
88. y* — 53y = 18. 69. ¥ 4+ §y — 3¢ = O.
7 10 z 3

74. y‘—§y=310. 75. 37——5;—=3. 76. x,—§=fé'

z 20 1 1 5
7. '1—2‘-'-"3—=2Z. 78. Qz’——gz:g’

2 3z b b
79. I——g—=§° 80. x—9§=5-

6 z 2 =z 3

1 13 1

8 sp—oz= "7

@=12' = a-9) (14

8. " —gt g = g +5




AFFECTED QUADRATICS. 321

85. 26456 z—4 20(z-7) =

5 3 = 6 10
86. (z-8)£(::- 10) _ (1—812)’=z(z—5 15) +%.
87. gi’_f_1§=§4£_@+§
372716769 TIBTE
88.w=;’i—2- . 89.w—sz05=6.
90. 172_——14.3)_3 91. .7?;_6_2=¥+4'
92. w:60=3w7_5 93. .%t.v_z‘ﬁ=327?;
96. 'l-u;;_l_t?:w—3+w“. 97. ;i—l =z:?2
1-|?:2z lf2z—_5' 99'?1“0'3 z-1|-24_3'
100. %i_zfl__-% 101. zi2+_:2_2=%.
102. ‘sz_i_l.,._f_z:%.
108. 6(z.5_2)—3(z.7_1)»=%. |
104. 74‘:__8 2’;: 31- 105. 2:_—17= ?::»4-;- 13'
e TR L :fig-‘-fﬁz,lg



322

108.

110.

112. -

114,

116.

117.

118.

119.

120.

121.

122.

123.

124,

125.

EXAMPLES IN ALGEBRA.

2ut+l du—2 109 u—§_ 2uti
u4.6 3u—3.5 T w4 1T dug }
3u—1  2u+} p, Sutd_Gu+ i
fu 3 bug2f "2u— 3} 2u4 §
1 3 2 7T 42
L8 = 118, 4 o
yr6TY =y32 y=5Ty =y 7
5 4 8 5 3 14
2o 18 o

-2 y y+6 y+2tyTyra
3z 4 4
z-2%Y2 2 z43

6z 4 16

52—_6"2_8z 3z_2

3 15z 8

1-22 242 221

122 22-3 14

315 2 T5(1-32)

1 1 7 1
w1l 1_—w 8 w4l

1 1 _ 13

v _3w 9_w" 16w

_1 3 -1 1

w_4" 2w~ T3wte

15 3 22 11

3wu—_1 4= 0w _1 3w41

5 10 2

u4+1 u410" 3u—38

1 2 13

u41 1w 4u_—1




126.

127.

128.

129.

130.

132.

134,

135.

136.

137.

138.

139.

140.

141.

AFFECTED QUADRATICS. 323

1 6 2 3
y—4y43 y—1 y-3
3y—7 4y—-10 7 Yy 8—y 13
v Tyrs —2 By ityisTe
y+3 5y—8 22 .. 3y4+1 YT 5
y—2"by—6" 3 18y —15" 2y—8 2

17y -3 13y 43

My 16+ 5y -7 =%
v+2 v44 14
v+3 w45 T v43
Sv+2 Sw—2 15411
v_2t3w 2™ 3vy2

v 4 67 v 2
407_361307 _27=3
941 v v43
9_3F" 21 — 7o 2lv
4v — 3 3 20—3.
Zv_7-°tTo_1

B—6_7 112
5—_v = 27206 )




324

142. .3
143,
144.
145.
146.
;47.

148.

149.
151.
153.
155.
157.
159.
161.
162.
163.
165.
167,

EXAMPLES IN ALGEBRA.

3 _ 5
T 242 4246 2224 z—6
1y T2 27 0
tay1taritzp1="
= 73 1
P2 16" 2+ 22385 2 10z 4 21

4z 4 6 8243 = 9z2-2
27 _bs— 19T &f 1 82438 ~ 27 —Tz_ 4

z z4+1 2-2 21

VP 4 NP 6w 150. 3w 4 v = 5 VA,
w—Vwt1=0. 152. Vw42 =w.

Yw + 20 = w. 154. 3w 4 2Vw =1.

Tw — 52 = \2w. 156. 2w — b vw = 3.

2w 4+ 1 = V6w + 3. 158. w4 2vw — 5 = 5.
w—5=vw—3. 160. w—14 Vw4 5=0.
8 Vw — 8w =}.

(4w + 5)}(Tw 4 1) = 30.

w4+2V8w41=0. 164. 3w =5 + V30w — 71.

w4 3Nwt4=7  166. Tw—33 = 3w 1L
by =23y —y+ 16. 168. 7y =3y'+ 3y—59.



16

©

171.

172.
173.
174.
175.
176.
1717.
178.
179.

180.

181.
182.
183.
184.
185.

186.

187.
188.

AFFECTED QUADRATICS. 325

' 1
Vy+ oy +1=5. 170. \ly+1+y—+—1=2.

(5 — V)' = 2(7 + V).
Nu_i_u—i=1,
Yu—14+8u43=4
Vu++24V3u44=38.
V2u 3 —Vu—_T7=3.

NT 5 40 — T~ 4u = 4 vu.
Vu =1 4 V2u — 1 = \bu.
Vu+ 3+ Vu 4 8 =5u.

Sorer S LN

V3u + 44+ V2u + 1 = V11u 4+ 5.
V3 —4u 4 Vbu + 2 =Vu 4 5.
V2u + 9 4 V3u — 156 = VTu + 8.
V2u + 74+ V8u —18 = VTu + 1..
V2u — 3 + Vdu 4 1 = V6u 4 28.

F_16 - 7
S
o _3 +¥o+ No—3

YT _NF_zyl=1
Vi 1 62— 9 2V —z—4=38.




326

EXAMPLES IN ALGEBRA.

1 z
189, —— -— —— =
t4N2 -2 227 2
1 2
190. - — === 3.
T4z242 " 424
01 541, 6 192, 4/ V¥9: 131 =1z
21 \z
z 4 N2 =9
193, ---- -=(z-=2)\
SN (2-2)
194. V221 92 4 9 4+ V27 T2 + 6 = V2.
JorT | Wlsi 18
195. gz_17 23176
196. 2* 4 3p* = 4pz. 197. z* — 3gz 4 2¢" = 0.
198. 2 4 8cz = 9¢. 199. 28 — 4dz = 9¢' — 4d”.
200. 2* 4 2az = b* 4 2ab. 201. 2% 4 2ac = & + 2ax.
202. 2* 4 2az = 2a 4 1. 203. 44 4+ m* = n* — 4mz.
204. 2* 4 Stz = 148 205. 92" — 6az = b' — a’.
206. ¥ —a=1 4 az. 207. 2* — 2az = 4b* — o’
208. 22* — az = . 209. y*'— 2(m—n)y = 4mn.
210. ¥ — (a4 0)y= —ac. 211. ¥’ —ab=nay— by
212. my —y' = 2m — 2. 213. ' — 3py + 6pg = 2qy.
214. o' — 2ey = 16¢ — 8y.  215. y*—2by42cy4¢*=2be.
216. y' — 4ey 4 3¢* = ded — 2dy — d*.
4 1 2 3
217. z’—2az+a’=z' 218} Z’—;;:Z’F'
2
219. 2_ %%, _ 1. a2 z'_53ﬁ+%=o.




221.

223.

225.
226.
227.

228.

230.

231.

232.

233.

234.

235.

236.
2317.
238.
239.

240.

AFFECTED QUADRATICS. 327

az bz : ’ mn
z’_i_-&--}.l:O. 222. 2z —z—=m+n.
z ¢_5 . 094, 2,P_P 1
gta=2 pTe=g¢tp
(e = 1)2* — a(z 4 b) = az(a — 2) — ba.

mpa® — npz + mqr — ng = 0.
(z4+8)Bz—t) =Bt —-8)z— (8 —-1t)" —at.

y a—y a af' —by4ec ¢
— Y= 229, 55— 2T — .
a—y ¥y Y my'—ny+p p
40 a—4b a4+ 4b

a+y—2b—y+2b »

3a + 2a o a 4a

y+a y+2a y+3a

z—a\? z—a
<2+a> +12=7(z+a)'

z2—2h4+2k Tk—4h 4k—2

\

he T he—ks K —hk
z 1 2-2m419n  z—5n
m—4n'T m 4 2n - mz— 2nz mz 4+ 2nz
\la_z-;-Qb_ = zi_
« —z
4a+ —40—3:@.
Vz 4+ @ — Yz — 2a' = 22 — ba’.

Vz—a4+Vb—z =+b—a.
Yoz 4 b 4 Vbz 4 @' =a — b.

z41 a41 9§
T _%r-° 241. z — 12ab = .
Nz~ Aa * v




328 EXAMPLES IN ALGEBRA.
U2 Vajz4Va—z= o
b w/;-.|- z
243. Yz 4 a— V2 4 b =2z
244, Va—z4Vb—z=+a 45— 22
a— 2z -2 z

245. TS B et

a4+ 2z 2 a-—2z

1 1 ¢

246. __ L

e—V'—2 eV _2 2
247 z+wll2a_z J_+1

z—ﬁll2a—.z 46_1

z z Y

248. _ o

Votvi—s Vo_va—a A=
249 va' +x’+wla -z ﬂr-i-\/_

va' 4 & — 7 _Na— 2  Va— vb

2 1

250. —- (A _tr= — .

v @R Gy
251. of — 4. 262 o%=32. 253 3.
254, 22 — 27. 255. # —1=0. 256. 2z —1=0.
257. 2 +1=0. 258. #* —1—0.
259. o = (2 — z)". 260. 30z = 2az™" 4+ be.

7 x _‘ 10

2l 5 =7 262. 12z —;-3 5
263. o = 10y’ 264. o 4 Ty’ = 44.
265. o — =y’ 266. y* = 9yt _ 8.




267.
269.

271.

278.
275.

. 277.

279.
280.

281.
282.

283.

284.

285.
286.
287.
288,
289.
290.
291.
292,
293,

AFFECTED QUADRATICS. 329

3y+2v¥y=1 268. y' 43 =4y

vy 8=9yt 270. 6y~ =5y — 1.

?*_ %+ 1-0. 272, y¥ 4 13y — 14,
y

y”'—5y]/“=—6. 274. y"+4y”=5.

3y® 4 2™ — 16. 276. (2—3)'+2(z—38) =3.
(24 2) +2+4+2=20. 278. VZ + 7 + 2" 4 7=20.
245 -z 5=86.

(# + 1)+ 4(2 + 1) = 140.

24+38+V:4+3=6.

(22 4 6)} + (22 + 6)t = 6.

(‘z+}>’+4<z +1z> =12.

(12_2_1>'+8<-1;2..1> _ 3.
@+ 17 _35(z + 17)t = _ 216.
(22 4+ 5) + 31(22 4+ 5)# = 32.

2 —82464+2V7 — 32+ 6=24.
P43 =VF 4240

24+ 6V — 22 45 =224 11,
27 _ 3z 45427 —3z=1.

22° — 42 4 32" — 2z 4 6 = 15.
22 2 4 642 — 74+ 7 =22

22 4 Tz —31 =24 V& + 3z + 7. -



330 EXAMPLES IN ALGEBRA.

204, 22" —z 4 14 — 11422" — 3z 4 16 + 30 = 2(z — 1).
295. V32 — 7z + 9 + 3(2* + 8) = 7(z + 8).

208. @ 324 TVITz— 22 + 2 = o 4 21.

297. 9z — 42* 4 (42" — 9z 4 11)} _ 5.
208. 5z — 7' + 872" — 5z 4+ 1 = 8.

299, 1"'_'2& _,_‘?_'i_; _a
300. 3;)":54_4_ :;_:f_”_—__i=g.
301. .':’) t_i_ﬂ%’”_ii} =%1.
302. ﬁﬁ%’f? _
308, 2tw_o—w_35

a—w atw 6
304 v — 2w o =11,
w4wsl w_w42 13
v_wyetwrusl— 6
306. (©4+z+1)(P4+2+2) =12
307. (424 3)(@+2+45)=235.
308. (#4382 —4)(a"+3z4+2)+8=0.

1 1 1,
" Prz_dtFrz_6 Firz_8""

305.

309

310. 27" 4 478, 311. 2= _ 2=t _ 32,
312, 31 _ 94 486 =0. 313. 4*_ 3.2 1 80 — 0.




314.

-316.

318.

320.

321.
322.
323.

324.

-325.

326.
327.
328.

329.

AFFECTED QUADRATICS.

3_ 2.3 81 = 0.

2.4% _ Qw8
88a% 18
a -Qa

3 =1.

6 144
el

315, 2=.929%1 _ 2,

482/! £l
317. <—8—> =2

1
319. o . (a*)"™ = -

(az™ 4 bfc”+c)’“¢ (ex* + f)™ = 0.
(az™ 4 ba* 4 ¢)™ x (da™ 4 ex*)™ = 0.
(4a® — 9ed?)2* 4 (4a’c® 4 4abd®)z + (ac® 4 bd*)* = 0.

#4242 2482420 244246

32+9

a

331

z41 x4+ 4 z 42 N
7 4 6z 4 12
z+43
L 2 1
VZ—644 Vz—_64+9 r—6-4
6 — 9
—_—=0.
t E—6-9
123 4 41z _ 4(6Vo+2) 2z*
bNz—2z 33—z (54 — z)(8 — V)

320™¢™" + 4a™¢ (ad — 2)z = d'e2.

N 1447 -1

NP1 —A7 1

1
5

HCERCEDI
(z+2)(z—-4) 9
2 [(#45)(x-=T)

13

{

(z+6)(z—8)

{
|

(z +3)(z — 5)

@+ D@6
92

=5_85'

|

NFF T -7 1
=4+ 1.
+ N 41471



332

330.

331.

332.

333.

334.

335.
336.
337.
339.

341.

343.
345.
347.
348.
349.
351.
352.
353.
354.

EXAMPLES IN ALGEBRA.

z‘(l + :—,,15)'_' (32" + z) = 70.

1 1

Z —

3 +4+z
="z

V6 —22 46 — bz + 22 -3 =1.

z 30 1243z 7

72t 3, =22t:

SmMuLTANEOUS EQUATIONS.

2 4y = 625, 2 — ¢ = 175.
24 2y=06, z4y=3. 338.

=2 =8 342,
y

3’—3_’/:25, x—y=5. 344.
zy = 54, 3z = 2y. 346.
x+y=«}, $y='}.

z4y=—1,2 49 =2,

zy=8, 3z —y=10. 350.

z— 2y =2, & + 4y = 100.
2 —y=16, 2z 4y =13
z4y=>, 2’y 4 zy* = 30.
Z4ay=—6,2y4y =15

x—y = 4, $’—y’=32.
z'—y':—i, z+y=-§-.

z 4 2y=15, zy—2z=3_8.

Pyyea PP oo
$+y=13, xy=12.

4@![ = 12, 4z + y=13.



355.
356.
357.
359.
360.
361.

362.
364.

365.

367.
y

3es.
369.
370.

371. 2

372.
373.
374.
375.
376.
378.
379.
380.

AFFECTED QUADRATION

P4r=20m4y=5
x4+ y) =5yr—-y=-1

S33

zZ—y=a,ry=". 358. x4 y=a ay=0"

z+y=pF+y =4
P _ry=3, ¢ —1y=—2
495 _ 9y* — 187, 21x — 9y = 51.

xy=so,-:=5. 363. .a—ysll

4+ 3¢ — 140, b2* _3’7 - 308.

345

2
z Yy 53, 4_5 1 I
53_/

1
,+y=2' w|+yu

3+ =60 324+ 3y =05
AP +y =40, 4 —y=2

.01z 4 .5y = 2, .66z — .26y = 3.

Y A W)

Ay 4+ .12z =y — 2z, y — .bz = .They — 32,

Bz 4 .12y =3z —y, 3z — .5y = 2252y 4 By.

P4y 4+ ¥ =132, 2 — 2y 4/ = 72
=369, 27— =9

1‘+f=x,£—‘-f— . 271, z'-y’=%,z-y

t S y’ u,x.t-y
Tiy=4 2~ =2+,

10

h

= 80’

= 2.



334

381.
382.
383.
384.

EXAMPLES IN ALGEBRA.

z-y=387,28 —yi=1
P4y =91,2—zy4+ 9y =13
24 2y+y =175, 2* — y* = 875.
a:*+y*=6,z"+y*=l26.

385, zt 4 yd =5, 28 441 =13

386.

387.
388.

389.
390.
391.

392.

393.

394.
395.
396.
397.
398.
399.
400.
401.
402.
403.

1 1
21y
2‘+y'=25,3’+y=7.
24+y=97,24y=1

1 1
=91, ;+?—l=7.

24y =272 z—y=2.
162 — 81y* = — 2465, 22 — 8y = — 1.
2 — 32 =211, 2 — 2y =1,

Py =242, 2 —y=2.

211 1
?-¥=pr-y=g
W‘F%:s’ Vx—y=2’

2 4 oy = 152, 2'y + zy* = 120.
2~y =335, 2y —2'y= —1T0.

2y’ 4 2y = 24, 2y 4 = = b6.
z—y=z 4 Vy 2t — gt =61
P2y 9y =" 2"+ 2% 4y =133.
4Ny +y=14, 2+ 2y +y' =84,
2 4 xy+ 4 =27, 2y 4 zy = 1806.
x’-:cy:a‘+b’,zy_y’=2ab;

24 2y =04 ad, y' + yz = b* 4 ab.




404.

405.

406.
407.

408.

409.
410.

411.

412.
413.

414.
415.

416.
417.
418.
419.
420.

421.
422.

423.
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Phay=4r—-2, vy 4ay=4y— 1.

-y =242 2y —ay 4y =96.
P—yP=8'4+3+1,z—y=1
z24+yY4+2+y =162,z —y 42—y = — 102.
@ +¥)(z+) = 671, (F — ) (z—) = 1L.
P=z49y 9y =38y—=

(@ —¢) (= +9) =200, & — ¢ + 24y = 0.

27
y.+£+ +i-T oy =20

(&= 2y +9") VP F 4 =65, (a+ay+9") NP1y =185,

2 4 2y 4 ¢ = 7¢* — 13ad 4 70, 2* — xy+y‘ 3a*
— 3ab 4 30

(z—T)+ (y—3)' = 257, z —y + 1 = 0.
Ny NPy =—2 ot +y—Vz—y=15
@ 4y =3y —zy, 42" 4 5y’ = 9.

5y + 20y = 16, 3oy 4 10 = 42°.

3 4 22y + 4 =42 —xy — 3y’ = 8.

532° — 1282y 4 64y* = 5 — 262* _ 622y 4 324

22* — 3zy + by* = 64, 32 4 2y 4 ¥ = 36.

MISCELLANEOUS.

z —_ 10
+y+:+z 5> @+ = 20.

Bz 4+ 4y) (T2 — 2y) — Tz + 2y = 136,
(3z + 4y) (T2 — 2y) + 3z 4 4y = 162.
3z e+ y

z+y+ 8z

=2, 2y — (2 4+ y) = b4,



336

424,
425.

426.

427.

428.

429.
430.
431.
432.
433.

434.

435.

436.

437.
438.
439.
440.
441.
442.

EXAMPLES IN ALGEBRA.

24Nz 4y + Yy =18 (z + Vo) (y + ¥y) = 72.

2 — 22y 4 3y 4 by — 42 = 83, 6zy — 12y — 9y* 4 4=
— 2= —4b.

(@ + Day = 10, (& + )2 = 2900.
z—y 30

z*

z'+§,+y‘=91, ?+§+y=12-

z4y=1072, 28 4 yt = 6.

z4+y=4 412 + o) =122(z* + ).

@ —zy+ )@ +9") =91, (' + 2% +¢') = 183.
(= + 9) (27" + 2¢") =152y, (42'—4y*")(2'—y") =452y
2 42y =ay, 2y 4y = ba. ~

3 3)——

_Ji;‘l‘”__:_y=3’ 2+ ¢ = T5.,

Vo t+y+¥z—y

y 3z -y z z4y y

z+z+y y 'y oz "=

(4 y)(zy + 1) = 182y, (2" + ") (2" +1) =208z

VW—Vo—z=Vy—12 2V —24+2Va—z=5Ya—z.
24y=2 13 +¢) = 1212 + ¢,

P B ay—d, (549 =g 45— (a— B
= O = D

@+ )@ +9) =45, 24y = 5.

z 4 3y =11, 2 4 227 4 joy* 4 £ = 1331,

443, V5V 4 5Vy + vy = 10 — V2, V2 + Vi = 275,



444,
445.

446.

447,

448.
449,
450.
451.
452.
453.
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a 2 1 _ 3 1
y+4b " z—y (b—a)x (a+dy & -0

P4+y=19, 249 =13,
52 20z 1600 15zy — 20 '

@+9)’+24+y=380,2—y=1

2y =48, zz = 72, yz = 96.

zyz = 106, 35z = 3yz, Tzy = 1bz.

yp=d o2z=0 ==

z24Y+2=20, 2y 4+ 2z =75, yz = 56.

z(z4y+42) =54, y(a4y+2) =108, z2(z4+y+42)=162.
z4y4ez=k 4y +2=F 22+ 4=

454: (z+42)(y—2) =22, (= —y)(:v+z) = 33,

(z—y)(y—2) =6.

455, zVy =a, z\z=b, yvz —ec.

456.
457.
*458.

459.

460.
461.

462.

463.

2z 4 2y = 3zy, 3y + 2z = 2yz, 3x = 4z — be.
2y2® = 108, y2' = 182, 2z = 32%.
y+r2=822+y=18, yz - 2=4%.
zTy'—"‘S;yTz:M‘sz:m’
2+4+2)(2—38)=30, (6 —-9y)z=86, zy = 32.
2(y 4 2) = 90, y(x 4 2) = 84, 2(z + y) = 48.
2+y b2+ b5 y+2 13

zyz 6 ayz zyz -~ 6

T4y—22=—984+242=9, 2’4 v+ 2*= 30.
22




338 EXAMPLES IN ALGEBRA.

Yy+z_z+s_z+y
se0. ITZ2 T2 _THI_on

465. yz = np, nx 4+ my = mn, pr 4 Mz = mp.
71 1 1 7
466. 3+y+’=§, ;+!—I+;=§,zyz=l.
467. 2+ v+ =} 2+ y+2=1}, 20 = 92z
468. 2y =a(z 4 y), 22 = b(z + 2), yz2 = c(y + 2).

469. zy 4 32z — byz = 37, 22y — 62z — Tyz = 50,
bry — 13zz — 20yz = 121.

470. 22—y =c Y —22=d, 2 —zy=ce.

471. zyz = 105, zyv = 135, zzv = 189, yzv = 315.
472. 2y =12 y2 =1, 2v = a, yv = bz.

473. 2y'Pw = 12, Py’ = 8, Py'w’ = 1, zy'u’ = 4.

ProBLEMS INVOLVING SIMULTANEOUS QUADRATICS.
474. The sum of the squares of two numbers is 58, and the
difference of their squares is 40. What are the numbers ?

475. The difference of two numbers is 8 and the difference
of their squares is 144. What are the numbers?

476. The sum of two numbers is 19 and the sum of their
squares is 205. What are the numbers? )

477. The sum of two numbe;s is 16 and the difference of
their squares is 96. What are the numbers ?

478. Find two numbers whose sum is 32 and whose prod-
uct is 192.

479. The product of two numbers is 750, and their quotient
is 33. Find them.
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480. The sum of two numbers is 52 and the square root of
their product is 24. What are the numbers ?

481. Divide 20 into two parts such that the square of their
product shall be 9,216.

482. The difference of two numbers is 405, and the differ-
ence of their square roots is 9. 'What are the numbers ?

483. The sum of two numbers is @, and the sum of their
reciprocals is 5. 'What are the numbers ?

484. On what day of a year which is not a leap year are
the ‘“days past’’ and the ‘“days to come’’ of a calendar con-
secutive squares? Note that the ‘“days past’’ for any given
date include that day.

485. The sum of two numbers is 8, and the sum of their
cubes is 152. Find them.

486. The sum of the cubes of two numbers is 35, and the
sum of their ninth powers is 20,195. What are the numbers?

487. The sum of the fourth powers of two numbers is
1,921, and the sum of their squares is 61. Required the
numbers.

488. The sum of two numbers is 7 and the sum of their
fourth powers is 641. What are the numbers ?

489. The sum of two numbers is 280, and the sum of their
cube roots is 10. 'What are the numbers ?

490. The product of the sum and difference of two num-
bers is a, and the quotient of the sum divided by their differ-
ence is 5. 'What are the numbers?

491. Find two numbers whose sum, whose product, and
the difference of whose squares are all equal.



330

294.
295.

296.

297.
298.

299.

300.

301.

302.

303. —

304.

305.

306.
307.

EXAMPLES IN ALGEBRA.

27 —z 414 — 11422 32 4 16 4+ 30 = 2(z — 1).
B2 — 1z 4 9 4 3(2* + 8) = T(z + 8).
z=_3z+7411z_2z'+2=%f+21.

9z — 42* 4 (42* — 92 4+ 1)} — 5.
5z — Ta* 4 872" — bz 4+ 1=8.
wiw 2

y twie =2
Sw—4 [w—5
w—5 Bw—4"
w4l 4w—1) 21
w—1" w41

e £ 1
w4+w4+l w—_w42 13
v_—wte T rusri=6
@44+ 1)@ 4+242) =12
(@424 3)(@ 4+ 24 5) =35.

308. (2*+ 82— 4)(# +82+2) +8=0.

309.

310.
312.

1 1 1,
Frz_4T P26 Fyz_8"

2 4 428, 311, 2= _ 2 _ 32,
31 _ 9+ 4 486 = 0. 313. 4°_ 3.2 1 80 = 0.




314,

316.

318.

320.

321.
322.
328.

324.

. 325.

326.
327.
328.

329.

AFFECTED QUADRATICS. 331

3=_2.3"181-0. 315, 2°.2791 2

- 3x/2\ =
2. 47 _ Qu-s, 317. <58—> = 2%,
8823 18z
a® . q 1
g— =1 319. o () = -
6 144
x\/z—a: = ‘J;

(ag™ 4 bz 4 &)™ & (e + )™ = 0.

(a2 4 bz* 4 ¢)™ = (dz™ 4 e2™)™ = 0.

(4a® — 9ed®)2* 4 (4a'c 4 4abd*)z 4 (ac® + bd*)* = 0.
742242 2482420 244246

z41 z4+4 = z42 N
7 4 62 4 12
z43
7 + 12 + 1
Vz—64+4 Vz—64+9 Vr_—6_-4
6 .
—_=0.
+ Nz —-6-9
128 + 41z 4(5Vx 4 o) 2z*

5Nz—z 83—z  (54z—2)(3 — k)
8207 - 40" (ad — 2)z = dlee,

VP41 47 -1 P41 71
VP41 A1 AP 1441
1{(x+1)(3—3)} 1{(x+3)(4’—5)}
5l(z42)(z—-4) 9\(z+4)(z—-6)

2 [(z+5)(z—"T7) 92
‘ﬁ{<z+6>(x—8)}=%5‘

=4~7 1.



332 EXAMPLES IN ALGEBRA.
1 E
330- x‘(l-{--az) —(3x’+Z)=\70.
331, o 12,1
c P tzdlt 4 5=0

332. 2 -3 =

3444z
x

333. V67 _204+6— V67 4 2% _3=1

B Tt ety
SmMuLTANEOUS EQUATIONS.
336. 22 — 3y = 20, 2* 4 6y = 36.
336. 2* 4 ' = 625, 2* — y* = 175.
337. 2 +2y=6,z4y=3 338. z—y=4, 2'—y'=32.
339. z 4 y=6, 2—y'=24. 340. I’ —y'=—_} 24+ y=4%.

341. 3 =2 zy=8. 342. z 4 zy=15, zy—z=8.

343. ' —2y=25,2—y=5. 344 4 y'=¢q, -y =c.
345. zy = 54, 3z = 2. 346. z 4y =13, 2y = 12.
Ml z4+y=F =14

348. z4+y=—1, 24+ 4" = 25.

349, 2y =38, 3z —y=10. 350. 42y =12, 4z 4 y=13.
351, z— 2y =2, 2 + 4y = 100.

352, 2 —y* =16, 2z 4+ y =13.

363. z 4 y=>5, 2’y 4+ zy* = 30.

354, 2 4 2y=—6, zy 4 v =15.




DL R

AFFECTED QUADRATICS.

355. 22 4+ ry=20,zy 4+ y =5.

356. z(z4y)=x,y(x—y)=-—1

357. z—y=a, zy = b 358. z4y=a,2y=0C"
359. z4+y=p, T+ ¥ =¢"

360. 2’ —7y=3, ¢y —ry=—2.

361. 492" — 9y = 187, 21z — 9y = 51.

y

362. zy=80,§=5. 363. z—y=11,2=w‘

364. g’ + 3¢ = 140, 52 — g = 808.

2. Y_5 38,45 11 11,1 8
365. §+Z=5’z+y_6 366. x+y"2’z’+y'_36
z

z. Y_ — 8y =
367. T43=29 2 —3y=4

368. 3z’ 4} =60, 3z + 3y = 5.
369. &'+ 9y =40, }z—y=2.
370. .01z 4 .by = 2, .65z — .26y = 3.
371, 2y 4 y’a:“: =9,z 4+y =4
372. .1y 4 .126z =y —x, y — .bz = .Tbzy — 3.
373. .3z 4 .126y = 3z — y, 3z — .by = 2.2bzy 4 8y.
3714, P4 2y+ v =132, 2 — 2y 4 ¥ = Ta.
375. 2 — ' =369, 2 —y* = 9.
376. '+ y'=2 P4+ '=1. 377 22— =26, 2—y = 2.
378. 4+ =65z4y=>.
1379, 272* — 8y = 1512, 3z = 2y + 6.

380. 2+y=4,2+¢=(2+9"
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381.
382.
383.
384.
386.

386.

387.
388.
389.
390.
391.
392.

393.

394.
395.
396.
3917.
398.
399.
400.
401.
402.
403.

EXAMPLES IN ALGEBRA.

z—y=87, 28 —yt=1
24y =912 —2y4+9y=13.
24 ry+y =175, 2* — y = 875.
2 4yt =6, 24 4 = 126
=52 44t =13
1 1
2ty
4y =2524y="T.
249v=972z24+y=1

11
=91, o4y =T

249y =272, z—-y=2.
162* — 81y* = — 2465, 2z — 3y = — 1.
2 — 820 =211, 2 — 2y =1,
PP =242, z—y=2.

211 1
Py =S roy=yg
Vo =3 Vaoy=2.
2 + o = 152, 2%y 4 oy = 120.
2 — y = 3835, oy — 2’y = — 70.
2y’ + xy = 24, 2y’ + = = b6.
z—y=vz4Vy ot — gt =61
P _zy4+y="T 24 2% +9 =133
T4 Voy+y=14, 2 4 2y 4y = 84.
& 42y + 9 = 27, 29 4 2y = 1806.
@ —zy=a 4 b, zy — y = 2ab.
2 42y =a’* 4 ab, ¥ 4 yz = b 4 ab.




404.
405.
406.
407.
408.
409. 2*
410.

411.

412.
413.

414.
415.
416.
417.
418.
419.
420.

421,
422.

423.

AFFECTED QUADRATICS. 335

Phay=4—-2,y 4+ 2y=4y—1.

Py =242 2% —ay 4+ 9 = 96.
2—yP=3"4+34+1,z—y=1

z4+Y+8 4+ =162, 2 —y 27—y = — 102,
@ + ) (@ +y) = 671, (& —y")(z —y) = 1L.
=249y y=3y—=
(x’—y’)(z+y)—200,z’—:y’+z+y=30.

¥ y_ 27
y.+x.+ + » @4 ¢ = 20.

(@ — 2y +") «!x’+y'—65 (& 4oy +9") VP4 =185.

ar'+:vy+y"-—7a — 13ad 4 70, 2* — :vy+y’ 3a?
" — 3ab 4 30

-7+ @-3)=272—y+1=0.

NG P N P =—2 Ve 4+y—Vr—y=15.
74y =38y" —ay, 42" + by’ = 9.

5y" + 22y = 16, 3oy 4 10 = 427,

82 4 20y 4 4 = 42 — 2y — 3y = 8.

532 — 1282y 4 6447 = 5 = 262° — 622y + 324",

94 — 3zy 4 by? = 64, 32" + 2y + ¥" = 36.

MISCELLANEOUS.

w+y y_10
+x+y 3 7 +y =20
(3:c + 4y)(Tz — 2y) — Tz 4 2y = 136,
(8z 4+ 4y)(Tz — 2y) 4 3z 4 4y = 162.

,394 b+ y
syt \ 3 =2 2y—(2+y) =54




336
424,
425.
426.

427.

428.

429.
430.

431.

432.
433.

434.

435.

436.

437.
438.
439.
440. 2™

441.
442,

443.

EXAMPLES IN ALGEBRA.

2+ Nz +y+ V9 =18"(z+ V) (y + ¥y) = 72.

2 — 22y 4 8y* + by — 4z = 33, 62y — 12y — 9y’ 42
— ' = —4b.

(z + y)zy = 70, (#* + y")2%%" = 2900.
z—y 30

= J b 313.
sxyaiiy S tYS

z—y+

zG
z’+?+y‘=91.?+§+y=12-
z 4y =4 41(2 + o) =122(2* + 9.
(@ -2y +y)(@ +y) =91, (2 + 2% +¢) =133.
(z +9)(22'+ 24") =162y, (42 —4y") (2 —y") =452"y"
P+ 2y =ay, Py +y = ba. ‘
¥+ “”’_‘_-'!_3 P4y =T5.,
Very+ oy '
y 3z -y z z4+y y
z

ste iy "y 'y e T

(z+9)(zy + 1) = 18ay, (& + ¥)(#'y'+1) =208
VW—Vo—z=Vy—2 2V —242Ya—2=5Va—z.
z4+9y=2 1302 +¢) = 121(2 + ¢).
Z?—V=y—ad, (z4+y) =y +0 - (a-b).
=@ MY =B

@+ +y)=4524y=3

2+ 3y =11, 2 4+ 22% + 4oy' + Sy = 1331

V5o + 6% + W = 10 — &, V& + V¢ = 275,




444.
445.

446.

447.

448.
449.
450.
451.
452.
453.

AFFECTED QUADRATICS. 337

a 2 1 3 1
y+4b z—y (b—a)z (a4 by & -0

z’+y=19, x+y’=13.
b2 20z 1600 15:0_1/ 202:

(E+9 +2+y=30, s —y=1.

zy = 48, 22 = 72, yz = 96.

zyz = 105, 86x = 3yz, Txy = 1b2.

=, z=0 =2

z4+9y+2=20, 2y 4+ 2z = 7b, yz = 56.

2(x+y+2) =54, y(x+y+2) =108, z2(z4+y+2) =162.
z4yYt2=k P +y+2=, 2+ 4+ =P

454: (z+2)(y—2) =22, (x—y)(z+2) = 383,

(@ —9)(y—2) =6

455, xw/g?:a, zz = b, yw/z——c.

456.
457.
*458.

459.

460.
461.

462.

463.

22 4 2y = 3y, 3y + 22 = 2yz, 3x = 42z — ba.
xy’z’: 108, yz’= 18x, 2Z=3$,y.

vyr2=8 2 +y=18, prz=4%
T _ _8; T _94, T _ 1o,
z4+Y Y+2 T4 2

(2+2)(z2—38) =380, (6 —y)z=6, a2y = 32.
2(y +2) =90, y(x 4 2) = 84, 2(z + y) = 48.
?4+y 524+ 5 y+d 13
zyz 6 ayz 8 a2y o 6

24y—22=—9,324+2y42=09, 22+ ¢+ 7= 30.
22




348 EXAMPLES IN ALGEBRA.

106. Insert six arithmetical means between a 4 & and
8a — 13b.

107. Insert between 0 and 6 a number of arithmetical
means so0 that the sum of the series shall be 39.

108. How many positive integers of three digits are there
which are divisible by 9? Find the sum.

109. What value of z will make the anthmetlcal mean
between z¥ and z* equal to 6 ?

110. A man wishes to have his horse shod, but considers
$2 per shoe too high a price. The blacksmith then offers to
take 1 cent for the first nail, 3 for the second, 5 for the third,
and so on, to which the man agrees. Each shoe has 8 nails.
How much does the man save by this bargain ?

111. On a certain day the temperature rose 4° hourly from
5to11 a m., and the average temperature for that period
was 8°. 'What was the temperature at 8 a. m. ?

112. Insert nine arithmetical means between § and — 11.

113. z, 2+ 9y, 2+ 2y, etc.; 2 — 3y, 2 — 9, 2+ 9, 4 3y;
z—2y, 22—y, z 4+ Y, =+ 2y, are sometimes used to repre-
sent the terms of a series. What is the common difference in
each case, and when would one form be preferable to another?

To how many terms do the following series extend and
what is the sum of the series in each case?

114. 2%a, 8a - -- 72.3a.
115. ¢ 4 2564, ---¢c 42, ¢ — 2.
116. z —1, ---137(1 — 2), 139(1 — ).

117. If a body falls ¢ feet the first second, 3a the second,
5a the third, and so on, how far will it fall during the nth
second ?
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118. If a body falls p feet the first second, 3p the second,
5p the third and so on, how far will it fall during ¢ seconds?

119. A goes 1 mile the first day, 2 the second, 3 the third,
and soon. B starts ¢ days later and travels b miles per day.
How long will A travel before he is overtaken by B ?

120. In what case would B never overtake A, in the pre-
ceding example ?

121, A travels 1 mile the first day, 2 the second, 3 the
third and so on. Five days later B starts out and travels 12
miles a day. How long will A travel before he is overtaken
by B? Illustrate the answer by a diagram.

122. Divide 1 into four parts in arithmetical progression,
the sum of whose cubes shall be ;.

123. How many arithmetical means are inserted between
% and — % when the sum of the first two is % ?

124. The nineteenth term of an arithmetical progression is
9z — 2y, and the thirty-first is 31z — 8y. Find the sum of
the first thirteen terms.

125. When m means are inserted between two given terms,
those two terms and the means make a series of how many
terms? What are a and / in the new series ?

126. The sum of four terms of an arithmetical progression
is 104, and the sum of their squares is 358. Find the terms. .

127. A man began on New Year’s day, 1902, to put into
the bank 1 cent, on the next day 2 cents, on the third day 3
cents, and so on. On what date will he have put by $100?

128. A load of 100 fence posts was laid down at one corner
of a field. If, leaving one post at the corner, a man should
carry the rest one by one, to lay them down in a straight line
3 yards apart, how far must he walk to accomplish his task ?
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129. Find four quantities in arithmetical progression such
that the product of the extremes shall be 45, and of the

means 77,

130. Find the sum of n 4 2 terms of the series a,
(na + ¢)/(n + 1), ([n — 1]a + 26)/(n + 1), ete.

131. If the nth term is (3n — 1)/6, and § = n/12(3n4-1),
what is the series ?

132. Letting m stand for the number of means to be in-
serted between two extremes, 4. e., between the first and last
terms, derive the formula for d.

133. If a, b, ¢ and d are in arithmetical progression,
prove that b¢ — ad is positive.

134. Prove that the differences between the squares of
consecutive numbers are in arithmetical progression and that
d equals 2,

135. Prove that the sum of n consecutive odd integers
beginning with 1 is n’

136. Prove that the sum of the (p+4¢)th -and the
(p — @)th terms of an arithmetical progression is equal to
twice the pth term.

137. With any three of the elements of an arithmetical
progression given, derive the formuls for the two not given.



GEOMETRICAL PROGRESSION.

1. By means of what two formule can all questions in geo-
* metrical progression be solved ?

2. How may the formula for S be made applicable to an in-
finite decreasing series ? .
Find / and S in the following :
. 4, 8, 16 to seven terms, 4. 8, 4, 2 to ten terms.
. 2, 6, 18 to six terms. 6. 3, 1, % to seven terms.
. 2, — 2" to eleven terms. 8. 2, § to four terms.
- 3, — 1, 1% to seven terms.
'10. — §, — 5, — 10 to ten terms.
11. 16.2, 5.4 to seven terms. 12. 3, 3, %to seven terms.
13. =z, 1, 1/ to thirty terms. 14. 1, 4, 16 to g terms.
15. z, 2°, 2° to ¢ terms.
16. a, az’, az* to thirteen terms.
17. q, a(1 + %), a(1 + )" to eight terms.
18. z, z/y, z/y* to n terms.
19. a(1 4 ¢)*™, a(1 4+ ¢)"* a(1l 4 ¢)™* to n terms.

© 3 O W

Find the sum of the series to infinity in the following :

20. 1 +3+4 21. 10 — 9 + 8.1
22. 53 + 1} + & 23, _§_ 10 _ 20
24. .9 4 .03 4 .001. 25. 3+ (3)'+ (3)

351
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26. .777. 27. b~} +3 28 —3—rk—g-
29. .1212. 30. .544. 31. 1 4c4c.
1 1
32- 1 +;+ ;" 33. %— .253:.
'8 L
34.p+q+5 35.a—b+a

-1 -2 3 2
so.1427 0 m 2w e p

V2 4+1 1 1
38. V.2 5. 39. =
+ V0 e 1T w_2t2

In the following examples , n and ! are given to find a
and 8.

40. 2, 12, 6,144.  41. 5, 7, 62,600. 42. 2, 4, 10.
43. 5, 8, 78,125. 4. 4, 9, 1024.
45. 2, 10, — 256. 46. }, 5, .

In the following examples , n and S are given to find a
and /.

47. 2, 7, 635. 48. 3, 6, 1,820.  49. 8, 6, 149,796.
50. — 3, 7, 2,916. 51. 3, 5, 234,
52. 10, 7, 3,333,333, 53. 3, 8, §589.

In the following examples a, n and ! are given to find 7
and S.
54. 2, 10, 24. 55. 3, 6, 6,144. 56. 3, 8, 49,152.

57. 36, 7, #r. 58. 743, 6, 2}.  59. 3, 6, — 1.
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In the following examples a, r and / are given to find »
and §:

(NoTE: Finding the value of n in these examples results in exponential
equations which, usually, can be solved only by the use of logarithms,
They are inserted here for such students as can use logarithms.)

60. 7, 10, 700. 61. 1, 2, b12. 62. 1, — 3, 729.
63. 5, — 2, — 640. 64. 979.2, .5, 15.3.
65. 2, —}, — 7t 66. —3 — 3 — 7o
67. 3, V2, 192+2.
In the following examplesa, ! and S are given to find r
and n :
68. 29, 17,500, 109,368. 69. 10, 1,280, 2,550.
70. 1, 4,v096, 5,461. 71. 3,125, 5, 3,905.
72. 13, .00013, 14.44443. 73. 2, 104, 2§
4. 3, 31y 41

In the following examples @, » and S are given to find n
and /.

75. 82, 5, 4,992.  76. 3, 3, 29,523. T7. 5, —2, —425.
78. 4, 4, 21,8453}, 79. 3, —3, — 9L |
80. 3, — 1, 3} 81. 3, — 1, &L

In the following examples /, » and S are given, to find a
and n.
82. 1,296, 6, 1,555. 83. 192, 2, 360.

84. 3,125, 5, 3,906. 85. — 1?8, 2, — 255.
23
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32 2 461
2 oo 2 0.
86. — 256, — 2, 13}. 87. 200 — 3 1458

88. 24343, 3, 364(3 4 1).

89. Letting m represent the number of means to be inserted
between two given terms, what is the formula for m
when one mean is inserted ?

90. What is the formula for » when more than one mean is
inserted ? ‘

By means of the formula in example 89 solve the following
examples :
Find the geometric mean between

9l. and 2. 92. 12 and 108.
93. a and +a. 94. pg and g Vp.
95. vz and +3z. 96. 9 + 445 and 9 — 4 +b.
97. 2 4 22y 4 y* and 2* — 22y + .
6a’ + 3ac 4ac 4 2¢

98 d

* dac — 20 % 648 — 3ac

99. 9a® 4 12a 4 4 and 4a® — 120 + 9.

By means of the formula in example 90 solve the follow-
ing examples :

Between the following terms insert the number of terms
indicated }
100. 31 ...496, 3 terms. 101. a--- b, 3 terms.
102. 1...1,024, 4 terms. 103. 4--- — 3}, 4 terms.

104, —3..- —1235 3 terms. 105. 4..- 2325 2 terms.
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106. §--- 33, 5 terms. 107. §---9, 7 terms.

[y 3
Log, 2-278125¢ 162

37 EI«T, 4 terms

PrROBLEMS.

109. If 2¢, x, 1/2¢ are in geometrical progression, what is
the value of z?

110. If 2¢, z, 1/2¢ are in arithmetical progression, what is
the value of z?

111. What is necessary in order that z, y, z may be in geo-
metrical progression ?

112. What is the sum of the series to 2n _terms of
1-24383—-4-.-.7

113. What is the sum of the series to 2n terms of
1—-346-7-.-2

114. What is the sum of the series of 3, 6 --- 3(n — 1),
3n?

115. The sum of the first (7+4n) numbers is 1563. Find n.
116. What is the sum of §, }, V2 to infinity?

117. The fourth term of a geometrical progression is + 4,
and the seventh term is $2. Determine the series.

118. The third term of a geometrical progression is 1 and
the sixth term is — 4. Find the tenth term.

119. Find the amount at compound interest of $p for n
years at r per cent.

120. The fourth term is .016 and the eighth term is
.0000256, in a geometrical progression, Find the first term,
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121. If the arithmetical mean between two numbers is
1 4+ & and the geometrical mean is 1 — 2, what are the
numbers ?

122. The sum of an infinite series in geometrical progression
is 12, and the second term is 27 times the fifth term. Find
the series.

123. The sum of four numbers in geometrical progression
is equal to their ratio plus 1, and the first term is 4. What
are the numbers.

124. The difference between two numbers is 48, and the
arithmetical mean exceeds the geometrical mean by 18.
Find the numbers.

125. Find four numbers in geometrical progression such
that the sum of the first and third is %, and the sum of the
second and fourth is p.

126. There are four numbers, the first three of which form
an arithmetical progression and the last three a geometrical
progression. The sum of the first and third is 2, and of the
second and fourth is 37. 'What are the numbers ?

127. A cask contains 240 gallons of wine. The first day
of January half is drawn out ; the next day half the rest ; the
third day half of what then remains, and so on. How much
will have been drawn out altogether on January 31? '

128. Given a square whose side is 2. The middle points
of its adjacent sides are joined by lines forming a second square
inscribed within the first. In the same manner a third square
is inscribed within the second, and so on indefinitely.

Find the sum of the perimeters of all the squares.

129. With any three of the elements of a geometrical pro-
gression given derive the formulze for each of the two not given.
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130. z, zy, 2y*; =z, 43_.'/’ y; 2y, 7, 9, y*/= are forms used
in solving questions in geometrical progression. What is the
ratio in each and when would one be preferable to another ?

131. Prove that the reciprocals of the terms of a geometri-
cal progression also form a geometrical progression. -

132. What are the properties of a series of products formed
by multiplying each term of a geometrical progression by the
next term following it ?

133. Show that, if all the terms of a geometrical progres-
sion be multiplied by the same number, the resulting series
will form a geometrical progression.

134. Prove that the series of sums or remainders formed by
adding or subtracting each term of a geometrical progression
to or from the term next following it is also a geometrical pro-
gression. What is the common ratio?

135. Prove that every term of the series 1, 2, 4, .- is
greater by one than the sum of all that precede it.

136. Show that the product of the two extremes of a geo-
metrical progression is equal to the product of any two terms
equally distant from these two extremes.

137. If a, b, c are in geometrical progression, show that
(3a 4 7b)/(ba — Tb) = (3b + Te)/(5b — Te).

138. If @, b, ¢ are in arithmetical progression, and aq,
¥, ¢ are in geometrical progression, show that 5/d' =
(a + ¢)/2 Vae.

139. Show that the arithmetical mean between a and /is
greater than the geometrical mean.

140. Prove that the product of the (p + ¢)th term of a
geometrical progression and the (p — ¢)th term is equal to
the square of the pth term.



SOME SPECIAL METHODS OF SOLVING
EQUATIONS.

The following methods of solving equations are applicable
to many examples in this book. They are given here as sug-
gestions to the pupil to exercise his ingenuity in seeking the
simplest and shortest methods of solving examples. They are
based upon two underlying principles ; first, constant reduc-
tion, by means of division, and cancellation, and abstaining
from multiplying large quantities, unless it is necessary ; sec-
ond, simplification by rearrangement of terms, and classifica-
tion under some well known principle, which is usually effected
by means of some addition, subtraction or multiplication.

A fraction with a compound numerator is always the sum
or difference of two or more simple fractions, into which it
may be resolved at will.

b4 2 z
1. ——bz— =C¢+4 z‘
Resolve the first fraction and express ‘
b z_,.2
$+ —b' =C+ b
whence z = b/e.
1 n n4z
2 atnis= e
Write thus :
1 =2 11
atnyz—ztw
whence 2z = n/(n — 1).
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5 m(p's + 2)
. .

Divide through by m, then express

_qu+"£

+2_@4?
Prp=¢+ty
whenee z = p/q.

Many fractional equations, otherwise involved and often
difficult, are readily solved by inspection, if the fractions be
first reduced to mixed numbers.

2(3z + 2) 1 |
4 So_1 —°tl+g; @

Expanding the first numerator and dividing by the denomi-
nator :

1
z2+1+ 5 1--w+1+2x (2)

whence 1/(8z — 1) =1/2z, and z = 1-

z z—1 2-10 z-11
. s 1 72 z_1i z_12 M

Dividing each numerator by its denominator :
1 1 1 o1

Mo g-l-g=t+on-1-ze @
Uniting the terms of each member separately :
-1 -1
?+3+2 2 — 234 182 ®)

whence 20z = 130, and z = 63.

2—8 44 2-b6 46

6. x—5+x+2=x—7+x+4

€Y)
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Dividing each numerator by its denominator :

2 2 2 2
T+t =1+ g +1+z073 @
Cancelling and dividing by 2 :
1 1 1 1
z—5+z+2=x—7+z+4 €Y
Adding :
2z — 3 2z — 3 0

£ _3z-10~ 2 — 8z — 28

If, now, we divide by 2z — 3, the equation is destroyed,

which shows that 22 —3 is a zero factor, therefore 22—-3—=0,
and z = §.

The solution can often be much simplified by expressing

the multiplication between large quantities instead of per-
forming it.

7. P9r = qy — 2p. 1)
n(¢—p") 2
‘ Py+— = o 2
From (1) '
_y_2
“=pr T )
Substituting this in (2)
o M- 2y Py
Y+ ==+ - C)

Transposing and uniting (4),

P-)y_2000-¢) (P —¢).
P B q T ®
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Adding the second member and factoring,
(.ze';qj) ye (g—_q> (2£2)
P P q
Dividing by (7' — ¢)/p, ¥ = (n + 2p)/s.
‘z

Yy, 2 _

= 164.

(SR

z
g+%+
z Yy z
Dividing (1) by 2 and subtracting from (3),
Yy .2 _
30 + 24 = 23
Dividing (2) by 4, and (3) by 3 and subtracting,

y .2 _
240 T 180 = >
Y z 23 . s
30+ 591= 8 (4) divided by 8.
Subtracting (5) from (6)
| s s 1
8247180 24
Cancelling,
z oz 1
894 T 108 4
45

z
3_GT)=I’ a.ndz=360,y=240,x=96.

361
(6)
€Y
)

C))

@

)

(6)

<))



362 EXAMPLES IN ALGEBRA.

The principles of proportion frequently afford the easiest

means of solution.

9 ""__ +2+9 8 2 :¢_'+_x____8.
) 244 77T 24

Reducing the second member,

Writing as a proportion,
PHz48:244=2"—2z:2"_4.
By composition and division,
2 4z2412:244=22—2_4:4_2z,
By alternation,
2 424 12:2 —z—4=24+4:4_z,
By composition and division,
' " 42 4 8:224+16 = 8: — 22,
Reducing and alternating,
2?4+2:2=248:—2
By composition and division,
£ 44:2°=8:22438,
By composition and division,
22" +4:4=2z416:2,
Multiply extremes and means,

42 + 82 =8z 416, z= =2

(1)

2

@
@
®)
®)
@
®

®
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The special advantage of this method is that the work can
all be done mentally.
' \/m -z 2z 2.8
et Ttz VoiZ+s
If a/b = ¢/d, then (a + b)/(a — b) = (¢ + d)/(c — d),

e +7 Br_2

10. 1

% | 3 (2)
e+7 2w—-2

T2 3)
22 — 112 — 63 = 0, 4)
224+ 7)(z-9) =0, ()
z=9, or —4%

I'{aeciprocal equations can be arranged as quadratics as fol-
lows :

11. 24442 4+1=0. (¢Y)

Dividing by 2* _
z’+z_4+:1;+:—:,=0. ‘ (2)

Adding 6 to both members

' 1 1

That is,
s+ 1)1 (s4+1) =6 (4)
+5)+\2+2)=9%

which is readily solved.

12. 42* — 102* 4+ 122* — 102 44 = 0. 1

Dividing by 2* ‘

: 10

4102412202 o @

8|
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| \

Arranging terms
w+§_@m+¥)+m=m 3
or
1 1

Put y =z 4 1/z, then y* = 2' 4 1/2* 4 2. Substituting in
4,

4(y"—-2) - 10y +12 =0, ®)
4y -8 _10y+12=0, (6)
% — by +2 =0, ™
-2y —1) =0, (®)

y=2 or %;

z=1, or 1, or }=+}+3L

13. z+y =708 ¢))
z4+y=28, €9

Such examples are usually solved by substituting other
letters for z and y, or by raising z 4 y to the fourth power
and subtracting, but the prettiest and easiest solution is to
raise z and y to the fourth power, add that to (1), divide the
sum by 2, and extract the square root of the quotient. The
result is then easily compared with the square of z 4 y.

1 1 6

14. Pzt 2 Protd 71248 &
Puty = 2’ 4+ 2 4 3. Substituting
1 1 6
)]

y—1Ty 15955
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Adding,
v _ 3.
F—1"y+5 @)
2 — by — 8 =0, (4)
2y+D@E-3)=0 Q)
y=3, or —14

Whence z =0, — 1, —iﬁ:i\/ﬁ.

42—z 41 82° 1223
?_d_ 1T 4 _ay1

A moment’s consideration will show that, if the numerator of
the second fraction be factored, the fraction will appear as a
reciprocal of the first, therefore put (42’ —z41)/(2*—4z—1)
= v, then substituting

15.

+4=O: (1)

3
y+!—’+4=0’ (2)
whencey = — 3, or —1landz =2, or1, or — 1.
3 2 4
16. x+y’+z+3a:_y+z_z=3' (¢))
9 3 6
a:+y+z+3:c—y+z—z=5' @)

12 2 2
a:-'|-y+z+3z—y_z—:c=1' @

Put3/(zx+y+2)=u;1/Bz—y) =v; 2/(z—2) =w.

The solution is now easy, though the process is necessarily
long.

17. 2 4 3oy = 27, 1)
¥ + 22y = 16, )
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Let 2 = vy, then substituting
v'y' 4 3vy* = 2T,

20 + ¢ = 16.
27
Y=9is
16
=241
Whence
16v' — 6v — 27 = 0.
(8v+49) (2v—3) =0.
v=4% or— 4§
and

z=x3 orx§v_b.
y==+2 orx§vy_5.
18. 24y -2 —y =84
242y =49,
Arrange (1) as follows :

(& + ) — 2% — (& +¢) = 84

Arrange (2) as follows :
& +¢) + 2 = 49.

Put 2 4 ¢* = u, 2’4" = v. Substituting in (3) and (4),

w— 20— u =84,

u4v=49.

3
C))

(%)
(6

<P
(®

1)
(2)

C))

C))

4
(6)

Whence v = 13, or — 14, v = 36, or 63, and z = 3, or — 2,
etc., and y = 2, or — 3, etc. There are eight pairs of roots.

19. T+ +a4+y=48

1)
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. 2 + 3zy + y* = 76. (2
Let + = w 4 v, and y = u — v, then substituting
w4 v 4 u =24, 3)
bu? — +* = 76, 4)
whence
6u’ + u — 100 = 0, ()

andu =4, 0or —28; and v ==+ 2, or +3iV2111 and z = 6,
or 2, or — 4i42111, or —lxﬂi\/ﬁl_l; and y =2, or 6, or
— 18 \2111, or — 4¢~2111.

20. 42 — 10 Vz = bz 4 24. ¢}
. Arrange as follows :
42 _ 4z 41 =z 4 10 vz 4+ 25. (2)
Extracting the square root of both members,
22 —1=Az45, 3)
dz — 2z —12 =0, 4)
(@22 —4)(2V5 +3) =0, (5)
z=4, or %
al. 3 _ 5—9;4~+45=18x+13—,(—)- )

Freeing, dividing by 3, and arranging terms,
2 — 62° 4 154* — 182 - 40 = 0. 2 -

Extracting the square root of (2) to two places and expressing
that '
(2* — 82)* 4 6(2* — 32) = 40, (3

which is easily solved as a quadratic, and z = § = § V31,
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But a better way is to extract the root so far as possible,
7' — 62 4 152" — 182 — 40 2" — 3z 4 3 ¢))
x‘
99 _ 32— 62 F 155
l__ 62 + 9
22 — 6z 4 3|62 — 18z — 40
le’ —18z 4 9

— 49

The expression lacks 49 of being a perfect square, therefore
add 49 to both sides of the equation, and then extract the

square root, t. e.,

2t — 62 4 152" — 182 4+ 9 = 49, 2
whence
2-3z43==1, (3)
and
z = % += %‘Jgio
22. 24y=11, 1)
x 4 y’ =T (2)
Arrange (1) thus, )
Arrange (2) thus,
3—z=y"—4, 4
. z2—3=(24+y2-19), ®)
i e,
- 3
2 _y=>=2" : 6
- . Y] ®
Substituting (6) in (3)
z—3
2 —-9= V1o )]

Lety 4+ 2 = a, then
#9223, ®)
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Separating fraction into two parts, aud rearranging terms,

z 3
Completing the square,
1 1
7 — + 44 =9 —- + 4_ (10)

Extracting the square root,

Whence z =3, y = 2.

(NotE: This solution is given as an example of what rearrangement of
terms can accomplish. The student will appreciate its value, if he will
try to solve the example in any other way. It isnot, however, a full solu-
tion, because the example really becomes a biquadratic equation, hence z
and y should each have four values as follows: z=3, or 3.584 +, or
—3.779 +, or —2.805 +, y =2, or —1.848 +, or — 3.283 +, or 3.131 +.)

23. 22—y 4yt =28, @

. 2 4 2zy 4 2¢* = 40. 2
Mult.iplying (1) by 10 and (2) by 7, and subtracting

132 — 242y — 49" = 0. 3

(182 4 2y) (= — 2y) = 0. (4)

z= f‘;/, or 2y. %)

Substituting these values in (1) we obtain
z = =4, or = 229,

y=*2, or = $§V29.
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If (6) were not easily solved in this way, then we could
divide (3) through by ¢*,

3
13(?) —24 (f> =4,
y y
and solve for z/y.
2, 67 _2246— P +22—_3=1, 1)
Put

‘453’—2$+6= ﬂ,
and )
Vb6z' 4 22 — 3 = VB,

then 4 — B =9 — 4z.

Now A_B
H + @ = :/ A_—@’
that is,
Vo — 2 46 4 Vb2 22 — 3

_ 9— 4z
T NP 246 — Yo'+ 22— 3
Substituting for the denominator its value in equation (1),

V6 — 22464 b7 +22—8=9—_4z. (3)

(2)

V62 — 2246 — VB2 + 22 —3 =1. )

Adding
V62 — 2z 4 6 = b — 2z. (©))

Squaring
b2’ — 2z 4 6 = 25 — 20z 4 42’ (5)
24182 -19 = 0. (6)

(z+19)(z—1) =0,
= 1, or- —19.
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The following theorem is a very useful one at times: If
a/b, ¢/d, e/f, etc., be all equal to each other, then will each be
equal to

patgetre---
pb+gdt1f---

25. qy':”’="“};q’”=p”":”y=k. 1)

Multiplying both terms of the first fraction by — n, of the
second fraction by p, and of the third fraction by g,

— nqy — npz + 7Pz + PT + P4z + qny =k (2
—na 4 pb + ge

Combining terms
2pqx
— .k 3
— na + pb 4 ge 3

2 - K(=na+pb+q0)
2pq

Multiplying both terms of the first fraction by =, of the sec-
ond ftaction by — p, and of the third fraction by g,

nqy + npz — npz — Per + P9T + "9y _ 1 4)
na — pb 4 ge -
Combining terms
2nqy

M- —-pb + q0= k) (5)
_ k(na—pb + q0).
= Ing ,
Multiplying both terms of the first fraction by n, of the sec-
ond fraction by p, and of the third fraction by — g,

y

nqy + npz + npz + Pgr — per —"qy _ 4 (6)
na + pb — ge o
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Combining terms,

2npz
narpb_g = k, )
s = Hnatpb—go)
- 2np

Note that the terms occur in cyclic order, therefore, in
practice, after the first answer is obtained, the others can be
written by inspection.

Such methods might be continued indefinitely, but enough
have been given to enable the pupil to judge their value in
comparison with the ordinary methods.
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The ELEMENTS OF ALGEBRA contains the first 366 pages of
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I prefer it to any elementary work on the market. Clearness of dem-
onstration and the great educational value of its methods are the attractive
features.”’—Professor E. W. NicHoLs, Virginia Military Institute, Lex-
ington, Va.

‘I should like to express my satisfaction that there is at least one good
elementary algebra suited for preparation to college.” —Miss GRACE B.
TownNseEND, Wellesley Hills, Mass.

] take pleasure in stating that for several years I taught algebra in a
private institution, using, as a text, Hall & Knight’s ¢ Algebra for Col-
leges and Schools,’ for college preparation. Since teaching in the public
schools of New York City, I have taught both beginning and advanced
classes, using this same text. I have been impressed at all times with the
admirable grading of the work and the natural order of exercises, and
consider it a book that can be used throughout the ordinary four-year high
school course. The book contains many points which are unique, and I
have no hesitation in stating that, from results obtained, I consider it the
best working text-book on this subject I have seen.’”’—Dr. ABTHUB
ScruLrzE, High School of Commerce, New York City.

THE MACMILLAN COMPANY

64-66 FIFTH AVE., NEW YORK
BOSTON CHICAGO SAN FRANCISCO ATLANTA


















